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LSi néi dau

Sau ldn xudt ban ddu tién nam 2002, tdc gid da nhdin dugc rdt nhiéu déng gop t
phia ban doc dé c¢é dude noi dung vdi chdt luong t6t hon cho nhiing lan xudt bdn sau nay
nay. Tde gid hy vong vdi sy stta d6i do, cde ban sinh vién dang theo hoc cdc nganh Piéu
khién tw dong, Do luong va Tin hoc cong nghiép, Tu dong héa, hoc vién cao hoc, nghién
citu sinh thujc cdc nganh lién quan, sé c6 dude mot tai lidu vdi chit luong tét hon hé tro
cho viéc tu hoc, ciing nhu cho viéc hiéu k¥, hidu sGu bai gidng.

Ly thuyét diéu khién tuyén tinh la phdn nén tdng co bdn va quan trong nhét cia Ly
thuyét diéu khién néi chung. R4t nhiéu cdc phdt trién mdi vé khdi niém cing nhw
phuong phdp ciia Piéu khién nang cao nhw On dinh déu, On dinh theo ham mi, On dinh
ISS, Diéu khién tuyén tinh héa chinh xdc, Pidu khién thich nghi khdng nhiéu ... déu cé
duoe su goi y vé tu tudng tw Ly thuyét diéu khién tuyén tinh. Nam viing va lam chi Ly
thuyét diéu khién tuyén tinh sé gitp ta cé dwge mot kién thite co ban chdc chdn dé tw tin
tién sGu hon vao cdc linh vuc khdc ctia Piéu khién.

So vdi lan xudt bdn thi nhdt, ¢ lan xudt bdn thi tw nay, quyén sdch dude b6 cuc lai
hoan toan bang viéc phén chia cde chuong theo chi dé titng dang moé hinh mé td hé
théng dudc st dung. Cu thé la:

- Chuong 1 duoec danh cho phdn nhdp mon Ly thuyét didu khién tuyén tinh, cdc
budc co bdn cdn phdi thuc hién khi phdi gidi quyét mét bai todn diéu khién.

—  Chuong 2 trinh bay cdc budc thuc hién bai todn diéu khién khi moé hinh todn hoc
ctia doi tuong la mé hinh trong mién phitc (mién tan so).

—  Chuong 3 la noi dung cde bude thuc hién bai todn diéu khién #ng véi mé hinh
trang thdi cia doi twong (diéu khién trong khong gian trang thdi).

—  Chuong 4 la néi dung tirng budc thue hién bai todn diéu khién khi doi tuong c6 mé
hinh khong lién tuc, dude xem nhw phdn nhdp mon cia diéu khién s6.

trong do, tung chuong 2, 3 va 4 lai duge trinh bay theo dung thi tu thuc hién cdc bude
mét bai todn didu khién, nhu: 1. Céng cu todn hoc cdn thiét, 2. Xay dung mé hinh mé td
d6i twong, 3. Phdn tich déi tuong va 4. Thiét k6 bé diéu khién.

Ciing so vdi lan xudt ban thit nhdt, ¢ cdc lan tdi bdn sau nay, tdc gid dd dua thém
mét s6 néi dung dwoc cho la cén thiét cia diéu khién ndng cao, nhung cé lién quan dén
mé hinh tuyén tinh cia déi tuong. Cdc phén duge bé sung thém bao gom:

—  Phan tinh tinh bén viing ctia hé tuyén tinh c6 mé hinh todn hoc ciia déi twong la
ham truyén.



—  Thudt todn thiét k&' bé diéu khién theo mo hinh mdu.

—  Phuong phdp tham s6 héa Youla, phuong phdp thiét ké bé diéu khién 6n dinh
manh va én dinh song hanh dé didu khién 6n dinh bén viing doi tuong tuyén tinh
(nguyén ly diéu khién da mo hinh).

—  Thiét k& b6 diéu khién tuyén tinh theo nguyén ly bdm tin hiéu mdéu (tracking
control).

—  Thiét k&' b6 diéu khién bu bat dinh cho d6i tuong tuyén tinh.
—  Thiét k&' bo loc Kalman.

Cudi cung, quyén sdch da duoc viét vdi su giup d6, chia sé rdt to lén cia nhing
thanh vién trong gia dinh tdc gid la vo Ngo Kim Thu, con gdi Nguyén Phudc My va hai
chdu ngoai Bong, Bo. Khong c6 ho chdc chdn quyén sdch khong thé hoan thanh dudc.
Quyén sdch con duge hoan thanh nho su ¢6 vi, khuyén khich va tao didu kién thudn loi
ctia cde dong nghiép trong Bé mon Piéu khién Tu déng, Truong Pai hoc Bdch khoa, noi
tdc gid dang cong tdc. Tdc gid xin duoc gui tdi gia dinh va cde ban 10t cdm on chdn
thanh.

Mdc du dé rdt né lue, song chdc khong thé khong cé thiéu sét. Do dé tdc gid rdt
mong nhdn dugc nhitng gép y stia déi, b sung thém ciia ban doc dé hoan thién. Thu gop
¥ xin gui vé:

Trudng Pai hoc Bach khoa Ha Noi
Khoa Dién, B6 mén Diéu khién Ty dong

phuocnd-ac@mail.hut.edu.vn

Ha Noi, ngdy 29 thang 10 ndm 2009
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1.1  N&i dung bai toan diéu khién

Diéu khién hé thong dude hidu 14 bai todn can thiép vao déi tuong diéu khién dé
hiéu chinh, dé bién déi sao cho né cé duoe chét lugng mong muén. Nhu vay rd rang khi
thuc hién mét bai toan diéu khién, ta cAn phai tién hanh cac budc sau day:

1) Xac dinh kha n#ng can thiép tit bén ngoai vao

déi tugng. Vi d61 tugng giao tiép véi mébi Bét dau
trudng bén ngoai bing tin hiéu vdo—ra nén chi ~ r------------ >

¢6 thé théng qua tin hiéu vao—ra nay méi cé

Xac dinh loai

1

|

2 . 9. R |
thé can thiép dugc vao né. Nhu vay phai hiéu !
|

1

¢S bén chét tin hiéu d6i tugng la tién dinh, tin higu
ngau nhién, lién tuc hay khong lién tuc.

2) Sau khi da hiéu r6 ban chat, phuong tién can Xay dung mé
thiép d6i tugng thi budc ti€p theo phai xdy hinh toan hoc
dung mé hinh mé ta d6i tuong. Hinh thtic mé l
td duge dung nhifu trong diéu khién 1a mé Phan tich hé
hinh toan hoc biéu dién méi quan hé giiia tin théng
hiéu vao—trang thai—tin hiéu ra. ,|,

Xac dinh tin hiéu
diéu khién hoac thiét
ké& b diéu khién

3) V6i md hinh toan hoc da cé, tiép theo ta phai
x4c dinh xem déi tugng hién da cé nhiing tinh

chdt gi, cAc dic tinh ndo cin phai sta d6i va
stia d6i nhu thé nao dé hé c6 duge chat lugng
nhu ta mong muén. Néi cach khac la phai

Panh gia chat

phén tich hé thong va phai chi rd ting nhiém
lugng

) L Khéng tét
vu cua sy can thiép.

4) Khi da xac dinh duge tiing nhiém vu cu thé cho
viéc can thiép ta s& tién hanh thuc hién viéc

Két thuc

can thiép 6 ma cu thé 1a phai x4c dinh tin
hiéu kich thich 6 ddu véo mdt cach thich hop,
hodic phai thiét ké b6 diéu khién dé tao ra duge
tin hiéu dau vao thich hgp dé.

Hinh 1.1: Trinh ty cac buéc thuc
hién mét bai toan diéu khién
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5) Cubi cung, do két qua thu dudc hoan toan duge xay dung trén nén mé hinh toan hoc
da c6 cua d6i tugng, song & thuc t& lai dude ap dung véi déi tugng thuc, nén cin
thiét phai danh gia lai chat lugng ctia két qua can thiép khi chiing lam viéc thuc véi
d6i tugng. Néu diéu dé cling mang lai chat Iugng nhu mong dgi thi ta két thic bai
toan diéu khién. Ngugc lai, ta phai quay lai tit ddu véi bude 1) hodc 2).

Hinh 1.1 cho ta mét cai nhin téng quan vé cac bude phai thuc hién trong mot bai
toan diéu khién. C6 thé thdy ring két qua bai toan diéu khién phu thudc r&t nhidu vao
budc xay dung mo hinh toan hoc mé ta déi tugng.

Viéc xay dung md hinh cho d8i tugng duge goi 14 mé hinh héa. Ngudi ta thuong
phéan chia cac phuong phap m6 hinh héa ra lam hai loai:

—  phuong phap Iy thuyét va
—  phuong phap thuc nghiém (nhan dang).

Phuong phap ly thuyét 1a phuong phap thiét 1ap mé hinh dua trén cac dinh luat cé
sn vé quan hé vat 1y bén trong va quan hé giao tiép v6i méi trusng bén ngoai cua ddi
tugng. Cac quan hé nay dugc mé ta theo quy luat ly—hoéa, quy luat can bang, ... dudi
dang nhiing phuong trinh toan hoc. Piéu kién dé ¢ thé x4y dung duge mé hinh toan hoc
theo phuong phap ly thuyét 14 phai biét dugc cdu tric vat Iy bén trong hé théng va cac
phuong trinh can bang héa-ly gitia cac thanh phin bén trong dé.

Vi du 1.1: Xay dung mé hinh bang phuong phép ly thuyét

Ch&ng han ta phai xy dung mé hinh cho d8i tugng 1a mét chiée xe chuyén hang.
Tin hiéu d4u vao tac dong dé ddy xe 14 luc u (). Dudi tac dong caa luc u(f) xe sé di dude
quing duong ky hidu bdi y(¢). Hinh 1.2 m6 ta ciu tric vat 1y bén trong hé.

Khi xe chuyén dong sé c¢6 hai luc can trd su

chuyén dong cta xe (bé qua ma sat tinh). Tha .
hat 1a Iyc ma sét dong xéc dinh b3 "
nhat 14 luc ma sat dong xac din : ¥
F.=d% | qlahessma st dong u(?)
dt — m
b v iﬂi ’0
va tha hai la luc can trc sy thay doéi toc do —
2 ’ Hinh 1.2: Hé théng xe chuyén hang.
Fy=m % ,m 1a khéi lugng cta xe. ’ 9 y 9
t

Ti hai phuong trinh c4n bing héa-ly trén, ciing nhu theo nguyén téc bao toan ning
lugng chung, ta c6 dugc mo6 hinh mé ta d6i tugng, tiic 1a mo ta quan hé gifia tin hiéu vao
u(t) va tin hiéu ra y(¢) nhu sau (goi 1a mo hinh vao-ra):

d’y . dy

m—=+d—>-=u = ham truyén G(s)=L V(’iik=l vaT=" m)
> dt s(1+Ts) d d
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Trong céc truong hop ma & d6 su hidu biét vé nhiing quy luat giao ti€p bén trong d6i
tuong ciing vé mdi quan hé gitta ddi tugng v6i méi trudng bén ngoai khéng dude ddy du
dé c6 thé xay dung duge mét mé hinh hoan chinh, nhung it nh4t tit 6 c6 thé cho biét céc
thong tin ban ddu vé mo hinh thi tiép theo ngudi ta phai ap dung phuong phap thuc
nghiém dé hoan thién nét viéc xy dung mé hinh d6i tugng trén co sé quan sdt tin hiéu
vao va ra cua ddi tudng sao cho mé hinh thu duge théa mén cac yéu cau cua phuong
phép 1y thuyét dé ra. Phuong phap thuc nghiém dé dugc goi 1a nhdn dang. Khai niém
nhan dang (identification) duge Zadeh dinh nghia cu thé nhu sau:

Binh nghia 1.1 (Nhan dang): Nhan dang 14 phuong phap thuc nghiém dé xac dinh mot mo
hinh cu thé trong Idp cdc mé hinh thich hop, sao cho sai léch gitta mé hinh d6 véi hé
théng 1a nhé nhdt.

Nhu vay c6 thé thdy bai toan nhan dang c6 ba dic diém dé nhan biét. D6 1a:
—  thuc nghiém, nhan biét qua viéc do cac tin hiéu vao va ra,
—  Idp cdc mé hinh thich hop, c6 dudc tit nhiing théng tin ban dau vé hé théng (goi
chung lai 1a théng tin A—priori),
—  sai léch giita mé hinh cé duogc va hé thong la nhé nhdt, dude nhan biét tit ham muc
tiéu mé ta sai léch va duge thuc hién bing phuong phap 67 vu.
Nhiing phuong phap xac dinh mé hinh toan bing thuc nghiém, song khéng cé su danh
gi4 sai léch gitia mé hinh va hé théng va khéng cdn phai tim nghiém t6i vu dé c6 duge
mo hinh véi sai léch nhé nhdt, duge goi 1a phuong phap x4p xi mé hinh (model
estimation).

Tuy nhién, tit nhiéu 1y do, chdng han nhu vi da bd qua céc gia thiét phai c6 cho cac
dinh luat can bang dudc 4p dung, hay bd qua su tac déng ctia nhidu trong quéa trinh do
tin hiéu vao va ra, ta khong thé hy vong rding mé hinh thu duge, cho du bing 1y thuyét
hay thuc nghiém, 12 m6 ta tuyét d6i chinh x4c hé théng. Né6i cach khac, gitia mo6 hinh va
hé théng thuc ludn ¢én tai sai léch nhdt dinh va sai léch nay ciing luén thay déi theo thoi
gian lam viéc, theo diéu kién méi trusng xung quanh .... Béi vay, théng thuong ngudi ta
cling da rat thda man, néu cé dugc mot mo hinh viia cé cau tric don gidn, vita mé td du
chinh xdc d6i tugng véi mot s6 gid thiét nhat dinh. Nhung diéu nay cling dan dén kha
ning két qua thu duge (bo difu khién) bi phu thudc vao nhiing gia thiét nay va khi
ching khong con duge théa mén, chdng han nhu khi hé théng thay déi méi trusng lam
viéc, hosc khi c6 nhiing tac dong khong ludng trude ciia méi trudng xung quanh vao hé
théng ... thi ching sé khéng con ding niia va ta lai phai thuc hién lai bai toan diéu
khién tif ddu véi cac buée da néu 6 hinh 1.1.

Nham han ché viéc phai thuc hién lai tit dAu bai toan diéu khién chi vi khong ludng
trude duge nhiing sai 1éch ¢6 thé c6 gitia mé hinh va d6i tugng thuc, ngudi ta da phai gia
dinh c6 su ton tai sai 1éch nay ngay khi phan tich va khi thiét k& bo diéu khién. D6 ciing
chinh 13 néi dung cia hai chuyén nganh riéng c6 tén goi la:
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—  Diéu khién bén vitng: Tao ra dudc mét bo diéu khién mang lai chit luong mong
mudn cho mét tdp hop cac mo hinh ctia hé théng (cht khong chi riéng cho mot mé
hinh), ho#c v6i mot md hinh ¢6 chtia sai 1éch bat dinh bi chdn.

—  Didu khién thich nghi: Tao ra dudc bd diéu khién c6 kha ning tw chinh dinh, tw
thay d6i theo su thay ddi cta sai léch (khong bi chdn) gitia mé hinh va d6i tugng
thuec, sao cho ch4t lugng ctiia hé théng khéng bi thay ddi.

Quyén sach nay sé trinh bay chi tiét titng bude khi thuc hién mot bai toan diéu
khién tuyén tinh. Tuy nhién, do céc cong cu toan hoc duge st dung phai phit hop véi kiéu
mo hinh toan hoc thu dudc cling nhu chiing loai tin hiéu tac déng vao hé théng, nén cac
bude thuc hién sé& dude trinh bay theo ba dang dién hinh, cu thé la:

—  Chuong 2 véi cac budc thuc hién bai toan diéu khién khi mé hinh thu duge 12 mot
mé hinh trong mién phite (461 tugng diéu khién duge mé ta bing phuong trinh dai
s6 trong mién phiic).

—  Chuong 3 14 ndi dung céac budc thuc hién bai toan diéu khién tng véi 16p cac mo
hinh trang thdi (d6i tugng diéu khién duge mé td bing hé cac phuong trinh vi
phén trong mién thaoi gian).

- Chuong 4 14 ndi dung titng bude thuc hién bai toan diéu khién khi tin hiéu vao-ra
tac dong 1én d6i tugng didu khién, hay hé théng diéu khién 1a loai tin hiéu khong

lién tuc, hoic 14 tin hiéu s6.

1.1.1  Bai toan cé tin hiéu tién dinh (Diéu khién tién dinh)
Khai niém tin hiéu

Pinh nghia 1.2 (Tin hiéu): Tin hiéu 14 mot hodc nhiéu ham thoi gian, mang thong tin vat
Iy va duge truyén tai bing mot dai Iugng vat 1y (khac).

Nhu v4y tin hiéu c6 ba dic diém dé nhan biét. D6 1a:
—  dugc mb ta bang mét (hodc nhiéu) ham thoi gian x(z),
—  ham thoi gian d6 phai mang mot thong tin vat 1y nhat dinh,
—  va ham d6 phai truyén tai dudc ciing bang mot dai lugng vat 1y.

Vi du 1.2: Minh hoa khai niém tin hiéu
—  Dé diéu khién mot binh nude sao cho muc nudc trong binh luén 14 hang s6 khong
d8i thi d6 cao cot nude trong binh s& 13 mot trong nhiing théng s6 k§ thuat dudge
quan tdm cta hé théng. Gia tri vé d6 cao cot nude tai thoi diém ¢ duge do bdi cadm
bién va duge bidu dibn thanh mot dai lugng dién 4p dudi dang ham s& phu thudc
thoi gian u(¢) c6 don vi 1a Volt. Dai lugng vat 1y 6 day 1a dién ap da dudc st dung
dé truyén tai ham thdi gian »(¢) mang thong tin vé do cao cot nudc.

14



PE diéu khién nhiét d6 thi t&t nhién nhiét d6 hién thai 14 mot théng s6 ky thuat
ctia hé théng dude quan tam. Gia tri nhiét d6 tai thoi diém ¢ dudi dang gia tri cta
ham s6 phu thudc thdi gian i(¢) duge do bdi cAm bién va duge biu didn thanh mot
dai lugng dong dién c6 don vi 124 Ampe. Nhu vay tin hiéu i(¢) 12 mot ham thai gian
mang thong tin vé nhiét do trong phong tai thoi diém ¢ va duge truyén tai béi dai
lugng vat 1y 1a dong dién.

Tiéng néi 1a mét dai lugng vat 1y. Tiéng néi duge bién d6i thanh dong dién 1a mot
dai lugng vat 1y khac dé truyén hiu tuyén di xa. Dong dién duge mé ta biang mot
ham thdi gian i(¢). Nhu vay ham thoi gian i(¢) 6 day 12 mot tin hiéu, né mang

théng tin clia tiéng néi va dude truyén tai nho dong dién. m)
Néu trong d6i tugng cé nhiéu tin hiéu x,(¢), x5(), ... , x,(¢) dugec quan tAm clng

mot ldc thi sau day ta sé st dung ky hiéu vector:

x(t) = (x,(2), x5(2), ..., x,(®))"

dé chi chung, trong d6 chi s6 mai T' 14 ky hiéu ctia phép chuyén vi vector (hay ma tran).

Phan logi tin hiéu tién dinh

Tin hiéu tién dinh 1a tin hiéu néu ¢ dinh nghia 1.2, nhung duge mo ta chi bang mot

ham thdi gian x(¢). Do duge mo ta bing ham thoi gian nén dua vao tinh chit cta ham

thoi gian d6 ngudi ta da phan loai tin hiéu thanh ting cip pham tra nhu sau:

1)

2)

3)

4)

lién tuc va khong lién tuc (phan loai thong qua mién xac dinh e R). Mot tin hiéu
dugc goi 14 lién tuc, néu ham x(¢) mo ta né lién tuc tiing doan, nguge lai né duge goi
1& tin hiéu khong lién tuc. Khai niém ham x(¢) lién tuc trong mét doan dude hidu 1a
n6 lién tuc tai moi diém trong doan d6, tiic 14 v6i moi ¢, thude doan d6 ludn cé:
x(ty) = lim x(¢) = x(¢y —0) = (¢, + 0)
tt,

va gi6i han nay khong phu thudc chiéu t—¢ tit bén trai sang (ludn cé t<t,), dugc ky
hiéu bdi x(¢(—0), hay tit bén phai téi (ludn cb £>¢,), duge ky hidu 1a x(¢,+0).

Tin hiéu khong lién tuc duge mé ta bdi day cac gia tri {x,}, k=...,—-1,0,1,... caa né.
tuong tu va roi rac (phan loai thong qua mién gia tri xe R). Tin hiéu tuong tu 1a tin
hiéu ma ham x(¢) mb ta né c6 mién gia tri tao thanh ting khoang lién théng, ngudc
lai né sé& dugc goi 1a tin hiéu rdi rac. Chdng han tin hiéu c6 gia tri chi 1a nhiing s&
httu ty 1a tin hiéu roi rac.
tudn hoan va khéng tudn hoan. Tin hiéu x(¢) dudc goi 1 tudn hoan néu ton tai hing
s6 T @6 c6 x(t+T)=x(¢), V¢. Hing s6 T dudgc goi 1a chu ky cta tin hiéu tudn hoan.

nhén qud va phi nhdn qud (causal va uncausal). Tin hiéu nhan qua 14 ham x(¢) thda
man x(¢)=0 khi ¢<0, ngudc lai n6 sé& dugc goi 1a phi nhan qua.
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Viéc phan chia ching thanh ting cip nhu vay dé néi ring mot tin hiéu khong thé
¢6 céc tinh chat trong cing mot cip. Ching han khong thé cé tin hiéu vita tuong tu, vita
roi rac, song lai ¢é tin hiéu va khong lién tuc va vica roi rac. Tin hiéu khong lién tuc va
roi rac duge goi 1a tin hiéu sé.

x(t)
T T s
oalindls pn] LT T
.,’ r-——bF--= = —_—
- |
v |
\ 1 1
| 1 1
¢ oy ' ¢
Lién tuc—tuong tu Lién tuc—rdi rac
x(2) x(t)
.......... :-ﬂurl'--.._'-m“""“" 4’2 —_————— ::_."‘g.lln----.Ir..-.._;.;.-‘"""“"
P 38f---- |—| Lo
A o ,~‘: : A Lo
o ] ]
I S T N S R R
] \ \ [ ] T T T | | ] ] ] ]
\ ) | | 1 1 : \ \ 1 1 | |
T ' or ' 3T T ' 2T ' 3T
Khong lién tuc-tuong tu Khong lién tuc—roi rac (tin hiéu sé)

Hinh 1.3: Cac dang tin hiéu co ban khac nhau.

Hinh 1.3 minh hoa bén dang cd ban cta tin hiéu causal. Bén kiéu tin hiéu trén chi
14 su phan loai co ban theo mién xdc dinh hoéc theo mién gid tri ctia x(¢). Trén co sé bén
kiéu phan loai cé ban @6 ma mét tin hiéu x(¢) khi duge dé ¥ chung déng thdi t6i ca mién
xéc dinh v mién gié tri c6 thé la:
— dang tin hiéu lién tuc—tuong ty,
— dang tin hiéu khéng lién tuc—tuong tu,
— dang tin hiéu lién tuc-rdi rac,

— dang tin hiéu khong lién tuc-rdi rac,

Vi du 1.3: Khai niém tin hiéu khong lién tuc—rdi rac (tin hiéu sd)

Gia st ta c6 tin hiéu lién tuc—tuong tu x(¢). P& xt Iy tin hiéu x(¢) bang nhiing thuat
toan chay trén may tinh ngudi ta cAn phai trich miu tin hiéu tai nhiing diém thdi gian
cach déu nhau T, dugc goi 1a thoi gian trich mdu. Néu day cac gia tri tin hiéu {x,},
k=...,—1,0,1,... thu dugc véi x;,= x(kT,) dudc xem nhu mot tin hiéu thi do mién xac

dinh cta {x)} 1 tap diém d&€m dugc
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{t = kT,| k ez}, 7 1a ky hiéu chi tap cac s6 nguyén
khéng lién thong, tic 14 khong tao ra duge mot khoang bat ky nao dé nén day {x,} lién

tuc tai cac diém trong dé, nén {x 1+ 1a tin hiéu c6 dang khong lién tuc-tuong tu.

Tin hiéu khong lién tuc — tuong tu {x,} van chua thé xi 1y dugc bing may tinh béi
may tinh chi lam viéc duge véi s6 hiiu ty trong mot khoang cho phép, trong khi xj, ¢ thé
12 mot s6 thuc bat ky (vi du nhu s6 vé ty V2, V3, ..). Hon nita, mién gia tri cho phép
clia cac s6 hitu ty con phu thude may tinh, ngon ngit 14p trinh. Ch&ng han bién thuc kiéu
double ctia ngdn ngii lap trinh C chi lam viéc duge véi nhiing s6 hitu ty trong khoang
tit —1,7-10 % @&n 1,7-10°°® hosc véi bién kibu long double thi khodng cho phép la tit
~1,1-107*%% dén 1,1-10"%2.

Bdi vay budc tiép theo cAn phai lam 1a x4p xI céc gia tri x;, thanh sé hitu ty gan
nhat, ky hiéu 1a x, , nhung khong nim ngoai mién cho phép. Viéc xap xi {x;} thanh
{ x;,} v6 hinh chung da roi rac héa mién gia tri cta x(¢). Mién gia tri caa { x;, } bay gio
14 tap cac s6 hitu ty (cac diém khong lién thong). Vi du

{z,eq | -1,7107% < %, < 1,7.10°®},  qQla tap cac so hitu ty

va do d6 day { x;, } 1a tin hiéu khong lién tuc — rdi rac (tin hiéu sd). a

Mét sé tin hiéu tién dinh dién hinh

Trong v s6 cac céc tin hiéu véi nhiéu dang khac nhau, diéu khién tuyén tinh cé
mét sy quan tdm dic biét d6n mét s6 tin hiéu dién hinh thudng gip trong tng dung
(hinh 1.4). D6 1a cac tin hiéu bac thang (Heaviside), tin hiéu téng déu, tin hiéu xung
vudng va ham xung dirac. T4t ca céc loai tin hiéu nay déu c6 mot diém chung la causal
(nhan qua), ttc1a x(¢)=0 khi #<0.

1) Tin hiéu bwdc nhdy don vi (con goi 1a ham Heaviside) dinh nghia béi

1 khi ¢>0
1(t) = !
0 khi <0

Cho mét tin hidu x(¢) bat ky. Néu x(¢) lién tuc, kha vi tiing khiic va c6 giéi han
lim x(¢) < eo (ttc 1a bi chan)

t——o0

thi né biéu dién duge théng qua ham Heaviside nhu sau:

J dx(‘r) 1(t )

—oco

x(t) = x(-o0) +

2) Tin hiéu diéu hoa: x(t) = Asin(wt) va y(t) = Bcos(wt)
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3) Tin hiéu tdng déu dugc xac dinh qua cong thic

t khi ¢20

ro = :{0 khi £<0

4) Tin hiéu xung vudng, dinh nghia béi

1) -1¢-T,)
T,

a

rq(t) =

1(2) r(t) rq(t)
Béc thang Tang déu

1 Xung vudng
1 T,

Ta
Hinh 1.4: CAc tin hiéu bac thang, tdng déu va xung vuéng.

5) Ham xung dirac (con goi 12 ham md réng delta)

L lo-1¢-17,)

50 = L1(0= Jim )= Jim 2O k)
Mot tin hiéu x(¢) tiy ¥, lién tuc v6i —ee<¢<oo thé x&p xi thanh (hinh 1.5):

x(t) = ki x(kT,) r,(t — kT,)T,
Bdi vay véi T,—0 ta sé c6 (d4u téng ¥, chuyén thanh tich phan [ va T, thanh d7):

x(t)= | WO8E-1dr & xltg)= | Sttt = | SOt~ to)de 1.2)

Do ham 1(¢) khong lién tuc tai 0, tiic 1a tai d6 khong ton tai dao ham, nén dinh nghia
(1.1) khong chat ché. Béi vay né thuong duge thay bing (1.2) va khi d6 ngudi ta goi né 1a
ham mé réng delta. Chd y: ham delta (hay xung diac) khéng mang § nghia vat 1y, nén né
khong phdi la tin hiéu. Ngoai ra, tit cong thtic dinh nghia (1.2) ta dé dang thdy dudc:

T d(t)dt =1 (thay x(¢)=1) va do do6 ciing c6 x(¢) o(t—tg)=x(to) &)

—co

o(¢)
Hinh 1.5: Xung dirac va xap xi
tin hiéu bat ky nhd ham
xung vuéng.
X&p xi nh& xung vuéng Ham xung dirac
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Bén canh (1.1), (1.2) ngudi ta con st dung ham xung dirac duéi nhiing dang cong
thiic dinh nghia khac nhau nhu sau (xem thém muc 2.1.2 cua chuong 2, trang 42):
17 1 ¢ 1
5(t) == [ cos(@t)do = lim —— [ cos(@t)do = lim S
2 e a—>o0 4 a a—>oo
Ciing nhu vay, v6i a#0 thi tu x(0) = x(g) va
a

x(0)= | x(t)a(at)dt:l [ x(i)ﬁ(t’)dt’ :x(g) }sm
e a_, a a ITTT TTTT=
>, — I t

ta c6 S(at) =L 5(t). T
a

a

- Hinh1.6: D6 thj ham trich mAu
6) Ham trich miu (hinh 1.6): s(t)= Y. 8(t—kT,)
oo

Vi xung dirac 12 ham mé réng nén s(¢) ciing 14 mot ham mé rong. Ham trich mau
dude st dung dé mé ta quéa trinh trich mAu tin hiéu lién tuc x(¢) thanh tin hiéu khong
lién tuc, biéu dién thanh day gia tri {x}, k=...,-1,0,1,... v6i xp=x(kT,), trong d6 T, la
chu ky trich mau. Néu st dung dinh nghia (1.2) vé ham md rong cho xung dirac, cling

nhu ham md réng trich mAu s(¢) trén thi tin hiéu khong lién tuc {x;} nay sé c6 dang:
d.n.
{apf=x()s(t) = x(¢)

Nhu vay x(¢) ={x;} cling 12 m6t ham mé rong.

Chuédin cua tin hiéu (hay hdm sé)

Dé so sdnh cdc tin hiéu vdi nhau (16n hon, nhé hon ...), ngudi ta st dung khai niém
chuén ctia tin hiéu. M&i tin hiéu (ma ban chit toan hoc chi 14 mot ham thdi gian) sé duge
gén v6i mot s8 thuc khéng Am phit hdp, goi 1a chudn cta tin hiéu d6. Khi cAn phai so
sanh cac tin hiéu, ngudi ta chi cin so sanh chuén cta ching véi nhau.

Cho tap hgp X céc tin hiéu, ky hiéu 1a x(¢). Dinh nghia phép tinh cong:
(x+y)(t) = x(H)+ ()
va phép tinh nhan véi mot s thuc a (khéng gian vector trén trudng sé thuc):
(ax)(t) = ax(t).
Khi d6, khong gian X sé& 1a mot khong gian vector cé phdn tiz khong x(¢)=0.

Néu trong khéng gian vector X ta dinh nghia thém s6 thuc d(x,y) dé xac dinh
khoang cach giita hai phan ti x(¢), y(t) dudc goi 1a metric, va sb thuc nay théa mén:

- d(x,y)=0 khi va chi khi x (¢)=y (¢)

- d(x7y):d(yax)
- dx,y)+d(y,z)2 d(x,2)
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thi khéng gian vector X dugc goi 1a khdng gian metric.
Xét khong gian metric X. Néu c6 day {x,(¢)} cac tin hiéu thudoc X thoa man:
lim d(x,,x;,)=0 (n>k)

n—eo
thi day ham {x(¢)} dugc goila day Cauchy.
Khac véi trudng s6 thuc R, ma § d6 moi diy Cauchy déu hoi tu (t6i gia tri giéi han
x nao d6 cling thudc R), thi trong khéng gian metric X néi chung 1a chua duge dam bao.
Néi cach khac, khong phai moi ddy Cauchy ctia cac ham s6 cia mot khong gian metric X
cling hoi tu t6i mot ham s6 ndo d6 thude X.
Mot khong gian metric X dugc goi 1a khéng gian dii (complete), néu moi day Cauchy
trong né déu héi tu (t6i mot phan ti ciing thudc X).
Mot khéng gian metric X dudc goi 1a khéng gian compact, néu moi day {x,(t)} trong
né déu chtta mot day con hoi tu.
Trong khéng gian vector X xac dinh trén trudng s6 thuc R, néu c6 thém anh xa,
khong nh4t thiét phai tuyén tinh, || - ||: X - R thoa man:
- Jx[20 va [|x||=0 khivachikhix=0,
- |lax|| = |a|-|x|| dingvéimoiaeR va xeX,
= lxtyll < xl+ly] véimoix,yeX.
thi gia tri thuc ||x| dudc goi 1a chuén ctia phan ti x va khong gian vector X duge goi 1a
khéng gian chudn. Do X 1a khong gian vector nén tit chudn ||x| ta ciing c6 duge metric:
d(x,y) = [x=y|
Nguge lai, mét khéng gian metric ciing sé 1a khong gian chudn véi || x || =d (x,0),
néu metric ctia n6 con théa man thém:
- d(x+z, y+z) = d(x,y), tic 1a metric b4t bién v6i phép dich chuyén vector.

- d(ax,ay) = |a|-d(x,y), ticland thuan nhat (homogen).

A A 3 2 R4 N . 2 3 . N 2
Trong mot khong gian X c6 thé c6 nhiéu loai chuan. Hai chuan ||x|, va ||| cia n6

dudc goi 1a twong duong néu ton tai hai s6 thuc m va M dé luén cé:

mlxlp < xlla < Mlx|s
Céc khong gian chuén thudng gap 1a:

1) Khong gian L,[a,b] gdbm céc tin hiéu x(¢) thuc, xac dinh trén khoang kin [a,b], c6
chuén duge dinh nghia la:

b
lxll, = » ”x(t)|p dt , trong d6 1< p <eo.
a
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2) Khéng gian L..[a,b] 1a tap hop cac tin hiéu x(¢) thyc, x4c dinh trén khodng kin
[a,b], ¢6 chudn duge dinh nghia la:

[ %]l = := sup |x(t)| .
ast<b

Dic biét, ca hai loai chuén trén véi

p trong d6 1< p <eo con thoa man:

L 1 1 . . TT
 dwvlh <l llyl, péa Cet=1 (dinh 1y Holder
~ Dyl < Ixl,*lyl,  (inhly Minkovski)

Chuén bac 1 cta tin hiéu con duge goi 1a céng sust P va chudn bac 2 duge goi 1a

nang lugng E cta tin higu. Vi L, [—eo,c0] ngudi ta thuong viét gon thanh L,,.

1.1.2  Bai toan cé tin hiéu ngau nhién (Diéu khién ngiu nhién)
Khéi niém qud trinh ngéu nhién

Céac tin hiéu ma ta da lam quen ti truéc dén nay c6 chung mét dic diém 1a ching
déu dugec mé ta bang mot ham thdi gian x(¢) cu thé. Nhiing tin hiéu d6 duge goi 1a tin
hiéu tién dinh. Viéc chiing mé ta dudc chi bang mot ham thoi gian da néi 1én tinh tudng
minh ring trong cac hoan canh ciing nhu thdi diém giéng nhau ta luén xac dinh duge
cung mét gia tri nhu nhau cho tin hiéu.

Nhiing tin hiéu khéng mé ta duge tusng minh bing mét ham thsi gian cu thé ma
thay vao dé6 1a mot tap hop clia nhiéu ham thdi gian x;(¢), c6 tén 1a tin hiéu ngdu nhién.
Ty vao ting hoan canh, tiing trudng hgp, ma tin hiéu ngiu nhién sé nhan mét trong

cic ham x;(¢), ie R, thudc mot tap hgp X(¢) nao d6 1am mo hinh va ngay ca hoan canh
nao, trudng hop nao né sé c6 md hinh x;(¢) ta cling khong biét duge trude. Nhiéu nhat ta

chi c6 thé biét dudc vé xac suét né duge mé ta bdi x; ().
Tap hgp X(¢t) ctaa tat cad cic md

hinh x;(¢) ¢6 thé c6 cta tin hiéu nglu
nhién duge goi 14 qud trinh ngdu
nhién va dé mé ta tin hiéu ngiu nhién
mot cach ddy du ta phai mé ta tap hop x(t)

X(t), bang cach xac dinh cac tham s6

dic trung vé né.
C6 hai tham s& thudng dugc st Hinh 1.7: Tin hiéu ngau nhién dudc mé ta
) nhu 1a phan t& cla mét tap hop cac

dung d& mo ta qué trinh ngiu nhién N "
wng d ! g ! ham thdi gian cé cung tinh chat.

X(t). Do la:
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- Gid tri trung binh m,(t): Tai mét diém thdi gian ¢, cu thé thi cac ham x;(¢,) déu
la nhiing s6 thyc. Gi4 tri trung binh ctia tat ca cac phan ti x;(¢,) 1a m,(¢y). Cho ¢,
chay tif — dén o thi m,(¢,) s& tré thanh ham m,(¢) phu thudc thdi gian. St dung
ky hidu M{-} &6 chi phép tinh 14y gia tri trung binh thi m,(£)=M{X(¢)}.

—  Ham tuong quan r.(t,7): Tai mot diém thoi gian #, cu thé thi ham tudng quan
r(to, 7) 1a gia tri trung binh cta tat ca cac tich x;(¢¢)x;(to+7). Cho ¢, bién thién
nhu ¢ thi ham tuong quan r,(¢, 7) s& 14 mot ham ctia hai bién ¢ va 7. Nhu vay, ham

tuong quan sé la r.(t, D= M{X(t) X(t+10)}.

Quaé trinh ngdu nhién diing va ngéu nhién egodic

Nhiing qué trinh ngdu nhién X(¢) thudng gép trong thuc t& 1a cac qud trinh ngdu
nhién ditng. D6 1a loai qua trinh ngdu nhién ma ca hai tham s6 ngau nhién m,(¢) va
r.(t,7) mo td né déu khong phu thudc vao bién thoi gian ¢. Nhu vay, qua trinh ngiu
nhién diing cé:

—  Gia tri trung binh m, () ctia n6é 13 mét hing s6, ky hiéu 1a m, e R.
- Ham tuong quan r,(¢, 7) 1a ham ctia mét bién 7, ky hiéu 1a (7).

Trong cac loai qua trinh ngiu nhién diing, ta lai quan tAm nhiéu téi qud trinh ngdu
nhién egodic. Day 1a loai qué trinh ngiu nhién ditng ma & dé, cac tham s6 m, va r,(7)
chi cin dudc xac dinh tit mot phan ti x(¢) lam dai dién 14 dd. Nhu vay thi:

- Gia tri trung binh m, ctia qua trinh ngiu nhién egodic X(¢) s& la gia tri trung

binh ctia moét phan ti x(z):
1T
= lim — [ x(¢)dt 1.3
m, = lim = (IJX( ) (1.3)

- Ham tu tuong quan r,(7) cia qua trinh ngau nhién egodic X(¢) 1a gia tri trung

binh ctia tich x (¢)x (¢t+7) véix(¢) 1a mot phan ti tiy ¥ clia tap hop X(¢):
1 T
ry(n) = lim — I x(t)x(t +7)dt (1.4)
T— T b
Trong diéu khién, it khi ta chi 1am viéc véi mot tin hiéu ngiu nhién. Khi phai lam
viéc v6i nhiéu tin hiéu nglu nhién thi cAn phai dé ¥ t6i méi lién quan gitia ching.
Cho hai quéa trinh ngau nhién egodic X(¢) va Y(¢). Déc trung cho su lién quan giiia

X(¢) va Y(t) 1a ham hd tuong quan:
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T
ro(9 = Jim % g x()y(t+7)dt (15)

Hai qua trinh ngdu nhién cé ky vong bang khong X (¢) va Y (¢) sé dudc goi 1a khong
tuong quan néu r,,(7)=0. Chéng han nhu hai thiét bi phat tin hiéu ngiu nhién khac
nhau, c6 cdu tric khac nhau sé phat ra hai qua trinh ngau nhién X(¢), Y(¢) doc lap véi
nhau. Gitia chiing khéng c6 mét sy lién quan nao va do dé phai cé 7y (D=0.

Ham tuong quan r,(7) va r,,(7) cla cic qué trinh ngiu nhién egodic X(¢), YV(t)
ludn théa man:

-  ry(7) laham chdn var(0) 2 |r(7)]
Fay(D) = (=)

r,(0)+7,(0)

Py (D] £ r(0)r, (0) < 2

1.2 Nhitng ciu tric co ban cta hé théng diéu khién

Dinh nghia 1.3 (Hé théng): Hé théng dugc hidu 1a mét tap hop cac phan ti (inh kién,
thiét bi, thuat toan ...), dudc két néi véi nhau dé thuc hién mot nhiém vu cu thé. Hé
théng ludn duge giao tiép v6i méi trudng bén ngoai bing cac tin hiéu vao va ra.

Nhu vay c6 ba dic diém dé nhan biét mot hé théng . D6 1a:
—  la tap hop gom nhiéu phén ti thuc hién mot nhiém vu chung,
— gifia cac phén ti c¢6 quan hé qua lai,

—  cb giao tiép v6i mdi trudng xung quanh.

1.2.1  Phan loai hé théng

Hinh 1.8 minh hoa c&u tric mot hé théng gdm 4 phan ti véi cac dic diém nhéan biét
trén. Cac tin hiéu dau vao clia hé s& dudc viét chung lai thanh vector u = (u,,...,u,, )y

Tuong tu cAc tin hiéu diu ra cling duge viét chung lai thanh y = (y,,..., Yp )y

Dua theo cac dic diém néu trong dinh nghia 1.3 ma hé théng duge phén loai thanh:
1) Heé SISO (single input—single output) , néu hé c¢6 mot tin hiéu vao va mot tin hiéu ra.

2) Hé MIMO (multi inputs—multi outputs), néu s6 tin hiéu vao ra ctia né nhiéu
vao-nhiéu ra.

3) Theo nguyén ly nhu trén, mot hé théng con cé thé 1a MISO (nhiéu vao—moét ra) hoic
SIMO (mot vao—nhiéu ra).
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4) Lién tuc, néu cac tin hiéu vao-ra u(t),y(t) 1a lién tuc, ngudc lai néu cac tin hiéu vao

ra {gk},{zk}, k=...,-1,0,1,... 1a khong lién tuc hé sé dudc goi la khong lién tuc.

5) Tuyén tinh, néu nhiém vu chung ctia né, mé ta béi mé
hinh toan:

U L Y1
T:u—y hay y=T(u) i '
J J , !
! 1
théa man nguyén ly xép chong, ttc 1a anh xa T thoa: “2 : 32
S < < Hi;\;_1_8_'_l-|_é_t_h:“)';1
T| Y ay |=Y aTw) =Yy & neihong
i=1 i=1 i=1

Ngugc lai, hé sé& dudgc goi 1a hé phi tuyén.
6) Tham s6 hdng, néu mé hinh toan T :u > y cta n6 khong thay ddi (theo thoi gian va
theo khong gian. Ngugc lai hé s& duge goi 1a khéng dirng, néu mo hinh ctia né thay

ddi theo thoi gian (thudng con duge goi 1a hé nonautonom), hoic hé phdan bé'rdi, néu
md hinh cta né thay d6i theo khéng gian.

7) Heé nhén qud (causal), néu md hinh toan y =T(u) ctia n6 thoa man:

y@)=T (u(r)) véi 0<7<t¢

Nhu vay, 6 hé nhan qua, tin hiéu ra ¥() § thoi diém ¢ chi phu thuée tin hiéu vao
u(t) & ding thoi diém ¢ va qua khit ctia né. Ngugc lai, néu tin hidu ra ¥(t) d thoi
diém ¢ con phu thudc tin hiéu vao u(t) 6 ca thdi tuong lai 7>¢ thi né duge goi 1a hé
phi nhén qud (uncausal).

8) Hé tinh (static), néu néu tin hiéu ra ¥(®) § thoi diém ¢ dude xac dinh chinh xac chi
cAn qua tin hiéu vao u(t) & diing thoi diém ¢t d6. Ngudc lai né sé dudge goi 1a hé dong
(dynamic), néu tin hiéu ra y(¢) ¢ thoi diém ¢ chi c6 thé dugc xac dinh chinh xac ti
tin hiéu vao u(t) & ca thdi diém ¢ va qua khi (hodc tuong lai) ctia no.

9) Hoi tiép (hay hé kin), néu cac quan hé bén trong gitia cAc phén ti (duge mo ta bing

nhiing dudng noi trong hinh 1.8) tao thanh it nhit 13 moét vong kin. Ngudc lai né
dugc goi 1a hé ha.

1.2.2  Xac dinh tin hiéu diéu khién thich hop

Pé6i tugng diéu khién ciing 12 mot hé thong. Hé thong diéu khién 1a mot hé théng
bao gdm d6i tugng diéu khién va bd diéu khién. K&t qua ctia bai toan diéu khién cho mot
d61 tugng hay mot hé théng, tim dudc theo trinh tu cac budc néu trong hinh 1.1. Nhiém
vu diéu khién bao gom:
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1) xdc dinh tin hiéu diéu khién thich hop cho d6i tuong (tin hiéu d4u vao, hay tin hidu
ddt trude), ky hidu bang u (),

9) thiét ke b6 didu khién tao ra tin hiéu diéu khién thich hgp cho d6i tugng. Nhu vay,
néu xem bd diéu khién nhu mot hé théng thi ddu ra cta né chinh 1a u(¢) duge dua
t6i d6i tuong diéu khién, con tin hiéu ddu vio cla né c6 thé la:

a) Mot tin hiéu lénh w(#) dit trude cho bd diéu khién (c4u tric didu khién hd).
b) Cac tin hiéu trang thai x(¢) cta d6i tudng (diéu khién phan héi trang thai).
¢) Tin hiéu d4u ra y(¢) cla d6i tugng (diéu khién phan héi ddu ra).

Pay 1a kiéu bai toan diéu khién ma yéu ciu chi ding lai & viée xac dinh tin hiéu
thich hgp ap dit tai dau vao ctia déi tugng sao cho déi tuwong cé duoc chdt luong bén
trong va tin hisu ddu ra nhu mong muén. Ching han bai toan xac dinh quy tic thay déi
dién 4p dAu vao u(t) chia déng co (d6i tugng diéu khién) sao cho téc do vong quay cua
déng co (tin hidu dau ra) thay déi tit gia tri ban d4u y, t6i gia tri mong mudhn y, va ning
lugng tén hao cho qua trinh thay d6i téc d6 vong quay d6 1a it nhat (ch4t lugng bén trong
ctia d6i tugng).

Dic diém cta hinh thic diéu khién nay la u(t) [Doituong | ¥(*)

diéu khién

A [N A A N 2 N N
diéu khién mét chiéu va trong qua trinh diéu

khién, hé théng khong c¢6 kha ning thay déi hoic
hiéu chinh lai duge. Nhu vay, chat lugng diéu Hinh 1.9: Xac dinh tin hiéu diéu khién
khién phu thudc hoan toan vao d chinh xac cia

mo hinh toan hoc mé ta d6i tugng cling nhu phai

c6 gia thiét raing khong c6 tac dong nhidu khong mong mudn vao hé théng trong suét
qué trinh diéu khién.

1.2.3  Sirdung bd diéu khién

w(?) [Bo didu | “®) [ D&ituong | ¥ @)
N 2 5 — .2 L 2 >
Piéu khién ho khién diéu khién

Vé ban chat, hinh thitc didu khién Hinh 1.10: C4u tric diéu khién hd.
nay ciing giéng nhu bai toan tim tin hiéu
diéu khién thich hop 4p dit & d4u vao cla
d8i tugng, nhung duge bd sung thém bd diéu khién dé tao ra duge tin hidu diéu khién dé.
Vi du dé diéu khién tau thiuy di dude theo mét qui dao y(¢) mong muén (tin hiéu diu
ra), ngudi ta phai tac dong bing luc w(¢) vao tay lai dé tao ra duge vi tri u(f) cia banh
141 mot cach thich hop. Trong vi du nay, hé théng tay lai-banh 1ai c6 vai tro cia mot bd
diéu khién.

Hinh thtc diéu khién hd nay (hinh 1.10) 1a diéu khién moét chidu va chit lugng diéu
khién phu thuge vao d6 chinh xac ctia mé hinh toan hoc mé ta d6i tugng ciing nhu phai
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c6 gia thiét ring khoéng cé tac dong nhiéu khong mong muén vao hé théng trong sudt
qua trinh diéu khién.

Piéu khién phén héi trang thai

O d6i tugng diéu khién, cac tin hidu trang thai x,(t), x5(2), ... , x,(¢), dude viét
chung dang vector x(£)=(x,(¢), x9(¢), ... , x,(t))7, 1a thanh phan chta dung diy du

nhat cac thong tin chat lugng dong hoc hé théng. N6 phan 4nh nhanh nhat sy anh
hudng ctia nhitng tac déng bén ngoai vao hé théng, ké ca nhiing tac dong nhiu khéng
mong mudn. Béi vy, dé c6 thé tao ra dudc cho déi tugng mét chit lugng mong mudn, 6n
dinh véi cac tac ddng nhiéu, cn phai c6 duge mot tin hiéu ap dat & ddu vao 1a u(z) phan
tng kip theo nhiing thay déi trang thai ciia déi tugng.

Hinh 1.11 biéu dién nguyén tic diéu khién phdn héi trang thdi. Bo diéu khién st
dung tin hiéu trang thai x(¢) cta d6i tugng dé tao ra duge tin hiéu dau vao w(¢) cho déi
tuong. Vi tri cia bo diéu khién c6 thé 1a & mach truyén théng (hinh 1.11a) ho#c & mach
héi tiép (hinh 1.11b).

a) b)
w e | Bodiéu | U | P&itugng y w u | DPaitugng y
N khién diéu khién ; diéu khién >
B X

Bb diéu J x

khién

Hinh 1.11: Diéu khién phan hdi trang thai

Hé thong diéu khién phdn héi trang thdi c¢é khd ndng giit duoc 6n dinh chét luong
mong muén cho doi tuong, mdc du trong qud trinh diéu khién luén cé nhiing tdc dong
nhiéu. Xét phan ting clia ngudi lai xe lam vi du, trong dé ngudi lai xe duge xem nhu 1 bo
diéu khién va chiéc xe 13 d6i tugng diéu khién. Nhiém vu ctia bo didu khién 1a gii 6n
dinh t6c dd xe va vi tri ctia xe phai luén nam trong phan dudng bén phai vach phan cach.
Nhu vy ngudi 1ai xe (b6 diéu khién) da:

—  Dua vao khoang cach ctia xe véi vach phan cach (trang thai ctia d6i tugng diéu
khién) dé dua ra quyét dinh phai danh tay 1ai sang phai manh hay nhe.

— Dua vao tinh trang cia méit dudng nhu 1én déc hay xudng déc (tdc dong ctaa tin
hiéu nhidu t6i chat lugng hé thong) dé diéu chinh s6 va ban dap ga.

Diéu khién phdn héi tin hiéu ra

Tuy rang vector trang thai x(¢) cung cap cho ta diy da nh4t cac théng tin vé chét
lugng déng hoc ctia d6i tugng, song khong phdi moi trang thdi ciia doéi tuong la do dudc
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true tiép. Vi 16 d6, trong nhiéu trudng hop, ngudi ta danh phai thay bo diéu khién phan
héi trang thai x(¢) bing bo diéu khién phan héi dau ra y(¢).

Q) b)
w ¢ | Bodiéu | ¥ | Poitugng | VY w U psituong | Y

ET"‘ > khién | didu khién diéu khién
Bo diéu

khién

H

Hinh 1.12: Diéu khién phan héi dau ra.

Hinh 1.12 mo t& nguyén tic didu khién phdn héi ddu ra. Bo diéu khién st dung tin
hiéu d4u ra y(¢) cta d6i tugng dé tao nguge ra dude tin hidu dau vao u(¢) cho né. Vi tri
ctia bd diéu khién ¢6 thé 1a & mach truyén thdng (hinh 1.12a) hodc ¢ mach héi tiép (hinh
1.12Db).

Cho t6i nay, bai toan diéu khién phan héi tin hiéu ra vin con 13 mot bai toan mé va
chua c6 151 giai tdng quat cudi cing, vi tin hidu d4u ra y(¢) thudng khéng mang duge day
dt thong tin dong hoc vé déi tugng. Song riéng & hé tuyén tinh, mét diéu may mén 1én 1a
do chung thdéa man nguyén ly tdch dwde, nén bai toan diéu khién phan héi tin hiéu ra
luén thay duge bang hai bai toan: phan hdi trang thai va quan sat trang thai (hinh 1.13)
va nhu vay, né da duoc gidi quyét triét dé.

w U | p&i tugng y
diéu khién
+
Hinh 1.13: Diéu khién phan héi dau ra Bo diéu | X |Bé quan sat
theo nguyén ly tach. khién [T trang thai

~ 22 A ~ ~ . g
Cau hoi 6n tap va bai tap
1) Chting minh ring moi tin hiéu lién tuc x(¢) c6 mién xac dinh 14 tap compact déu xap
xi duge bang téng tuyén tinh cta tin hiéu buée nhay don vi hoic tin hiéu ting déu
v61 mot sai léch £nhd tuy y.
2) Chting minh ring khong gian L; 1a déng véi tich chap, ttc 1a néu cé x(t)e L, va

y(t)e Ly thi cling c¢6 z(¢) = x(¢) * y(t) = I x(0)y(t-7r)dre L,

3) Cho tin hiéu x(¢) xac dinh bdi:
x() =t [Ut)-1(t-b)], 0<a<l, 0<b<e
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Hay chi réing n6 c6 cong sust P= [ |x(¢)|dt la gia tri hitu han nhung lai ¢6 ning

—oo

lugng E = T |x()” d¢ 1a v6 han.

4) Cho tin hiéu x(#) xac dinh béi:
x(t) = £91(t~b) %<a<1 L 0<b

Hay chi ring né c6 céng suét P vé han nhung lai c¢6 ning lugng E hitu han.

5) Cho x(¢) tuan hoan vé6i chu ky T. Ky hiéu s(¢) 1a ham trich mau c6 cing chu ky trich
mau T va x(¢) = x(t)[l(t)—l(t—T)] 14 ham 14y tt x(¢) chi trong mot chu ky. Ching
minh rang x(¢) = x(t) * s(t) , trong d6 ky hiéu * 1a chi phép tinh tich chap:

x(@)*s(t) = [ x()s(t—7)dr = | 2(t—7)s(2)dr = s(2) * x(t)
6) Xét hé SISO véi tin hiéu vao 1a u(¢), tin hiéu ra 12 y(¢), md ta bdi md hinh vao-ra cé
dang phuong trinh vi phan tuyén tinh hé s6 hing:
1 1 . E dkx
¥ ray "+ o ra,y =bu™ v o™+ o+ b u vl 1P =
t

a) Hay chi rang hé 1a tuyén tinh ding.

b) Ky hiéu y(¢)=g(¢) 1a dap tng ctia hé khi dau vao 1a ham xung dirac &(¢) véi
trang thai dau bang 0. Chiing minh rang khi dé dap tng ctia hé v6i trang thai
dau bang 0 va tin hiéu vao u(¢) bat ky cho trudc sé c6 dang tich chap:

y(®)=u(t)*g(t)
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2 PIEU KHIEN LIEN TUC TRONG MIEN PHUC

21 Cac cong cu toan hoc

211 Ly thuyét ham bién phtrc
Pinh nghia, khdi niém ham lién tuc, ham gidi tich

Ham s6 f(s), bién ddi mot s6 phiic s=o+j @, véi o, w14 hai s6thue, j=+-1 thanh
mot s6 phtic khac:

f(s) = u(o,®)+jw(o,w), (2.1)
trong d6 cac ky hiéu u(o,®) chi phan thuc va w(o,®) chi phan 4o ctia né, duge goi la
ham bién phitc hay gon hon 1a ham phite. Véi cac ky hiéu trén thi rd rang mot ham bién
phiic f(s) dudc biéu dién thanh hai ham thuc hai bién u (0, @) va w(o, ).

Hinh 2.1 minh hoa ham phtic f(s) nhu mét anh xa tit mét phing phitic s vo mét
phéng phtic z=f(s). Mot ham phtic f(s) dugc goi 1a lién tuc tai sg €6 z¢g=f(s() néu véi moi
lan can Z da nhé cho trudc cta 2z, ching han nhu mét méat tron c6 ban kinh da nhé va
tadm 14 z(, ludn ton tai moét 1an can S tudng Ging ctia s(, sao cho mién anh cta né 1a A(S)

nim tron trong Z, tiic 1a (hinh 2.1):

f8&cz (2.2)

Khi d6 ngudi ta cling viét:
. _ s=otjw . z=f(s)=u+jw
hmf(s)zf(so)zzo Jo Jw
58, 1
Ham phtic f(s) lién tuc tai ( }

moi diém s, thudc mién G duge goi /s Z
1a lién tuc trén G. ' o ' u

Xét moét ham f(s) lién tuc

. . . L Hinh 2.1: Ham bién phc la anh xa tor méat phéng
trén G. Néu tai se G ton tai gidi

phiic vao mat phang phiic.
han:
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i TG0~ f(s) _

2.3
As—0 As @3)

va giéi han nay khong phu thudc vao kiéu ciia As—0, thi ham f(s) dude goi la khd vi tai

s. Khi @6 gia tri giéi han (2.3) dudc goi 1a dao ham cta f(s) tais va ky hiéu bing =222 df(s)

Cha y rang 6 day phai c6 diéu kién 1a giéi han (2.3) khong dudc phu thude vao hinh thic
tién vé 0 cua As.

Vi du 2.1: Ham bién phiic khéng kha vi
Xét ham phtc:
f(s) = Re(s) ham 14y phan thuc ctia bién phiic s.
Ham nay 1a khong khd vi, vi néu cho As—0 doc theo truc thuyc o thi giéi han (2.3) s& c6
gia tri bang 1, nhung néu cho As—0 doc theo truc 40 j @ thi né lai cé gia tri bing 0. a
Né&u ham f(s) kha vi tai moi diém s thudéc mién G thi né duge goi 1a gidi tich (hay
holomorph) trén G. Theo Cauchy va Riemann thi can va dt dé f(s) giai tich trén G la:

du(o,w) _ow(o,w) N du(o,m) _ _Bw(O', w)

= = (2.4)
o0 0w Jw Jdo

tiic 14 phan thuc u (o, ®) va phan 30 w(o,®) cua ham f(s) phai théa man phuong trinh
vi phdn Laplace:
2 2 2 2
_a +—a —0 v 2 w+_8 0
90’  9d? 9o’  9a*
Phép tinh 14y dao ham ctia cac ham phitic vé co ban ciing dudc thuc hién giéng nhu &
ham thuc. Vi du:

f(s) =s" = ) _ g

ds
df(s)

f(s) = sin(s) = ———==cos(s)
ds

Tich phén phic va nguyén ly cuc dai modulus

Xét mot ham phiic z=£(s) lién tuc tai moi diém s=o+j @ thudc mién & vé6i bién 1a C
(hinh 2.2). Goi AB 1a mét dudng cong nio d6 nim trong S. Ta chia duéng AB thanh n
doan bing céc diém phiic s;=A, s,, ... , 5,=B tuy ¥ va goi:

Ap = Sp=Sp+1

Né&u nhu ton tai gia tri gidi han:

lim 3 f(s)A,

n—oo k=1
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va gia tri gidi han nay khéng phu thudc vao cach chon cac diém s, trén doan AB , thiné

sé dugc goi 1a gié tri tich phan ctia ham z=£(s) tinh doc theo doan AB va ky hiéu béi:

[ Fo)ds = tim 3 FlspA, 2.5)
k
A n—e 1

Hinh 2.2: Giai thich khai niém tich
phan phc.

Theo cong thiic dinh nghia (2.5) vé tich phan nhu trén ta thay gia tri tich phan con phu
thudc vao dang ctiia dudng cong AB trong mién S.

Vé phép tinh tich phan phic ta c6 nhiing két luan co ban sau ciia Cauchy:
1) (Dinh ly tich phan cGia Cauchy) N&u ham z=f(s) khéng nhiing lién tuc ma con gidi tich
trong S thi véi ky hiéu C chi dudng bién ctia S, ta ludn co:

$f(s)ds=0 (2.6)
C

Noi cach khéc, gia tri tich phan ctia ham z=f(s) tinh doc theo doan duong cong khép

kin C 12 bién ctia mién 8 ma f(s) giai tich trong dé, sé c6 gia tri bing 0.
2) Dinh Iy tich phan ctia Cauchy chi ring gia tri tich phan:
B
_[f(s)ds
A
ciia ham z=f(s) tinh doc theo doan AB sé khong phu thudc vao dang dudng cong
AB néu nhu doan AB nay nim trong mot mién & ma f(s) giai tich trong do.

3) (Céng thirc tich phan Cauchy) Goi S 14 mién ma ham z=f(s) giai tich trong né va C la
bién ctia mién S c6 chiéu nguge kim déng hé (mién S luén ndm phia bén trai néu di

doc trén C theo chiéu nay). Khi dé, tai mét diém s bat ky thudc S ludn cé:

_ 1 1@
f(s)= 2::1@ £ % 2.7)
m:L(ﬁf(_f)dg 2.9)

dsk 2”jc(f—$)n+1

Phép tinh tich phan ctia ham phiic duge thuc hién giong nhu ¢ ham thue. Vi du:
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f(s) = sin(s) = _[f(s)ds =—cos(s)+k (k 14 hing s6)
fis)=e* = [f(s)ds=e"+k (k 12 hang s6)

Ngoai ra, néu goi f,,.x =

= sup|f(&)| thi khi ap dung tich phan Cauchy (2.7) va (2.8) véi &
teC

chay doc bién ctia S1a C va diém s ndm ¢8 dinh bén trong, ta s& c¢6 v6i moi n (hinh 2.2):

o |1 g rer \f | g B g 0 do
Fef = 955 S < |§ s| <ﬁ|§ J 2 )6
1 J—
= |fe)|<f [1] Vi = [FO)]2 fuu im [%”:f
max 5 max oo 5 max

trong d6 o 1a khoang cach ti s téi dudng bién C va sup la ky hiéu gia tri chin trén nho
nh&t (gidng nhu gia tri I6n nhat, néu né ton tai). Vay:
Pinh ly 2.1 (Nguyén Iy cuc dai modulus): Néu ham z=£(s) lién tuc trong mién kin S, giai

tich bén trong mién 6 thi |z| =|f(s)| s& c6 gi tri cuc dai trén bién cla S.

Hém bdo giéc (conform)

& d6 co df (S)

Mot ham phtic f(s) gidi tich trén G va 6 #0 duge goi 1a ham bdo gidc

(conform). Y nghia clia tén goi bao gi4c duge giai thich nhu sau:
Néu goi ls1 va ls2 14 hai dudng cong tao véi nhau mot géc ¢ trong méit phéng phic s,
cling nhu l; va lz2 12 hai dudng anh clia né trong méit phing phic z=f(s), tic la:

=fdy, =1
thi khi d6 hai dudng anh lz , lz nay ciing sé tao véi nhau mét géc ding bang ¢ trong mat

phéng phtic z=f(s)—hinh 2.3.

Xét mot diém s cu thé va vector

ds:(do-j 1a tiép tuyén tai dé véi
do

z=f(s)=utjw

moét duong cong [, nao d6. Khi do, Jo
trong mit phéng phtic z=f(s) cta
ham bao giac f(s), vector ds sé& dudc

bién d6i thanh dz = [;h‘j véi:

w T
()
du = 46+ de
38‘7 %‘0 Hinh 2.3: Gii thich khai niém ham bao giac.
va  dw=do+dw
role Jw

Néu két hop thém cong thic (2.4) cia Cauchy va Riemann thi:
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o
ds — do dw [dajzz[cosf —sinf][daj 2.9)

ow Jdw |\dw siné  cosé J\dw

Jo Jdw

trong d6:

df(s) =Ze’* hay Z =‘m va & :arcm
ds ds ds

Coéng thtc (2.9) cho thdy ham bao giac z=f(s) da tao ra dz= (Zuj th ds = (jaj
w w

bing cach xoay vector ds di mét géc bing & = arc va kéo dai do 16n ctia n6 thém

df(s)
ds

df(s)
ds

. Dic biét, néu goi [, 1a anh cta I, trong mit phing

ra mot hé s6 nhan 1a Z =‘

phiic z=f(s), tic la I, =f(l,) thi dz sé& 1a vector tiép tuyén ctia [, gidng nhu ds 1a vector
tiép tuyén cua I,.

Vi du 2.2: Mét s6 ham bao giac don gian

1) Ham tuyén tinh z=f(s)=as+b, véi a,b 1a hai hang s6 phtic. Pay 12 mot anh xa tuyén
tinh, bién d6i moét vector s bat ky sang mit phing z bing cach xoay né di mot goéc
p=arc(a), kéo dai né ra bing mot hé so |a| va dich chuyén song song mét khoang
cach bang b.

Nhu vy, ham nay sé& bao toan dang mét dudng cong bat ky clia mit phing chita s
sang mat phing chtta z (hinh 2.4a).

. 5 1 N N A N 3 p 5
2) Ham nghich dao z=—. Ham nay bién d6i mot vector s thanh vector z bang cach 14y
s

d61 xting qua dudng tron don vi va sau dé lai 14y d6i xiing tiép qua truc thuc (hinh
2.4b). Nhu vay, ham nay sé bién d6i toan bé phan bén trong dudng tron don vi caa
mit phing s thanh phn phia ngoai dudng tron don vi ciia mat phing z.

3) Ham binh phuong z=s>, tic 1a néu c6 s= o+j @ thi cling sé ¢6:
z=f(s) =utjw = 0‘2—a)2+2j0'a)
n6 bién déi moi dudng hyperbol vuéng géc véi nhau trong mit phing s=o+jw la
0’— w’=hing s6 k, vdi 20w=hing s6 k,, thanh nhiing dudng thdng song song véi

hai truc toa d6 trong mat phing z=f(s)=u+jw 1a u=k, vd w=Fk,, tlc la ching

cling vuong géc v6i nhau.

4) Ham ldy cdn bdc hai z =+[s .
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5) Ham phdn thic z = as+b v6ia,b,c,d 1a nhitng hing s8 phiic thda man ad—-bc#0.

cs+

Ham nay duge tao thanh tit ba ham bao giic con la:
1 N a bc-ad

Zz=—4—-—2z

zi=cstd, zg=— va
2z c c

2
nén né ciing 12 ham bao giac.
6) Téng quat héa t&t ca nhiing trudng hgp trén, ta sé d& dang di dén két luan ring ham

phtic dang thuc-hiiu ty, 12 ham c6 ciu tric dang ty s& clia hai da thtic nguyén t6
cung nhau (hitu ty) véi hé s6 ctia cac da thiic d6 1a nhiing s6 thuc:

2 m
G(s):b0+bls+bzs + - +b,s

5 —,4G;€ER VA b;eR
Gy +a;5+0ay8" + -+ +a,s

1a mot ham bao giac. a

q) b) .,

n
<

N
N

Hinh 2.4: Minh hoa vi du 2.2

O-----}---
[\

2.1.2 Chubi Fourier va phép bién déi Fourier
Chuéi Fourier (cho fin hiéu tuén hodin)

Bén canh viéc khao sat tin hiéu truc ti€p ti dic tinh clia né trong mién thoi gian,
chdng han nhu tinh lién tuc, khong lién tuc, roi rac hay tuong tu ..., nhiéu khi trong
thuc t& lai xudt hién cau héi rang tin hiéu dé cé dic tinh tdn s6 nhu thé nao va né ¢ dai
tan s6 lam viéc 1a bao nhiéu? Cac cau héi d6 din ta dén bai toan phai phan tich tin hiéu
lién tuc x(¢) thanh dang téng tuyén tinh cla cac ham diéu hoa c¢é tdn s lam viéc xac
dinh. Xét tin hiéu tuan hoan véi chu ky T, tic 1a x(¢+T)=x(¢), V¢. Chudi Fourier cta tin
hiéu tuan hoan x(z) duge hiéu la:

x)= Y e =ay+ Y (a, cos(kat)+ b, sin(kar)) va a):z?ﬂ 2.10)
h=—co k=1

v6l ¢, =¢, (s6 phtc lién hgp) va el? = cos@+ jsing (cong thic Euler). Gia tri a):Z?”
dugc goi 1 tdn s6'co bdn ctia tin hiéu. Khi d6 lai xuat hién tié€p cac cau hoi:

—  Chudi vé& phai c6 tén tai khéng?

—  Cac hing s8 clia chudi dugc xac dinh tit x(¢) nhu thé nao?

va toan bd cau tra 1i 14 ndi dung phuong phap phan tich chudi Fourier sau day.
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1) Dirichlet: Piéu kién da dé chubi Fourier (2.10) & v& phai hoi tu 1a:
Néu khoang (0,T) chia dudc thanh hitu han cac khoang con sao cho ham x(¢) 14 lién
tuc, don diéu trong cac khoang con doé.

Mot cdch néi khde: Néu ham x(¢) chi c¢6 hitu han céc diém khong lién tuc va cling
chi ¢6 hitu han cac diém cyc tri.

Cha y: Diéu kién Dirichlet chi 1a diéu kién dt. Chéng han vin c¢6 thé tdn tai ham
x(¢) lién tuc trong toan khoang (0,T) nhung khéng kha vi tai moi diém trong dé,
nhung van c6 chudi Fourier (2.10) héi tu. Vi du ham Weierstrass:

x(t) =, a* COS(bkﬂ't) v6i 0<a<1, >0, ab> 1+8?” va b 1a s6 nguyén.
k=1

Hién nay van chua cé diéu kién can va du.
2) Ham x(¢) phai lién tuc ting doan va tai diém khong lién tuc ¢, phai cé:
1
x(ty) = E[x(to —0)+«x(ty + 0)]
Pay la didu kién @8 d4u bing trong (2.10) ciing dung tai £,.
3) Gia st ring ton tai chudi (2.10), khi d6é phai c6:
1 .
CkZE(ak—ka) , k=1,2,... va cy=ay (2.11)
Ta c6 thé khing dinh tinh ding d4n cta (2.11) qua phép bién d6i don gian sau:
o " o " 1 " o " e _
x(t)= Y e’ =cy+ Y e’ + Y e’ =cy+ Y e’ + Y e/
j— k=1 j— k=1 =1

oo

=co+ D ((ck +¢;,) cos(ka) + j(c, —Ek)sin(ka)t))

k=1
_ . _ 1 .
= ay=¢y,ap=c,+c, va by =jlc,—¢c,) = cp=a, va Ckzg(ak_.]bk)
17 :
4) ck=T[x(t)e‘Jk’”tdt, k=..,-1,0,1,... (2.12)
0

T T T
ay = % I x(t)dt , a; = % I x(t)cos(kat)dt , by, = % f x(t)sin(kat)dt , k=1,2,...
0 0 0

That vay, tu (2.10) ta co:

< imat T _jkat T e imat_— jkot < T 2 -ty
x(t)= Y c,e’ & [x@)edt=[ Y ¢, dt="3 c,[e T dt
m=—co 0 0 m=—o m=—
w 1 .
=T Y c,[e/*™ ™0t =Tc, , (t=Tt"
m=— 0
1T ;
& ck:?jx(t)eﬂk”dt, k=..,-1,0,1,...
0
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Céac cong thitc con lai trong (2.12) dudc suy ra t (2.11).

Nhu vay, v6i (2.10) va (2.12) ta ludn phan tich dugc mét tin hiéu tudn hoan x(¢)
thanh téng tuyén tinh cac tin hiéu diéu hoa co ban. Diéu d6 c6 § nghia 16n trong tng
dung, chdng han nhu:

—  Thanh phéan:
a, cos(wt) + b, sin(wt) = A; cos(awt — @) vii A, = 1,(112 + b12 va @ = arctanﬁ
a
dudc goi 1a don hai ctia x(¢). Cac thanh phan

a, cos(kat) + by, sin(kawt) = A, cos(kat — @,) v6i A, = Ja; +b} , @, = arctanb—k, k>1
@

goi 1a da hai ctia x(¢). Phan tich don hai va da hai dugc st dung nhiéu trong cac
nganh thudc linh vuc diéu khién truyén tai dién va dién ti céng sudt, ciing nhu
phéan tich cic dao dong diéu hoa thanh phéan ctia tin hiéu tudn hoan trong cac qua
trinh vat ly A&m hoc, nhiét hoc, dién, co ...

—  Tim nghiém tudn hoan ctia mét s6 phuong trinh vi phan dao ham riéng md ta qua

trinh truyén séng, truyén nhiét, nhu:

%u  o%u N . ‘A

— +—— =0, phuong trinh Laplace v6i nghiém u (x,y)

dx“ dy

%u 0% N N - C

v ;tax_z =0, A>0 phuong trinh truyén séng véi nghiém wu(x,t)
ou  du

Fr c—=0,¢>0 phuong trinh truyén nhiét véi nghiém u(x,¢)

—  Loc nhiéu véi tan sb xac dinh c6 trong tin hiéu tuan hoan x(¢).
— Phan tich su giao thoa cac dap ting xung trong hé tuyén tinh.
—  X&p xi mot tin hiéu x(¢) tudn hoan, lién tuc tiing doan bing téng hitu han cic ham
diéu hoa:
n
x(@)=ay+ Y (ak cos(kwt) + b, sin(kwt))
k=1

Cha y ring khi d6, xung quanh diém khong lién tuc

¢, cia x(¢), téng hitu han & v& phai van 14 mét ham

lién tuc véi cac thanh phan dao dong coé bién d6
16n. Téng cac s6 hang n cang 16n, bién d6 dao dong
nay cang 16n. Hién tugng dé dugc goi 1a hién tugng Hinh 2.5: Hién tugng Gibb
Gibb (hinh 2.5).

—  Thiét k& tin hiéu tudn hoan x(z) véi dai tan s6 lam viée cho trude (bai toan ngude
cua viée phan tich chudi Fourier).

Ngoai ra, ta con c6 thé d& dang kiém chiing dudc cac tinh chit sau cta phép phan
tich chudi Fourier cho tin hiéu tuan hoan x(¢) theo (2.10) va (2.12):
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1) Néu x(¢) 1a ham 1é thi a;,=0, V& va néu x(¢) 1a ham chin thi ,=0, £=1,2,...
2) Néuco x(t+§) =—x(¢), V¢t thiap=as=a,= ... =by=b,= ... =0
3) Binh phuong sai 1éch:
r 2
Q=[(x)-y®) dt
0
gitia ham x(¢) cho trudc va ham y(#) xac dinh bdi:
n
y@)=ay+ Y (ak cos(kat)+ b, sin(ka)t))
k=1
s& 1a nhd nhat, néu y(¢) c6 cac hé sd ay,, b, dudge tinh ti x(¢) theo (2.12).
4) Chudi ham theo ¢ & v& phai trong (2.10) sé& hoi tu déu (uniformly) téi x(¢) néu cé:
;;“ak' *[Ba) < oo

ttic 14 khi dé giéi han x(¢) caa chudi (2.10) ciing 14 ham lién tuc, kha vi, kha tich
gidng nhu cac phan ti cia chudi.

Cudi cung, chudi Fourier con ap dung duge cho ca tin hiéu tudn hoan khoéng lién
tuc, c6 mé hinh dang day gia tri {x,}, k=...,—-1,0,1,..., trong &6 x,=x(kT,) va T, la chu
ky trich mAu ti tin hiéu lién tuc x(£). Vi 14 tin hidu tuan hoan nén phai c6 x;,y=x;, VE,
trong d6 N 1a chu ky tudn hoan ctia diay. Khi d6 diy trén, hay ham md rong
x(¢) = x(t)s(t) ciing c¢6 dang chudi Fourier (2.10), nhung véi cac hé s6 ¢, ap, b, dugdc
tinh theo:

1 Nt 2 N-1 2l 2 N-1 27l
ay = — X, a,=— x;cos(k—), b, =— xsmk— k=12,
NS N§ ( )kN§ "N
27kt
N-1 -
ck—i xie]N
Nl=0

Céac cong thiic nay duge suy ra tit (2.12) bing cach thay d&u tich phéan | bing d&u téng 3,
¢t bang iT, = % vadtboi T, = % . Chiing thudng dudge goi 1a chudi Fourier roi rac (DFS

— Discret Fourier Series). Né6i cach khac, ban chit cia DFS chinh 14 chudi Fourier (2.10)
dugce ap dung cho tin hiéu khong lién tuc.

Cha y: Tén goi chudi Fourier rdi rac & day khong lién quan t6i tinh chit mién gia tri
ctia 4nh xa nhu ta da phan loai ¢ chuong trude. Néi cach khac, tén goi roi rac 6 day
khéng ham ¥ ring mién gi4 tri cta cac hé s6 cta chubi 1a tap diém khéng lién théng. Tén
goi d6 don gian chi mudn néi ring chudi Fourier (2.10) dugc ap dung riéng cho tin hiéu
khong lién tuc {x,}, k=...,—1,0,1,.... Bdi vay, dé chit ché v& mit ngén tir, ta nén goi né

14 chudi Fourier cho tin hiéu khéong lién tuc thay vi chudi Fourier roi rac.
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Phép bién ddi Fourier

Chubi Fourier (2.10) ¢6 ¥ nghia ting dung 16n trong thuc t&, song lai chi ap dung
dude cho 16p cac tin hiéu tudn hoan. Nhim md rong kha ning tng dung cta chudi
Fourier cho ca cac tin hiéu khéng tuin hoan x(¢), va dude goi ¥ tit cong thic (2.12) tinh
hé s8 cj,, ngudi ta da dua ra khai niém phép bién déi Fourier, dinh nghia nhu sau: Cho
tin hiéu x(¢), khong phan biét 1a tudn hoan hay khéng tuin hoan, cting nhu 1a lién tuc
hay khong lién tuc. Anh Fourier ctia né, ky hiéu béi X(jw), duge hidu la:

X(jo)= [ x(t)e’™dt véi anh xa nguge x(t):zi | X(jw)e’dw (2.13)
—o0 7[ —00
Dé tién cho viée trinh bay, sau d4y ta sé st dung ky hiéu:

F:x(t) - X(jo) = T (e dt véi Fl:X(jo) - x(t) = % T X(jw)e'dw

—oo

dé chi phép bién ddi Fourier, tic 1a:
Flx(t)} = X(jo) cting nhu F{X(jo)} = x(t) (2.14)

Tuong tu nhu & chudi Fourier, diéu dau tién ma ta cAn phai ban & day la kha ning
hoi tu cta tich phan vé han trong (2.13).
—  Didu kién du dé tén tai dnh Fourier: Ham x(¢) phai c¢6 chudn bac 1, tic 1a tich
phan v6 han tht nhat trong (2.13) phai héi tu:

I |x(t)| dt <, hay x(t)eL,
vi khi d6 cling sé c6:
[ x(t)e i dt

—oc0

< T|x(t)|~‘e‘j””‘dt < T|x(t)|dt <o

—  Néu x(¢) khong lién tuc tai t, thi dé anh ngude § cong thic thi hai trong (2.13)

cling ding tai ¢, ham x(¢) phai c6 gia tri tai ¢, la:
1
x(ty) = E[x(to —0)+x(ty + O):|

Tiép theo, ta s& khao sat mot s6 tinh chét cd ban ciia phép bién ddi Fourier (2.13) &8
tién cho viéc st dung sau nay.
1) Né&u x(¢) 14 ham chdn thi X(f@) 14 ham thudn thuc (phin 2o bing 0) va néu x(¢) 1a
ham 1é thi X(jw) 12 ham thuin ao (phan thuc bang 0).
Khéng dinh nay dugc suy ra mot cach don gidn nhd cong thiic Euler:

X(jw) = T x(t)e 7 dt = T x(t) cos(wt)dt—j]f x(t) sin(wt)dt

—oco —co —oc0
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va diéu hién nhién ring tich phan c6 can d6i xtng ctia ham 1 s& bang 0.

n n
2) Phép bién d6i Fourier 1a tuyén tinh: F{Y a;x;(t)} = 3 a;Fix, ()} , a;e R
i=1 i=1

3) Phép bién d6i Fourier 1a ndi xa (injective): x(£)=y(t) = Fix(t)}=F{y(t)}
4) N&u c6 x(t) = x(¢) thi ciing c6 X(—jw)=X(jw), trong &6 @ 1a ky hidu chi s6 phic
lién hgp cua a.
5) Néu x(#) c6 anh Fourier X(jw) thi:
6) y(t)=x(t—17) sé c6 anh Y(jow) = X(jw)e /7

dx(t)
dt

7) Parseval: Gitia ning lugng tin hiéu x(¢) va anh Fourier X(j @) cia né ¢6 quan hé:

a) y)= sé c6 anh Y(jw) = joX(jw)

[ [xf dt = | xteyeeyde = | x(t>[§ ] X(jw)e-fwtdw] dt -

_ 17 : T —jot :im—. . _
= _LX(JW)[J x(t)e dtde gy _LX(Jw)X(Jw)dw

—oo

=L [ |x(of do (2.15)
2r -,
8) Riemann—Lebesgue: Anh Fourier X(jw) la ham lién tuc theo wva ‘l‘im |X(jw| =0.
W —>oo

Chiing minh: V6i =0 thi:
o0 , e . % —ja(
X(jo) = [ x(t)e 7™ dt =—e'™ [ x(Hye " dt = | x(t)e

—o0 —oo —oo

t+£)
o' dt =

=— [ x(t-Z)eidt
e [0

Suy ra

oo

<

—c0

2| X(jo)| = | [ x@edt - [ x(t-Lye i dt eIy
w

—oo —oo

x(t) - x(t -2
(1]

oo

<

—oo

dt — 0 khi |a)|—><>o

x(t) - x(t -7
[0}

Tinh lién tuc clia X(jw) dugc xac nhan bing cach véi moi £>0 cho trudc ta chon hai
hang s6 duong a,b sao cho:

) |x(t)|dt<§ va 2ab [ |x(t)dt<e

|t]>a lt|<a

Hién nhién hai hing s duong nay luén tén tai do ¢6 x(¢)e L,. Khi d6 véi moi hing
s6 |§| <b thi:

39



i(w+9)) - X(jw) x(t)e I _x(t)e I dt
X (j@+ ) - X (o] = ] )

—oo

< [ |x(@)- et @32 )| = 2 ] [x(t)-fsin %‘ dt
_2t‘£a|x(t)| s1n%‘dt+2 | |x(t)|- sin%‘dt
<2 | |x(t)|dt+2 | |x(t)| g <t +ab [ |x@)|dt
‘t‘>a lt|<a [t}<a
+_:
=9ty

9) Anh ctia tich chap bing tich cta hai anh. Phép tinh tich chép cta hai tin hiéu x(¢),
y(¢) dinh nghia béi:

oo

2(t)=x(t)* y(t) = [ 2(0)y(t-7)dr

—oc0

va do co

[ [ * y@|de = |

—co —oc0

[ 20yt -1z

—oo

dt< [ | |x(@y(t-o)|dedt

—00 —oo

< T |x(2)|d7- T |y(t—7)|dt < T |x(7)] drT |y(®)| dt < o

nén né déng trong khéong gian chuén L;. Diéu nay chi rdng néu x(f), y(¢) da c6 anh
Fourier X(jw), Y(jw) thi tich chap z(¢) cta né ciing c6 anh Fourier Z(j w) va

Z(j) = F{x®* y0)} = | 2(0)* y(0)- e dt =

—oo

- ] [T x(r)y(t—ﬂdf}jmdt [ | x@yte 7™ O drdt =

—o0 \ —oo —00 —oo

= [T x(r)e_ijdTJ [ T (e e dt/J = Flx@} F{y®)} = X(jo)Y (jo)

—oc0

10) Anh ctia mét tich bing tich chap ctia hai anh:

Z(jow) = F{x@t)- y(t)} = T x(8)y(t)e 7 dt = % T ( | X(ja')e'® tda ]y(t)e_“’tdt
|

— o [ ] XGo e D deda =2i X(jo! )(T y(t)e-ﬂw—w’)tdt]dw’

—00 —o0 —oo

LT x( ; 1 1. .
=5LX(J0)/)Y(J(0)—&)/))dw/ = o= O} F Iy} = X (o) * Y (jo)

Cha y: Do phép nhan x(¢)-y(¢) khong déng trong L, nén mic du x(¢), y(¢) c6 anh
Fourier X(jw), Y(j @) song c6 thé tich ctia n6 lai khong ¢6 anh Fourier. Vi du:
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—a . —b .
x(t):{t khi O0<t<1 , y(t):{t khi O0<t<1 véi 0<a<1, 0<b<1, a+b>1

0 khi te (0,1) 0 khi te (0,1)
déu thuoc L, nhung tich ctia ching lai cé:

(atb)1
dt =

—m =- = x@)y(t)eL,

[ [e@y(@)|de = ﬂf(a””
oo 0 0

Cuéi cung, dé két thic phin nay, ta sé néu 1én mot s6 ting dung dién hinh ctia phép
bién d6i Fourier (2.13) va nhiing khng dinh dugc rit ra thém tir do.

1) Anh Fourier ciia tin hiéu xung vuodng: Xét tin hiéu xung vudng

1 khi [f<T
t) =
D210 kni te[-T.T]

St dung cong thic (2.13) ta ¢6 (hinh 2.6):
Kior= | iy (o i) 2eimo
-T Jo W

D@ thdy anh nay thdéa min tinh chét 8) cia Riemann-Lebesgue va khi |¢f>Q , véi
Q la mot gia tri du 16n, thi |X(j @)|=0.

A x(t) X(]CU)

. ¢ @
Hinh 2.6: Anh Fourier cla tin hiéu
xung vudng. -T T -Q Q

v

2) Véi anh X(jw) cta tin hiéu x(¢) ta s& khdo sat dic tinh tdn s6 ctia tin hiéu (khéng
tudn hoan). Tu d6 bist duge dai tAn s§ lam viée cta tin hiéu. Ching han néu cb
|X(jw)| =0 khi we Q thi tin hiéu x(¢) sé khéng lam viéc & cac tin s6 we Q.

3) Thiét k& tin hiéu x(¢) c6 dai tin sd lam viéc mong mudn (bai toan ngudc ctia phép

e .
bién do1 Fourier).

4) Tim nghiém cac phuong trinh vi phin dao ham riéng, nhu:

%u . .

—+——5=0, phuong trinh Laplace v6i nghiém u(x,y)

ox” 9y

o%u o%u N . .

8_2_ /18—2 =0, A>0 phuong trinh truyén séng véi nghiém w(x,t)

t x

ou u N o ap ‘A

e 08—2 =0, ¢>0 phuong trinh truyén nhiét v6i nghiém u(x,t)
x
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5) Loc nhiéu. Vi du néu tin hiéu x(¢) c6 dai tAn s§ lam viée 1a we [w;, w,] va bi 1lan
nhiéu n(¢) 1am viéc & cac tin s6 we [ w;, w,] theo phép cong x(¢) = x(¢t) +n(t) thi ta

s& loc dugc nhidu n(t) ra khoi x(¢) dé c6 lai tin hiéu hiiu dung x(£) theo quy trinh:
x(t) = FH{F @)} [(o-o)-1(0-) ]}
6) Ap dung (2.13) dé tinh anh Fourier clia hAm mé rong delta &(¢) ta cé:

Flo)} = T Ste 1dt =e 70 =1

—oo

Suy ra
S(ty=F 11} = % ! e de = %7{0 cos(@t)dor = lim %Ja cos(@t)dw

— lim sin(at)
1
7) Papoulis: Anh Fourier S (jw) cia ham trich mau s(¢) trong mién thdi gian cting 1a

ham trich mau trong mién tan s6 (hinh 2.7):

S(jw) = 2T—” i 5(w—n;—”) (2.16)

trong d6 T, 1a chu ky trich mau trong mién thoi gian. That vay, vi s(¢) 1a ham chin
nén S(j w) 1a ham thuan thuc S(j 0)=S(w):

oo

S((())I‘[ i 5(t_kTa)e*jwtdt: z J‘é‘(t_kTa)efjwtdt: i efja)kTa

—o0 k=—00 k=—c0 oo k=—co
n ) jnoT,  -j(n+1)oT,
=lim Y 7% = 1im & e 7 ER
n—e 7 n—eo 1—e /%
Do khi ze Rk va z =25 J_b thi z=2 ta con c6 tit tinh chat 6) cia ham &(¢):
c+j c
sin| (n+ l)a)T
. cos(naoT,)—cos((n+1aT,) . 9 e
S(@) = lim —lim—— 2 )
n—seo 1-cos(@T,) e ( oT, j
2
gin ((n + Yot j
a
-z (“’T%) lim T2 -z (“’T%) - 5(T,) 2.17)
) e

. . 2 o .
Hon niia, vi S(@) 14 ham tuan hoan theo w véi chu ky —ﬂ-, nén dé ching minh
a

(2.16) ta chi can chi rang trong chu ky thudc lan can @=0 sé c6 S(w) = ;—”5(60) T
a

(2.17) cting nhu tinh chat x(¢) 5(¢)=x(0) &(¢) ta dudc:
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n(wT,)

S(jw) = o(wT,)- lim =2m0(oT,) = 2—”5((0) va dé la d.p.c.m
[

Y a
—0 sin C()Ta Ta
2
s(t) S (@)
T T T T [] T T
Hinh 2.7: Anh Fourier clia ham trich i ¢ ' @
mau ciing la mét ham trich mau. T, 2z
T

8) Chudi Fourier la truong hop riéng ctia phép bién déi Fourier:

Né&u ham x(¢) 1a tuin hoan véi chu ky T, ttc 1a x(¢+T)=x(¢), V¢, thi anh Fourier

. , o 1S e oz s L. . 2
X(jw) cua né sé la day cac gia tri 2x{..., c_q, ¢g, €1, ...} xac dinh tai w:n?ﬂ,

n=..., -1,0,1,..., trong d6 ¢, dugc tinh theo cong thiic (2.12). That vay, tu:
o ) w (E+1)T w (k+1)T
X(jo) = j'x(t)e’”"dtz > j' x(t)e 7 dt = > j' x(t —kT)e 7 dt
—oo k=—co k=—c kT

o T ) ) T )
Y [a)e DG = ¥ I ] y(p)e I dt
0

k —co k=—cc 0

ta sé& c6 v6i cong thiic (2.16), (2.17) cia ham trich mau s(¢) chu ky T':

27m
X(jw) = ? Z S(w— n—) J.x(t)e’”’tdt—er Z S(w— nz?”)lj' (t) T tdt

n=—oo n=—oco

= Zﬂngx c,0(w— n%) , d.p.c.m.
Trong phép bién d6i trén ta da st dung khai niém ham mdé rong &(¢). Ngoai ra, véi
tinh ch&t nay ta con chi riing gia thiét x(¢)e L, chi 13 diéu kién da dé ¢6 anh Fourier
X(jw). Chéng han & day tin hiéu tudn hoan x(¢) khong thda méan diéu kién trén,
song van c6 anh Fourier.

9) Anh Fourier ciia tin hiéu khong lién tuc:
Xét tin hiéu khong lién tuc {x;}, k=...,—1,0,1,.... Néu xem tin hiéu nay la diy cac
gia tri trich mau x,= x(kT,) ctua tin hiéu lién tuc x(¢), trong d6 T, 1a chu ky trich
mau, thi tit (2.13) ta sé ¢6 anh X,(j ®) cla {x;}, k=...,—1,0,1,... thu dugc bing cach
thay d&u tich phan [ bang d&u téng 3, ¢ bing kT, va dt béi T, trong (2.13) nhu sau:

X,(jo)=T, 3 xe % (2.18)

Cong thtic (2.18) duge goi 14 phép bién doi Fourier roi rac (DFT — Discret Fourier
Transformation). Néi cach khac DFT 1a phép bién d6i Fourier (2.13) cho tin hidu
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khong lién tuc. Chl y ring tén goi nay khong lién quan t6i mién gia tri cta phép
bién d6i do, tic 1a anh X,(jw) cta phép bién ddi Fourier rdi rac van c6 thé c6 mién
gié tri 12 cac tap lién théng trén trudng s6 phiic. P& chit ché, tén goi ding cta phép
bién doi Fourier roi rac phai 1a phép bién doi Fourier cho tin hiéu khong lién tuc.

10) Hién tuwong triing pho:

Hinh 2.8: Minh hoa dinh ly
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Trong thuc t&€ ta thudng gip phai bai toan tim anh Fourier X(jw) ctia tin hiéu lién
tuc x(t), nhung lai khong c6 duge ham x(¢) md td né ma thay vao dé lai chi c6 day
c4c gia tri trich mau {x,}, k=...,—1,0,1,... do dudc cua né, véi x,= x(kT,) va T, la
chu ky trich mAiu, tdc 1a ta chi ¢6 dude anh Fourier X(jw) cta ham md rong
x(¢) =x(¢)s(¢). Bai toan dit ra & day 1a lam thé nio d8 ti X(jw) suy ra duge X( ).
Néi cach khac ta phai xac dinh quan hé gitta X(j @) va )?(ja)) .

Xuét phét ti x(t) =x(t)s(t) va tinh chit anh ctia mét tich bing tich chap caa hai

anh, ta sé co:

X(jo) =5 X(jo)* S(jo) =5 [ X (o) S(j)do

TL]"( ('(w—w’)) z 5@ -n>- )jda)
Ti i [TX( (@-0))5(@ —n )da)’] + z X(j(o- n—))

Ngoai ra ta con cé:

T X(Ja)) T, j' x(t)e/dt =T, J x(t)s(t)e ' dt = T, J' x(t) Z 5(t—kT,)e /™ dt

oo —co k=

i [ Xty TSt —RT,)dt =T, Y. x,e "
fe=—eo —o j—
Vay khi két hgp thém véi (2.18) 1a anh Fourier cua {x;}, k=...,—1,0,1,..., ta di dén:
X,(jo)= 3 X(j@-nQ,) véi Q, _z

V6i cbng thiic trung phé trén ta c6 cu tra 16i cho bai toan nhu sau: Néu ¢6 X(j w)=0
khi wz [-Q,Q] thi v6i T, théa man T, <Q ta sé c6 X(jow)=X,(jw), a)e[ QQ]

N6 duge biét dén véi tén goi 1a dinh Iy Shannon-Katelnikov.

X(jw) X, (o)

Shannon—Katelnikov.



11)Khoéi phuc tin hiéu: Cho day vo han cac gia tri do duge {x;} cua x(¢), trong d6
x=x(RT,) , k=...,—1,0,1,... va T, 1a chu ky trich mau. Hay xay dung lai x(¢) ti {x,}
sao cho x(¢) di qua dudc tat ca cac cip diém (BT, , x,). D4y chinh 1a bai toan noi
suy (interpolation). Bai toan ndi suy nay cé vd s6 nghiém va mot trong cac nghiém
d6 dugc suy ra tu (2.18) nhu sau:
x(t)=F! {Taki x,e Ok }

12) Sai s6 ro ri: Néu thay vi ddy vé han {x,}, k=...,-1,0,1,... cac gia tri do dugc (trich
mAau) clia tin hiéu x(¢) ta lai chi c¢6 day hiiu han {x;}, £=0,1,...,N-1 véi N gia tri
do, thi cong thiic (2.18) tinh anh Fourier X, (j @) cho x(¢) tré thanh:

_ N-1 kT
Xa(.ja)) = Xa(Ja)) = Ta Z xke_Jw ¢
k=0
va sai s6 Xa( Jw)-X,( ja))| dugc goi 1a sai s6'ro ri (leakage). Trong khi sai s6 trung

phé c6 thé duge gidm thiéu thong qua viéc chon chu ky trich miu 7', thi néi chung

sai s6 ro ri ludn tén tai trong X, (j @), néu x(¢) khéng tuan hoan.

13) Gifia tin hiéu x(¢) va dnh Fourier X(j @) cia né ludn c6 quan hé:

€

— _]; X(jo)e™ do = %[x(t —0)+x(t+0)] , Ve

Pay ciing chinh 1& diéu kién thi hai dé c6 chudi va phép bién d6i Fourier. D& chiing

minh khing dinh nay, ta xét tin hiéu x,(#) x&p xi ctia x(¢) 14y tit Anh ngude:

2r

-a

x(t) = 2L [ X(jwyeldo =1 [ [ x(T)ejmer I =
7T

—oo

LT ey dr=L 1 T dr =
o | (j e o |x(7)dr o 7{0 T x(7)dr

—co

—-a

0 Ja(t) _ ,—ja(t) ;
= [ D(t-Dx(r)de = D) * x(t) véi D(t)=*—— & S0
- j2n(t—1) it

Do @6, néu ky hiéu:
elt) = x,(t) —%[x(t —0)+2(t+0)]

va dé ¥ ring tich chap 14 giao hoan, ciing nhu:

=

f

o 7T

sinar

dr==
2

ta sé co:
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SHl at

e(t) =~ | 1(t=0) 220 dr— 2 [a(e=0) +x+0)]

sinar sin a’l'

:—_[[x(t 7)—x(t— O)] dr +— J [x(t 7)— x(t+0)]

sinar sin az'

=— j [x(t 7)—x(t— 0)] dr+— I [x(t +7)—x(t+ 0)]

sinar N N1 X 1a .
dr hoi tu nén véi két luan ctia Riemann—Lebesgue,

Vix(t)g L, va tich phan j'

hai tich phan vé& phai cung phal tién vé 0 khi a—oo va dé ciing 1a d.p.c.m.

2.1.3  Phép bién déi Laplace
Phép bién ddi Laplace cho tin hiéu lién tuc

Phép bién d8i Fourier (2.13) 1a mét céng cu hitu hiéu gitp cho viéc khao sat dic
tinh tAn s6 cia mot tin hidu x(¢), nhung lai c6 nhuge diém 1a bi gidi han trong mot 16p
cac tin hiéu kha nhé x(¢)¢ L,. P& md rong phép bién d6i Fourier cho ci céc tin hiéu
causal x(¢), khong cAn phai ¢6 chuéin bac 1, ta sé khéng tinh truc ti€p anh Fourier cia

-t

tin hiéu causal x(#) ma thay vao d6 1a cta z(¢)=x(t)e” ', v6i §1a mot s6 duong du 16n

sao cho lai c6 dugc:
[ [e@]de = J[wtre | de <=, tic1a 2()=x()e <L,
oo 0
Hing s6 duong Snay ludn ton tai, vi khong c6 ham nao tién vé 0 nhanh nhu e %. Khi da
¢6 z(¢)e L; va néu ham x(¢) théa man thém la tai diém khong lién tuc ¢, co:
x(ty) = é[x(to —0)+ 2t +0)] & 2(ty) = %[z(to —0)+2(ty +0)]
ta sé lai c6 dudc anh Fourier Z(j w) ctua z(t):

Z(jw) = [ 2(t)e 7 dt = [ x(t)e e dt = [ x(t)e O+ dt
0 0 0

= [x(t)e™dt = X(s), trong d6s=35+ jo
0

Ham X(s) trén day duge goi 12 anh Laplace ctia x(¢). N6i cach khac, anh Laplace X(s)
cua x(¢) chinh 1a anh Fourier cta x(t)e_&. Ngoai ra:
S5t st 1 5 o | iw 1%, .\ (5rjoy 1 o st
x(t)=ez(t) = e — I Z(jw)e!"do=— I Z(jw)e do=——- j X(s)eds
2r 2r -, 27j - oo

Vay ta c6 phép bién d6i Laplace, ky hiéu béi £{-}, nhu sau:
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oo O+ joo
X(s) = L{x(®)} = | x()edt  voi x(t)z[l{X(s)}:%j " X(eeds  (2.19)
oo 5= jeo

trong d6 s=&+j @ va 51a s6 thuc duong d 16n dé ton tai tich phan vo han thi nhat trong
(2.19), n6é dugc goi 1a bdn kinh héi tu ctia anh Laplace X(s).

Vi phép bién d6i Laplace (2.19) thuc chét 1a phép bién d6i Fourier cho tin hiéu
causal khong cin phai ¢6 chuén bac 1 nén duong nhién né c6 diy dt moi tinh chét cia
phép bién d6i Fourier nhu:

1) Tuyén tinh: E{i ax; ()} = i a; L{x;()}, a;eR
' i=1

1=1

2) Noéixa: x(8)=y(t) = L{x@)}#Ly @)}
3) Anh cta tich chap bang tich clia hai anh: L{x(¢)*x(£)}=L{x ()} L{y ()}

4) Anh X(s) 1a ham lién tuc theo Im(s), khi Re(s)>§ (ky hiéu Re(s) 1a chi phan thuc va
Im(s) 1a chi phan ao cta sb phiic s).

5) GoiX(s) la anh Laplace ctia x(¢). Khi d6:
a) y(@©)=x(t-2} c6 anh 1a Y(s)=X(s)e **
b) y(t)=e “*x(¢)} c6 anh1a Y(s)=X(s+a)

c) y(t)=x(at) c6 anh la lX(i) va y(t) = x(i) c6 anh 1a Y(s)=aX(as)
a a a

d)  y@)= % c6 anh 14 Y(s)=sX(s)-x(+0)

e y(t)=[x()dt ¢6anhla Y(s)= 2
S

D) :@ ¢6 dnh 1 Y(s) = | X(s')ds'

6) Né&u X(s) c6 ban kinh héi tu §=0 thi X(S)|s:jw = X(jw) 1a anh Fourier ctia x(¢).
7) Néu tén tai gidi han x(+0) = lir% x(¢) thi x(+0) = lim sX(s).
t— S—>o0
8) Néu ton tai gidi han lim x(z) thi lim x(¢) = lim sX(s) .
t—>oo t—>oo s—0

Vi du 2.3: X4c dinh &nh Laplace cGa mét sé tin hiéu dién hinh

1) Xung dirac c6 anh dugc suy ra ti dinh nghia ham mé réng cia né la:

LS} = | s dt=e =1

—co

2) Tin hiéu buéc nhay don vi x(¢£)=k-1(¢) c6 anh Laplace la:
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0

k —st :E

S

X(s)=F j 1(t)e ' dt =

=

3) Anh ctia x(¢)=ke **-1(¢) dugc suy ra tit két qua trén va tinh cht 5b) nhu sau:

X(s)=—"
S+a

4) Anh caa tin hiéu diéu hoa x,(¢)=sin(@t), x4(¢)=cos(wt) dugc suy ra tit anh clia J
vae 7 ¢6 tu két qua cAu 3) ting v6i a=j @ cling nhu tinh ch4t tuyén tinh nhu sau:

ceioty =L ey L
s+ jw s—jw
Jjot _ —jot
= |X,(s)= Llsin(@)y=c&——¢ =L 1 1 | o
2j 2j\s—jw s+ jo s+ o’

el 4 g7 I 1 1 1 S
X, (s) = Licos(at)} = £ be | ——t—— |5
2 2{s—jw s+ jo s“+w

5) Tin hiéu tang déu r(¢)=¢-1(¢) c6 anh Laplace la:

N gl e 1
Lir@) = [te Fdt =—e™®| - [—dt=—
{r(t)} ({e e ({ =

6) Anh cta tin hidu ting déu x(£)=t"-1(¢) dugdc suy ra tit két qua cAu 5) va tinh chat
5e) cling nhu quan hé t"1(¢) = nj £ 11(t)dt nhu sau:

X(s)=

n+1

7) Tu két qua cau 6) va tinh chat 5b) ta c6 ngay:

'
Lit"e “1(t)} = (’Lj
_t
8) Tu két qua cau 2), 3) va tinh chit tuyén tinh ta cé anh ctia x(¢) = k(1-e T)1(¢) la:
— kR k

X(s) = L{x(t)} = LIRL(E)} - Like T1(t)} = —— =—"

s+ 1 s(1+Ts)

T

9) St dung két qua cau 8) dé kiém tra lai tinh ch4t gi6i han, ta cé:

x(+0)=0 va hm sX(s) =1lim
s (1+T5)

=0 = x(+0)=IlimsX(s)
§—00

limx(¢) =k va hm sX(s) =lim k
t—s00 s=0 (1+ Ts)

= limx(¢) = lim sX(s)
t—oo s—0
Phép bién ddi Laplace cho tin hiéu khéng lién tuc (bién ddi )

Xét tin hiéu causal khong lién tuc {x;}, £=0,1,2,.... N&u xem né nhu la day cac gia
tri trich mAu ctia tin hiéu lién tuc x(¢) véi chu ky trich mau T, thi né con c6 dang ham

mé rong:
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)= (1) = 2(D)s(t) = ki 2,8t~ KT,
=0

Thay ham md réng trén vao cong thic dinh nghia phép bién ddi Laplace (2.19) ta sé c6
cing véi ky hiéu z=e’%e cling nhu diéu hién nhién ring x,=0, khi k<0, anh Laplace
ctua day vo han {x;}, £=0,1,2,... nhu sau:

X(s) =[x dt = [ 3. 1,0t —kT,)e'dt = ¥ x, [ 8(t—kT,)e dt
0 0 k=0 k=0

oo oo d.n.
=Y el =Y x2t = X(2)
k=0 k=0

Ham X (z) dingh nghia trong cdng thiic trén duoc goi la dnh Z cua day {x;}, k=0,1,2,...
va phép bién d6i tir day {x,} thanh X(z) goi 1a phép bién doi Z, ky hisu béi Z{-}, tic la:

X(@)=Zix,) va {x)=2 "{X(2)}

2.1.4 Phép bién dai Laplace ngudc

Viéc bién d6i Laplace nguge dude hiéu 1a xac dinh tin hiéu x(¢) ngugdc tit anh
Laplace X(s) ctia né. T4t nhién céng viéc nay c6 thé duge thuc hién truc tiép véi cong
thtte dinh nghia (2.19). Song dé tién lgi hon khi st dung, sau day ta s& lam quen véi hai
phuong phéap don gian thuong dung. D6 1a:

—  Phuong phép bién d6i nguge X(s) c6 dang ham hitu ty va
- Phuong phéap residuence cho X(s) kha vi ngoai hiiu han cac diém cuc.

Bién dé&i ngugc haim hiu ty
Gia st tin hiéu x(¢) c¢6 anh Laplace X(s) dang:

B(s) by+bs+ -+ +b,s™

X(s)= =
A(s)  agtas+ - +a,s”

v6i m<n (2.20)

Dé tim x(¢) ta dua vdo tinh don anh, tinh tuyén tinh cing nhu két qua ca cac vi du cho
trong muc trudc va di dén cic budc thuc hién nhu sau:

1) Phan tich X(s) thanh tdng cac ham phan thiic t6i gian:

Aki n q Bk(S—O'k)+Ck(()k

I
X =A+> Y

ol id (s—ap) g1 (s—0p)? +@f
trong d6 A, Ay; , B, , Cp 1a cac hing s6, a;, 14 diém cuc thuc bdi r, va o,+j @, 1a
diém cuc phtc ctia X(s), néi cach khéac ching 12 diém ma tai d6 c6 X(s)=co.
2) Xac dinh ham géc cho tiing phan ti trong tdng trén theo (vi du 2.3):
a) L YA} = AS¢)
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i-1_a,t
v= AL 1

b>c{——k(1),

(s—ap)

_Bis—0y) }= B,e%* cos(at)1(2)

-1
o £t (S—Gk)Z"’a’/%

d) £7' Ci 5} = Che sin(w,t)1(2)

Vi du 2.4: Bién d&i ngudc ham hitu ty

c6 tin hiéu goc la:

, 1
X =
1) Anh X(s) 32(1+s)

By VRS S Wy VS S
x(t)_[:_{s2(1+s)}_ 1+S S+32}

51{%} LR B RN
+8 S S

2) Anh X(s) = k(+Ths) c6 tin hiéu géc la:
s(1+Tss)

oty = P Ds), 1{— T,B 22 voi A=k va B kTG -T;)
s(1+T,s) Tys+ T,
t t
—/:{ (I S i TB} (A + Be T2)1(t) k(1- 5L-T T2)1(t)
Tys + T2
3) Anh X(s):*, T,#T, c6 tin hiéu goc la:
(1+T;s)(1+Tys)
W=k A B GiA aB=-A
(1+T;s)(1+Tys) srl g 1 T, -T,
Tl TZ
A A t ot 5 -t -t
=LY LY t=A(e i —Be BH1(8) = (ef —eT)H)10)
1 L-T,
s+— s+—

T T,
4) Cho anh X(s) :ﬁ cta tin hiéu x(¢). Phan tich X(s) thanh téng cic phan
s*(1+Ts

thtic t6i gidn ta dugc:

n
X(s)=k| —— —+2 vi A =
s s z=1(s+71,)

Vay (hinh 2.9a):
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x(t)=k [—nT+t+e‘t/TZ( _Ll)'] 1)

=1
5) Mot tin hiéu x(¢) c6 anh Laplace X(s) =L. Phan tich X(s) thanh t6ng cac
s(1+Ts)"
phan thic t6i gién ta dugc:
X(s)z——z vl A; = f_l
S =1 (S + 1 )L T

Suy ra (hinh 2.9b):

i-1
x(t)—{k eTZAt J ]

T

1@-D!
6) Xét ham phic:
X(s):%, 0<D<1
1+2DTs+(Ts)
Bién ddi X(s) thanh:
k
X@§)=—-+———
= e D1 D t
1-D? c x(2
) J - y =0
= 9 _n2 1 I N___ /N __
TV1-D* (;, Dy 1 D k
T T
ta ¢6 dugc ngay: t
D / 2
x(t):Le Ttsm 1-D t|1(t) Hinh 2.9: Minh hoa vi du 2.4.
T+1-D? T
7) Xét tin hiéu causal 2 (¢) c6 anh Laplace la:
H(s) = k 55 v6l 0<D<1
s(1+2DTs+T*s*)
Phéan tich ham H(s) thanh:
D
Heyop[1__T's+2ID | _h__ k@s+2rD) _k_k _TCTp)D
1+2TDs+(Ts)> | s (Ts+D)Y>+1-D?> s T D, 1-D?
(s+ )" +—
T T
ta c6 (hinh 2.9c¢):
D 2 2
-t _ —
h(t)=C {H(s) = k—ke T [cos[ 1-D t]+ D sin[ 1-D t] 20 0O

J1-D?
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Xét riéng truong hop, khi ma anh Laplace X(s) cta tin hiéu x(¢) c¢6 dang thuc hiiu
ty nhu cong thic (2.20) mé ta. Gia st riing da thiic mAu s6 A(s) va da thic ti s6 B(s) 1a
nguyén t6 cing nhau (ching khéong c¢6 chung nghiém). Khi d6 diém cuc cta X(s) s&
chinh 13 nghiém cta A(s)=0. Ky hiéu cac diém cuc d6 bing s, , sy, ..., S, va gia thiét
ring ching 14 nhiing nghiém don ctia A(s)=0. Do X(s) phan tich dudc thanh téng cac
phan thtc t6i gian:

A A A

X(s)=—T1-+—"2 ¢ --- +—1
S—8 S—8 s—8§,

nén sau khi nhan ca hai v& véi (s—s;) va cho s tién téi s, ta s& c6 cong thiic xac dinh
nhanh nhiing hé s6 A, , A,, ..., A, nhu sau (céng thiic Heaviside):

A, = lim(s—s,)X(s)
58

Phuong phdp residuence

Trong phan bién d6i ngude X(s) c6 dang ham hiu ty (2.20) vita trinh bay, ta nhan
thdy ngoai mot s6 hitu han cac diém cuc 1a nghiém cia A (s)=0, con lai ¢ nhiing diém
khac X(s) déu xac dinh va c6 dao ham vo han 1an. Né6i cach khac X(s) 14 mot ham giai
tich ngoai hitu han cac diém cuc d6. Dang tin hiéu x(¢) nhan duge lai hoan toan dudgc
quyét dinh béi vi tri cia cac diém cuc nay trong mit phing phitc. Hinh 2.10 biéu dién
minh hoa truc quan cho dang tin hiéu x(¢) c6 anh Laplace:

1
S—S§p

X(s) =

tng v6i nhiing vi tri khac nhau tétaén 7 1 piéuhsa Tang dén

clia diém cuc s, =6, +j@y,.

Mé rong diéu nhan xét o O% o
trén ta c¢6 phuong phap

residuence dé xéac dinh ngudc
tin hiéu x(#) tu anh Laplace
X(s) cua né, néu nhu X(s) 1a
ham giai tich, trit mot vai cac

11
s I3

diém cuc rdi nhau va hitu han, o}
doéng thoi lim X(s)=o . Cac
§—>teo

imva

Hinh 2.10: Dang tin hiéu phu thudc vao vi tri diém cuc clia

ham c6 tinh chét nhu vay duge anh Laplace clia n trong mt phing phirc.

goi chung la ham phdn hinh
(meromorph,).

Ban chit ciia phuong phap residuence duge 14y tit cong thic tich phan Cauchy (2.7).
Trudc tién ta di tit cong thiic bién d6i Laplace ngugc :
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O+ joo

= L St jo — L st
x(t) = o) _f X(s)e®ds = o) i)X(s)e ds (2.21)

5= jeo

trong d6 C 1a mot dudng cong khép kin chtia dudng thing &+j w véi wchay tit —o dén oo,
va ola ban kinh héi tu cta tich phan (hinh 2.11). Chiéu ctia C 1a chiéu duge chon dé phua
hgp véi chiéu clia @tit —o dén oo.

jo
Hjw

CA

)

l

Hinh 2.11: M6 t& phuong phép residuence.

o

“0-j w

Ky hiéu mién duge bao béi C theo chiéu duong 1a D, ttc 14 mién sé luén nim phia
trai khi ta di doc theo C vA g0is; , Sg s ... 5 S, 12 cac diém cuc ctia X(s). Do &1a ban
kinh hoi tu nén tit cd m diém cuc nay phai ndm trong D. Mat khac vi tich phan theo

duong cong khép kin ctia mot ham c6 tinh giai tich trong mién dude bao bdi dudng cong
18y tich phan d6, ludn cé gia tri bing 0, nén theo tinh chét (2.6) vé tich phan phitic cla
Cauchy, céng thiic (2.21) sé duge thay bang:

1 < st
t)=—— X(s)e™ds, (2.22)
x o kZ::l gi s)eS'ds

trong d6 Cp, £=1,2,...,m la nhiing dudng cong khép kin bao quanh riéng mét minh
diém cuc s, theo chiéu dudng (s;, luén ndm bén trai khi ta di doc theo Cj, theo chiéu do).
Nhu vay, duong cong C trong (2.21) nay da dugc thay bdi ho cac duong cong C), vdéi
k=1,2,..., m trong (2.22).

Ky hiéu tiép:

Res X(s)e® = L CJ.D X(s)e*ds
Sk 2”.] Ck

1a gia tri residuence ctia X(s)e®’ tai s, , k=1,2, ... , m thi(2.22) tré thanh:
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x(t) = % Res X (s)e® (2.23)
k=1 Sk

va d6 chinh 14 cong thic thuc hién bién ddi ngude X(s) theo phuong phap residuence.

Vi du 2.5: Phuong phap residuence

A e
Cho X(s)=—*—. Ham phdn hinh (meromorph) nay c6 mot diém cuc la s, nén:
S— Sk

A A
Res—* =L,gs—kds
s S—8 Zﬂ'JCs—sk C

trong d6 C la dudng tron ban kinh p >0 bao quanh s, o

theo chiéu duong (hinh 2.12). Nhu vay doc theo C | >
bién s sé& c6 phuong trinh:

Hinh 2.12: Budng tron |4y tich
[s=sp| =pe’? v6i 0<@<2r phén cho vi du 2.5.

Thay phuong trinh ctia bién s vao cong thic trén dugc:

2w . 2
Res— = L T & goy0iny L 4404, 0
sy S—s8, 27j o pel? 27

Cha y: Mot trong nhiing dic diém ctia ham phén hinh (meromorph) 1a né phan tich
dugce thanh chudi vo han (chudi Taylor, chuéi Lorenz, ...). Goi a; 12 cdc hé s§ khi phan
tich ham X(s)e®’ thanh chudi Lorenz trong 1an can diém s 1, ttc la:

X(s)e* = i ai(s—sk)i

j=—o0

thi
Res X(s)e =a_,
Sk

Theo cong thic nay, mot ham X(s)e’, néu c6 diém cuc s boi [, thi gia tri
residuence ctia né tai diém cuc d6 sé 1a:
1, -1 l
1 . d*T[X(s)e™ (s —s,)"*]

Res X (s)e® = lim
o (I, - 1)! 55, ds

(2.24)
va do dé6 viéc tim ngudc tin hiéu goc x(¢) tit anh Laplace X(s) ctia né theo phuong phap
residuence s& gom hai budc:

- XA&c dinh tét ca cac diém cuc s, ctia X(s)e® ciing nhu bac [, cia ching.

—  Tim céc gi4 tri residuence cia ham X (s)e tai nhiing diém cuc d6 theo (2.24).

—  Tinh x(¢) theo (2.23) tu cac gia tri residuence tim dugc.
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Vi du 2.6: Phuong phap residuence

L, e 2 Al A N P 2 1N
c6 diém cuc s=—a bdin nén ham goc x(¢) ctia né la

Ham phan hinh X(s) = —
(s+a)"

1 dn—lest 1
x(t) = Res X(s)e® = lim = e yéi 20 m)
a (n-1)!s>-a dsrkl (n-1)!

Viéc ap dung phucng phap residuence dé tim géc x(¢) ctia X(s) chi 1a mét tng dung
nhod ctia né. Phuong ph4p niy ngoai ra con c¢6 y nghia st dung 16n trong cic bai toan xac
dinh gi4 tri tich phan thudng gip cia cac céng viée tong hop bd diéu khién nhu tim tham
8 t6i wu cho b didu khién. Ta sé xét mot vi du minh hoa sau day.

Vi du 2.7: Tinh gia tri tich phan phic bang phuong phap residuence

D& tinh tich phan: .
) @
Q—Jf 5s% +65+8 . c /
e (8% +25+2)(s 1)
- 7 = s, ®
G(s) 1 S3
ta thdy ham phdn hinh (meromorph) d o
G(s) = 5s®+65+8 $2 @
(s +2s+2)(s-1)
1 1 3 Hinh 2.13: Minh hoa cho vi du 2.7

- s—(-1+)) " s—(-1-j) " s—1
c6 3 diém cuc la s;=—1+j, sy=—1—j vA s3=1, trong d6 chi c6 hai diém cuc ndm bén trai
duong 14y tich phéan 1a truc do. Béi vay néu thay dudng 14y tich phan d6 bing mot dudng
cong C khép kin chiia truc 4o thi ciing chi c6 s; , s thuéc mién D dugc bao bdi C theo
chiéu duong (hinh 2.13). Suy ra (theo két qua vi du 2.5):

Q=2rj [Res G(s)+ ResG(s)] =27j(1+1)=4rxj a
S1 S

2.1.5 Mot img dung ctia phép bién déi Laplace: Giai phuang trinh vi phan

Cho phuong trinh vi phan tuyén tinh hé s6 hang:

2 n 2 m
y d”y d"y du d’u d™u

ayy+a,——+ag—>+ -+ +a,——=bju+b,—+by,—+ -+ +b 2.25
0Y Vg T2 g2 n g o Var 2 g2 mggm ( )
c6cachésday, ay, ..., a, va by, by, ... , b, 1a nhiing s6 thuc. Bai toan dit ra la

n-1
tim nghiém y(¢) khi biét trudc u(¢) ciing nhu cac so kién y(+0), dyc(l-:O) s e s d P ?::FO) .

t
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Truée hét ta gid st u(¢) va y(¢) 1a hai tin hiéu causal. Vay thi khi 14y anh Laplace

ca hai vé& ctia phuong trinh da cho:

E{a0y+a1%+ +an%}:£{b0u+bl%+ voxp LY

™ drm

rdi 4p dung tinh ch4t tuyén tinh ctia toan tit Laplace sé& dugc:

n dky n d*u
apLi—=—§ = > b Ly ——
kgo k {dtk} kgo k {dtk}

Tiép tuc, néu goi Y(s) 1a anh ctia y(¢) thi tit cong thiic anh ctia dao ham:

c{%} = $Y(s)-y(+0)
ta co

YG0) - 2y (o) sy(s0)— DO

dy dy
£ — <1 = £ 1 _
¢ dt? b= sl dt J dt dt

r dPy(+0)
Cah

£ y}— SY(-S
=0
Ciing tuong tu, néu goi U(s) 1a anh Laplace cta tin hiéu causal u(¢) thi:

n-1-k d u(+0)

dk k=1,2, ..., m.
t

o k}—s”U(s) Z

Thay tat ca cac cong thiic tinh dao ham d6 vao (2.26) ta sé dugc:

Y)|ag+as + ... +a,s"] —-A=U@)[by+ bys + ... +b,,s"]-B

k-1
trong d6 A la ham xac dinh tta, va % , k=1,2, ..., n theo:
t
_ 4 o —1-1 dly(+0)
Lags iy
d*u(+0)
va B ciing 1a ham dugc xac dinh tu b, va > k=1,2, ..., m theo:
=
m k-1 At
B= z bk z sk*l*l d u(+0)
k=1 i=0 dt'
Nhu vay anh Laplace cia nghiém y(¢) sé la:
(o +bys+ -+ +b,s™)-U(s)+(A-B)

Y(s)=
ag+as+ - +a,s"

(2.26)

2.27)

Chuyén ngude Y(s) cho trong (2.27) sang mién thdi gian ta s& duge nghiém y(¢) cua

phuong trinh (2.25), vi to4n ti Laplace 14 don anh.
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Vi du 2.7: Giai phuong trinh vi phan bang phép bién déi Laplace
Hay tim nghiém ctia phuong trinh vi phan:

dy+3dy

72 7 +2y=0, véisd kién y(+0)=a va %:

Chuyén ca hai vé phuong trinh sang mién phtic nhd toan ti Laplace dudc:

{ Y4 sz{dy}+2£{y} 0

o [321’(3) — sy(+0) —$} +3[sY(s) - y(+0)]+2Y(s) = 0

& (s243s5+2)Y(s) = as+(3a+b)

as+(3a+b) as+(Ba+b) 2a+b a+bd

& Y(s)= = -
243542  (s+D(s+2) s+1 s+2

Vay  y()=(2a+b)e '~(a+b)e > véi t20 1

Vi du 2.8: Giai phuong trinh vi phan béng phép bién déi Laplace
Giai phuong trinh vi phéan:

dy dy
d2 dt

dy(+0)

—+5y=3 vdisokién y(+0) = =0

Chuyén ca hai v& phuong trinh sang mién phtic nhd toan ti Laplace duge:

;:i_ 3.2 _ 3(s+D)
s(s2+2s+5) Bs 10[(s+1)2+22] B[(s+1)2+22]

(+254+5)Y(5)=2> & Y(s)=
S

Vay: y(t)=%—%e’tsin(2t)—ge7tcos(2t) vél 20 m)

2.2 Xay dung mo hinh toan hoc

Mo hinh toan hoc 1a mét hinh thtc biéu dién lai nhiing hiéu biét cta ta vé quan hé
gitta tin hiéu vao u(f) va ra y(¢) cta hé théng nham phuc vu muc dich mé phéng, phan
tich va téng hop bo diéu khién cho hé thong sau nay. Khéng thé diéu khién mét hé théng
ma khong hiéu biét gi vé hé thong. Ta hiy xét mot bai toan diéu khién c6 st dung bd
chuyén déi ap sudt p mo ta béi tin hiéu dau vao 1 u(¢) thanh quing duong dich chuyén
biéu dién dudi dang tin hiéu ra y(¢) nhu hinh 2.14 mé ta. Ta khong thé tao ra dudc mot
quéng dudng dich chuyén chdng han nhu 1mm trong khodng théi gian, vi du 0,5s, nhu
mong mudn théng qua viée dit mét gia tri Ap suét thich hop u(¢) tai ddu vao néu nhu
khéng biét rd sy phu thude cta tin hiéu ra y(¢) véi tin hiéu vao u(¢) cia bs chuyén doi.
Ciing nhu vay ta khong thé diéu khién mét dong co chuyén d6i tit van téc quay nay sang
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mot van téc quay khac néu nhu khong biét dude téc d6 dong co phu thude nhu thé nao
vao tin hiéu ddu vao 1a dién 4p hay dong, hodc khong thé ddu tu vao mot thi trudng (tin
hiéu vao) dé dat duge chi tiéu c6 1ai (tin hiéu ra) nhu mong muén néu khong hiéu r6 vé
thi truong dé (hé théng diéu khién) ....

Ap suat p co Khodng dich
tin hiéu la w () chuyén y(t)
Hinh 2.14: Déi tuong didu khién Ia bo —_— —_—

cam bién chuyén ddi ap suat thanh
quéng dudng dich chuyén.

Théng qua v6 van cac vi du néu 1én sy cAn thiét phai c6 mé hinh toan hoc mo ta hé
théng diéu khién dé thuc hién bai toan diéu khién nhu vay ta thdy ré duge chit lugng
diéu khién phu thudc rat nhiéu vao mé hinh toan hoc mé ta hé théng. M6 hinh cang
chinh x4c, hiéu sudt céng viéc diéu khién cang cao.

Mic du d& c¢6 md hinh toan hoc, song ciing phai thita nhan 14 khéng thé néi ring
trong moi trudng hgp mé hinh d6 moé td hé théng ding 100%. Tat ca cac bai toan diéu
khién déu phai lam viéc véi nhitng mé hinh hé théng c6 chtia mét sai léch nhat dinh
hodc it ra 14 ¢6 nhitng tham s8 thay d6i nhidu. Bi vay & cac bai toan diéu khién hién nay
ngudi ta thuong phai thuc hién thém nhiing nhiém vu theo doi va chinh dinh lai mé
hinh cho phi hgp véi hé théng thuc hoic phai thiét k& bo diéu khién ddm bao duge chat
lugng dé ra cho dit mé hinh c6 sai léch.

Bai toan diéu khién ma & d6 ¢6 thém kha ning nhan biét dugde su thay ddi ciia hé
théng dé tu chinh dinh lai m6 hinh ciing nhu luat diéu khién dude goi 1a diéu khién thich
nghi. Nguge lai nhitng bai toan diéu khién luén dam bao chat lugng dé ra cho du ¢6 sai
léch mé hinh hay c6 su thay d6i nao d6 khéng biét trude trong hé théng ma khéng can
phai giam sét, phai theo ddi hé théng, dude goi 1a diéu khién bén viing.

u1(t) — Hé théng ky [— Y1)
: thuét :

X1s eee s Xy

L 0

Hinh 2.15: M6 t& mot hé théng ky thuat u,(t) :
) —

Pinh nghia 2.1: Xem mot hé thong ky thuat cAn xAy dung mé hinh nhu mét khéi kin véi
cac tin hiéu dau vao 1a u,(¢), ... , u,(¢t) varalay,@@), ..., yp(t), tc la he théng
¢6 r tin hiéu d4au vao va p tin hiéu diu ra (hinh 2.15). M6 hinh m6 ta hé théng ma
ta quan tdm 1&a mé hinh todn hoc biéu dién su phu thudc ciia p tin hiéu ra y,(z),

., ¥p(¢) theo r tin hiéu vao u;(¢), ... , u,(¢) sao cho né&u biét trudc cac tin hiéu
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d4u vao uq(t), ... , u,(¢) ciing nhu nhiing "so kién" ban ddu cta hé thong x4, ... ,

x, thi v6i mé hinh d6 ta c6 thé tinh ra dudc cac tin hiéu dau ray(t), ..., yp(t).

Néu ghép chung tit ca r tin hiéu dau vao u(¢), ... , u,(¢) thanh mot vector tin
u (¢) ¥ (2)
higu vao u(t)=| va cac tin hiéu ra y,(¢), ... , y,(¢) thanh y()=| thi ban
u,(t) ¥p(®)
ch4t cia mo hinh toan hoc sé chinh 14 4nh xa:

T:u(t) > y@t)  hay y@)= Tiu(?)}

Nhiéu khi thay vi tén goi tin hiéu vao, tin hiéu ra ctia mot hé théng ngudi ta con st
dung khéi niém kich thich va ddp w#ng véi nghia nhu sau: Néu kich thich hé théng bing
(vector) tin hidu u(¢) thi hé théng sé c6 dap ting 1a y(@).

Hé thong duge phan loai theo tiing nhém nhu da trinh bay & chuong 1 (muc 1.2.1).
Cu thé, mot hé duge goi 14 tuyén tinh néu mé hinh toan hoc mé ta hé théng 1a anh xa
tuyén tinh, ttc 1a khi phan tich vector tin hiéu d4du vao u(¢) thanh téng tuyén tinh cta
cac vector tin hiéu thanh phan:

u(t) = aru(t) + agus(t) + -+ + apiy(f)
va gia thiét 14 da biét dap tng (tin hiéu ra) cia hé théng cho ting thanh phan dé:

¥, @)= T, (0)5, y,@0)= Tius@)}, ..., ¥ @)= Tiun(0)i,

thi dap tng z(t) ctia hé cho kich thich u(¢) sé cling chinh 14 t8 hop tuyén tinh ti cac

dap ting thanh phan trén:
YO =a1y, @O+ asy,@) + - +ayy @)

Mot cach ngén gon, ban chdt tuyén tinh néu trén cta mé hinh 7' duge viét thanh:
m m
T Yau®)} = Y altw®)
i=1 i=1

va con c6 tén goi khac 1a nguyén ly xép chong. Nho c6 ban chdt tuyén tinh nay (thda man
nguyén 1y xép chong) ma viéc khao sat, phan tich hé tuyén tinh dugc tré nén don gian
hon nhiéu. P& c6 duge nhiing tinh chit v& mot hé thong tuyén tinh trén co sd phan tich
mo hinh toan hoc ctia né thi ngudi ta chi cAn phan tich, khao sat dap ting ctia hé théng
v6i mot kich thich dién hinh 1a dd, chdng han nhu dap tng ctia hé véi kich thich dau vao
14 ham xung dirac §(¢) hoic dap tng véi dau vao 1a tin hiéu Heavisde 1(¢).

Tuy vao dang tin hiéu ctia hé théng 14 lién tuc hay xung ma mé hinh 7 ctia né dugc
goi 12 mé hinh lién tuc hay mé hinh khoéng lién tuc. Ciing nhu vay néu cac tin hidu duge
biéu din trong mién thdi gian hosic mién dnh Fourier, Laplace thi mé hinh s& ¢6 dang 1a
phuong trinh vi phan hoic ham truyén hay ham déic tinh tan ....
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Khi hé théng chi c6 mét tin hiéu vao va mét tin hiéu ra, ta sé goi mé hinh 7' 1a SISO
(chit viét tit cua Single Input-Single Output). Nguge lai néu hé théng cé nhiéu tin hiéu
vao va nhiéu tin hiéu ra thi moé hinh 7 dugc goi 124 MIMO (Multi Input—Multi Qutput).
Cai bién di chit it ta sé& c6 thém cac mo6 hinh MISO cho hé c6 nhiéu tin hiéu vao, mot tin
hiéu ra hodc SIMO cho hé c¢6 mét tin hiéu vao nhung nhiéu tin hiéu ra.

Cac loai md hinh toan hoc ctia hé SISO dugdc trinh bay 6 day sé la:

1) Phuong trinh vi phan mé ta quan hé gitia tin hiéu vao u(¢) va ray(t).

2) Ham truyén G(s) hay la ty s6 gitia anh Laplace ctia tin hiéu ra va anh Laplace cia
tin hiéu vao. N6 cling chinh 12 4anh Lapace ctia dap ting khi hé dugc kich thich béi
ham xung dirac &(¢) 6 dau vao.

3) Ham dic tinh tdn G(jw) hay la ty s6 gitta Y(S)L:jw cta tin hiéu ra va U (s)lszjw cua

tin hiéu vao.

2.21 Phuong trinh vi phan mé ta quan hé vao-ra

Thé loai md hinh nay rat thich hgp véi hé théng SISO. Anh xa 7' mb t4 hé thong 1a
phuong trinh vi phan biéu dién méi quan hé gita tin hiéu vao u(¢) va tin hiéu ra y(¢).
M6 hinh nay dudc xay dung theo phuong phap 1y thuyét, ttic 124 mé hinh sé dugc thiét lap
dua trén cac dinh luat c6 sdn vé quan hé vat 1y bén trong va quan hé giao tiép véi mdi
truong bén ngoai ctia hé théng. Cac quan hé nay dugc mé ta theo quy luat ly-héa, quy
luat can bang, ... duéi dang nhiing phuong trinh toan hoc. Két qua ctia céng viéc mo
hinh héa dé ¢6 mé hinh T dang phuong trinh vi ph4n mé ta quan hé vao—-ra la:

d?y

Y
apyyta,—+ay—+ - +a
0 1dt Zdtz ndt

n 2 m
u=b0u+bl%+b2%+ +bm(jl u

(2.28)

trong d6 cac hé s6 a; cting nhu b; dugc xac dinh tit cac phan ti (linh kién, thiét bi) c&u
thanh trong hé théng. Ching c6 thé 1a hing s8, song ciing c6 thé 1a nhiing tham s§ phu
thudc thoi gian ¢ ho#ic nhitng d6i s6 khac. Vi du nhu dién trd cia mot duong day dan
dién sé& 1a tham s6 phu thudc vao do dai doan day ho#c nhiét d ctia vat duge nung sé 1a
tham s6 phan bd khéng déu tit bé ngoai vao tAm caa vat ....

Néu cac hé s6 a; cing nhu b; phu thudc ¢ thi nguoi ta néi mo hinh (2.28) 1a tuyén
tinh khong ditng. Ngudc lai néu chiing phu thudc nhiing do6i s6 khac thi mé hinh (2.28) 1a
tuyén tinh vdi tham sé rdi.

M6 hinh (2.28) c6 tén 14 phuong trinh vi phdn, hay mé hinh vao-ra, vi khi biét
trudc kich thich u(¢) va trang thai dau ctia hé, ta ludn tim dudc nghiém y(¢) 1a dap ting
ctia hé théng. Sau day ta s& xét mot s6 vi du minh hoa cho viéc x4y dung mé hinh hé
théng c6 dang phuong trinh vi phan gitia tin hiéu vao u(¢) va tin hidu ra y(¢).
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Vi du 2.8: M6 hinh toan hoc la phuong trinh vi phan

u(t

Hinh 2.16: Minh hoa cho vi du 2.8.

o— 1
(o}

) |

o

O e

y(t)

Cho m6t mach dién trén hinh 2.16. Biét trudc gia tri C clia tu dién L ctia cudn day

va Ry, Ry clia dién trd 1a nhiing phan tl trong mach dién. Hay xac dinh m6 hinh mach

dién duéi dang phuong trinh vi phan mo ta quan hé gitia tin hiéu vao la dién ap u(¢) va

tin hiéu ra y(¢) 1a dién ap trén R,.

Cac dinh luat Kirchoff sé dugc st dung phuc vu viéc xay dung mé hinh mé ta T duéi

dang phuong trinh vi phan. Ta dinh nghia thém cac bién:

— Dién ap uc trén tu dién C
— Dién ap uy, trén cudn day L
— Dién 4p up trén dién tré R,
— Dongiy di qua tu dién C
— Dong iy, di qua cuén day L
— Dong iy di qua dién trd R,
Nhu vay thi:
1) Theo cic dinh luat ctia Kirchoff cé:
a) uc(t) +ug) = u(@)
b) up@) +y(@) = ugp(t)
o) i) +ip(t) = ic()

2) Theo cac dinh luat vé cac linh kién cé:

. d
Q) iclt) = C%n
b) uL<t>=L%

©) Ryip(t) = ug(®)
d) Ryip(¢) =y(@)

(2.29)
(2.30)
(2.31)

(2.32)

(2.33)

(2.34)
(2.35)

Tu nhiing cong thiic trén, budc tiép theo ta sé& tim cach loai cac bién da dudce dinh
nghia thém dé cudi cung phai dén duge phuong trinh chi con chia hai bién 1a w(¢) va

y(¢). Dao ham hai v& ctia (2.29) rdi cling véi cac quan hé khac dude:
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i0) _dup®) _du@) i O+ip)  dug(®) _ du®

(] dt dt C dt dt
1 M+ up(t) N dug(t) _ du(?)
C|R, R dt dt
Thay ti€p (2.30), (2.33) va (2.35) vao (2.36) c6:
y@)  u@+y@)  d du(t)
—(up @)+ y(t)) =—=
R AU ACARIO
. 2.
o L, 1 )yl din® dy®) p d%i) _ dut)
CR, CR, CR, dt dt de? dt
2
- 1 N 1 Yt + L 41 dy(t)+£d y(t)zdu(t)
CR, CR, CR,R, dt R, dt’ dt
Suy ra
d>y(t dy(t du(t
CLR, dfzg ) ¢ (CR.Ry+L) i“i(t)+(R1+R2)y(t>:czaclR2 d(t)

va ta c6 duge mo hinh mach dién dudi dang phuong trinh vi phéan:

dy(t) d?y(t) du(t)
+ay =
dt d? dt

ayy(t)+ay

by

v6i

a0=R1+R2 y Q1= CR1R2+L, Ao = CLR1 va b1= CRle.

Vi du 2.9: Xay dung mé hinh toan hoc la phuadng trinh vi phan

_ o4y L gD
Fm—m?,Fc—cy(t),Fd— E

Hinh 2.17: M6 hinh héa bd gidm chan, vi du 2.9

(2.36)

D& nghién ctiu cac bd gidm chén & 6 t6, thiét bi may méc, ngudi ta cAn phai mé hinh
héa ching. Sé d6 nguyén 1y bd gidm chan dude cho trong hinh 2.17, trong d6 ¢ 1a hing s6
luc ctia 16 xo, d 14 hing s§ déc trung phan giam t6c va m 1a khéi lugng tinh ctia thiét bi
dé 1&n bd giam chan. Hay x4y dung phuong trinh vi phan mé ta quan hé gitia tin hiéu

d4u vao 1a Iuc u(t) ép lén bo giam chan va tin hiéu ra y(¢) 1a 6 Iin ctia né.

Trén co s6 sd d6 nguyén 1y ta cé cac luc can tré d6 lin y(¢) cta bd giam chén:
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2

a) F,=m % (tién dé vé luc ctia Newton)
t

b) F,=cy() (luc can cta 16 x0)

o F,;= % (Iuc can ctia bd giam toc)

d) F,+F+F;=u® (tién dé can bang luc cia Newton).

Suy ra phuong trinh vi phan m6 ta bd gidm chén 1a:
2
P K m)
dt? dt

Vi du 2.10: M6 hinh toan hoc la phuong trinh vi phan u(t) _)—|
/1o 9 9 1
Cho mot binh dung chit long mé ta ¢ hinh

2.18. Biét trudc cac thong s6 vé binh nhu dién A y | r
) — ()

tich day A ctia binh, hé s8 chuyén déi ap suét
p(t) trong binh véi luu lugng ra y(¢) 1a r, tic la: A

y(t) =20 Hinh 2.18: Minh hoa vi du 2.10
r
va hé s6 chuyén déi ap suét p () véi d6 cao cot chét 1ong trong binh 1a y, tic la:

p(@) =yh(?)
Goi u(¢) 1a luu lugng chat 16ng chay vao binh. Vay thi:

Yoy = PO Yy o DO _y dh) 7 u®)-y®
ror dt r dt r A

va ta c6 duge phuong trinh vi phan mé ta quan hé luu lugng vao u(¢) véi luu lugng ra
y(t) nhu sau:

rA%+7-y(t):y~u(t) m)

2.2.2 Ham truyén, ham trong lugng va ham qua dé

Xét hé lién tuc SISO c6 tin hidu vao u(¢) va tin hiéu ra y(¢). Ham truyén G(s) dudc
dinh nghia 12 ty s6 gitia anh Laplace Y(s) cua dap tng y(¢) va anh Laplace U(s) ctaa
kich thich u(¢) khi hé duge kich thich tit trang thai 0, téc 12 khi ¢6 cac didu kién diu

n-1
¥(0), dy(0) ey d” y0) dong nhat bang 0. Néi cach khac:
dt a1
G(s) = L)
U(s)

trang thai dau=0
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Véi coéng thiic dinh nghia trén thi 3 hé tuyén tinh tham s6 hing, ham truyén la mét moé
hinh, vi tli tinh chét x8p chong u; = ¥, ug > ¥ = Uy +uy > ¥, + 5, ta ¢ ngay:
GU, +U,) =Y, +Y, = GU, +G,U, , YU, U, & G=G; =G,
Tuong tu nhu da 1am & muc 2.1.5 khi 4p dung toan tt Laplace dé gidi phuong trinh

vi phan tuyén tinh hé s6 hang, nhung ¢ day ta di tit phuong trinh vi phan (2.25) mo6 ta
quan hé vao ra ctia hé thong véi cac diéu kién dau:

(0) = %z = —d;ﬂo) =0

thi khi chuyén sang mién phtc bing toan ti Laplace ta co:
(agtas+ -+ +a,s")Y(s) = (bgtb s+ - +b,,s™U(s)

va do dé dudc ham truyén:

Y(s) by+bs+ - +b,s"

G(S) = =
UGs) ay+as+ - +a,s"

(2.37)

Cha y: Ham truyén (2.37) 1a ty s6 gifia anh Laplace Y(s) cta tin hiéu ra y(¢) va anh
Laplace U(s) cta tin hiéu vao u(¢) chi cé nghia cho hé tuyén tinh tham s6 hing va ciing
chi duge dinh nghia khi hé ¢6 cdc trang thdi ddu bang 0.

So véi mé hinh (2.28) dang phuong trinh vi phan thi viéc st dung ham truyén lam
mb hinh ¢6 tinh vu viét hon hin 14 quan hé gitia tin hiéu vao va tin hiéu ra nay duge méb
ta bing mot phuong trinh dai s tuyén tinh (2.37). Diéu d6 giip cho céng viée xac dinh
dap tng y(¢) cta hé théng tng véi mot kich thich u(#) cho truée dugc don gidn hon
nhiéu. Véi ham truyén (2.37), viéc khao sat dic tinh dong hoc ctia hé théng ciing don
gian va nhanh chéng nhu ta sé thay sau nay.

Tuy ring ham truyén (2.37) dugc din ti phuong trinh vi phan mo td quan hé
vao-ra (2.28) ctia hé théng, song diéu d6 khong nhat thit 1a dé c6 ham truyén phai c6
mo hinh dang phuong trinh vi phan. Ta sé& xét mét vai vi du minh hoa cho diéu dé.

Vi du 2.11: Xac dinh ham truyén

Quay lai vi du 2.8 v6i mé hinh mach dién cho trong hinh 2.16. Sau khi da dinh
nghia thém cac bién méi 1a dién 4p uc trén tu dién C, dién ap u;, trén cudn day L, dién
ap up trén dién tré R, dong i¢ di qua tu dién C, dong i;, di qua cudn day L va dong ip
di qua dién trd R ta c6 cac phuong trinh (2.29) + (2.35) m6 ta quan hé gitia ching. Goi
Uc(s) 1a anh cha ue, Ur(s) 1a anh caa uy, Ug(s) 12 anh cta ugp, Io(s) 1a anh ctaa i,
I;(s) 1a anh ctia i;, va I (s) 1a anh cta i, thi cAc quan hé (2.32) + (2.35) tré thanh:

a) Ic(s) = CsUc(s)
b) Upr(s) = LsIi(s)
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¢) RyIr(s) = Ug(s)
d) Rylr(s) =Y(s)
Khi d6 thi tit nhiing phuong trinh Kirchoff (2.29) + (2.31) ta ¢6 ngay dugc:
CRRysU(s) = CRRysUc(s)+CR RysUg(s)
= [CLR,s*+(CR,Ry+L)s+(R,+R)]Y(s)

Suy ra ham truyén cia mach dién hinh 2.3 la:

G(S) _ _ CI%RZS D
CLR,s* + (CR,R, + L)s+ (R, + R,)

Vi du 2.12: Xac dinh ham truyén

Hay xac dinh ham truyén cho mach dién c6 sd d6 mé ta ¢ hinh 2.19, trong d6 tri s¢
linh kién L ctia cudn day, R ctia dién tré va C cua tu dién 1a cho trudc.

urg, .
— 159
O . - —O
L 'R i
‘ u(t) R C ¥ ()
Hinh 2.19: Minh hoa cho vi du 2.12 vé
viéc xac dinh ham truyén. o o

Ky hiéu anh Laplace cho nhiing bién dugc dinh nghia thém bang cac chii in hoa
(hinh 2.19) ta sé co6:

1) Theo Kirchoff
a) Ur(s)+Y(s) = U(s)

b) Ic(s)+Ig(s) = Ir(s)
2) Theo linh kién

a) 1L<s>=LiSUL(s>
b) IR<s>=%Y(s)
0 Y(S)Zélc(s)

Suy ra:
U(s) = Ur(s)+Y(s) = LsI(s)+Y(s) = Ls[Ic(s)+Ig(s)]+Y(s)
= Ls(Cs+%)Y(s)+Y(s) = (CL52+%+1)Y(S)
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va ta duge ham truyén ctia mach dién:
CY(s) 1
Uls)  crs? +%s+1

G(s)

Vi du 2.13: Xac dinh ham truyén

Cho hé co gdbm mét 16 xo c6 hé s6 ¢, mot vat véi khoi lugng m va bd suy giam tdc cé
hé s6 d dugc néi véi nhau nhu hinh 2.20 mé ta. Hay xac dinh ham truyén cho hé co dé6
néu tin hidu dau vao u(¢) dude dinh nghia 1a luc bén ngoai tac dong 1én vat va tin hiéu

ra y(¢) 1a quang duong ma vat di dugc.

Goi F,, F,,, F;, 1a nhiing luc cta 10 xo, vat va
bd suy gidm toc sinh ra khi vat dich chuyén nhim
can su dich chuyén d6 thi:

Fc = C'y(t)
2
F, =m d”y(@)
dt?
F,=d dy(t)
dt

va do d6 theo tién dé cin bang luc ta dugc:

2
u(t)= F+F, +F, = cy(t)+m _ddygt) +a 2O
t

dt

Suy ra ham truyén ctia hé la:

FC Fm
u(®) ¢

m

y(®) F,

L

Hinh 2.20: Cho vi du 2.13.

U(s)=(c+ds+ms?)Y(s)

O N— 0
U(s) ms®+ds+c
Goi g(¢) 1a ham goc (causal) cia ham truyén G(s), ttc la:
g(t) =L G ()},
vay thi theo tinh chat cia toan ti Laplace ta co:
Y(s) = G(s)U(s)
e y®=g®)*u®) = [gouE-ndr = [gt-u(rdr (2.38)

—oo —oo

Ham g(¢) dudc goi 1a ham trong luong ctia hé théng. Véi u(¢)=4(¢) thi do:

U@i)=1
nén co:

y(t) = g(t)
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va ta di dén:

Pinh ly 2.3: Ham trong ludng g(¢) 1a dap ting cua hé thong khi hé dang & trang thai 0 (c6
dy(0) d"ly

cac gia tri ban dau y(0), e s a0 bing 0) va duge kich thich bdi
dt d" !
xung dirac &(¢) & dau vao. V6i ham trong lugng g(¢) ta ludn xac dinh dude tin hiéu

ra y(t) theo cong thtic (2.38), néu biét trudc tin hidu vao u (¢).

Nho cong thtic (2.38), khi cho trude kich thich u(¢) ta ludon x4c dinh duge dap ting
y(t) ctia hé théng véi gid thiét ring tai thoi diém bit ddu duge kich thich hé dang &
trang thai 0. Piéu nay néi ring ban than ham trong lugng ciing 13 mdt mé hinh mé ta hé
théng va mé hinh dé duge xép vao loai mé hinh khéng tham sé. D6 1a nhiing mo6 hinh
biéu dién truc quan dic tinh dong hoc ctia hé théng duéi dang bang tra hosdc db thi. Cha
y: Vi xung dirac &(t) khéng phdi la tin hiéu (khéng cé y nghia vdt ly) nén ham trong
luong g(t) cing khong phdi la tin hiéu. Nguoi ta chi st dung g(t) lam mé hinh moé ta hé
va dé phén tich dong hoc ciia hé sau nay.

Bén canh ham trong ludng g(¢), mét thé loai mo6 hinh khéng tham s§ khac ciing
thudng dude st dung dé khéo sat truc quan déc tinh dong hoc hé théng 1a kam qud dé
h(t) dudc dinh nghia nhu 14 dap ting cia hé théng khi hé dang § trang thai 0 va dudc
kich thich bdi tin hiéu Heaviside 1(¢) § dau vao.

Véi dau vao u(¢) 1a tin hiéu 1(¢z) thi:
U(s)= l
s
do d6 ham quéa do6 A(¢) c6 anh Laplace H(s) dudc tinh theo:
H(s)=Y(s)= Gl
s
Bdi vay, theo tinh chit ctia toan ti Laplace (khi £(0)=0) ta suy ra dudc:

h(t) = jg(‘r)dr (2.39)
0

Gia st ring moét hé thong c6 ham truyén G(s) duge kich thich bing tin hiéu u(¢) ¢6
anh Laplace U(s). Tin hiéu ra y(¢) cta né khi d6 sé la:

y(t) = LTHG(s)U(s)} = L HsH(s)U(s)}

Néu goi A(t) 14 tin hiéu c6 anh Laplace H(s)= H(s)U(s) thi:
h(t) = LYH(s), = CHH(S)U(s)} = h(t) * u(t) = jh(t -Du(r)dr
0

vi u(¢)=0 khi ¢<0 cling nhu A(t—7) = 0 khi 7>¢, tic 14 ching déu 1a cac tin hiéu causal.
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Ap dung tinh ch4t toan t& Laplace cho nh clia dao ham véi H(s) = sH(s)—h(0) thi:
_ _ t
y(t) = h(0)6(¢) + % h(t) = h(0)u(0)5(¢) + % [ h(t - Tu(r)dr (2.40)
0

DPiéu d6 néi ring ham qua d6 A (¢) cling 12 moét mo hinh cta heé.

Pinh ly 2.4: Ham qua d6 A(¢) 1a dap ting clia hé théng khi hé dang 6 trang thai 0 (c6 cac
n-1
WO - 47 YO a6 0) va duge kich thich béi tin hisu
dt dtn_l
Heaviside 1(¢) ¢ d4u vao. V6i ham qua do A (¢) ta c6 thé xac dinh dugde tin hiéu ra
y(t) theo cong thiic (2.40), néu biét trudc tin hiéu vao u ().

gia tri ban dau y(0),

o) g(t)

1(2) G(s) h(2)

u() y(®)
Hinh 2.21: M6 ta hé théng bang Y(s) _by+bs+ - +b s™
s0 d6 khai va ham truyén. G(s)= U(s) = ao +ZZIS+ _H;nsn

o .

Mbt hé thong tuyén tinh, sau khi da dugec mé hinh héa va ¢6 ham truyén G(s), sé
thudng duge biéu dién don gidn thanh mét khéi c6 dang nhu hinh 2.21. Cach bidu dién
nay rit tién cho viéc xdy dung mé hinh cho mot hé phitc tap gdm nhiéu khéi méc néi
tiép, song song hodc phan hdi.

Vi du 2.14: S& dung mo hinh la ham qué d6

Cho hé mé ta bdi ham truyén:

véi T, #T,

Anh Laplace H(s) ctia ham qua do 2 (¢) 1a:
_G(s)_1 T,-T, 1
S

H(s)

Hinh 2.22: Minh hoa vi du 2.14.

s T, o, 1
Tm
T -T 7
Vay  h(t)=(1--2—Le")(®) 0
N L a3 L 2 . G(s) . .. N A s o
Do ham quéa d6 h(¢t) c6 anh Laplace 1a nén tu dang duong do thi cua h(t)
s

ngudi ta c6 thé suy ra duge nhiéu tinh chit cho G(s). Pinh ly sau minh hoa cho diéu dé.
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Pinh ly 2.5: Cho m6t hé théng tuyén tinh ¢6 ham truyén G(s) dang thuc-hiu ty:

_byt+bs+ - +b,s"

G(s) (2.41)

agt+as+ - +a,s”

a) Néu duodng h(t) xudt phat tu 0, tic 14 2(+0)=0, thi n > m. Trong trudng hop
ngudc lai khi A (¢) khong di tit diém 0 (A (+0) # 0) thi n<m.

b) Né&u dudng A() di tit 0 va c6 dao ham tai O ciing bing 0, tic 1a %h(+0) =0, thi
n-m>1. Ngudc lai néu 2 (+0)=0 vé%h(+0) 20 thin=m+1
¢) Neéu duong h(t) tién t6i vo han ( lim A(f) = =) thi a (=0
t—oo

d) Néu duong A (t) tién téi 0, ttc 1a lim A (¢)=0 thiay# 0 va by =0

t—>oo

e) Néu h(t) tién t6i mot hiang s6' &, tiic la lim A (¢)=k, thiay#0 va k= b—o.

t—oo Qg
Chitng minh:
a) Do anh Laplace H(s) cua h(t) la H(s)= GG) nén ti tinh ch4t toan ti Laplace ta c6:
s

h(+0) = lim G(s) = limb—”‘sm_”

§—>o0 S

Bdi vay néu A(+0)=0 thi ciing phai c6 n>m. Ngugc lai khi 2 (+0)#0 thi hoéc n=m, néu

4w ~ b y - ot e e A s
h(t)) xult phat tit hang s6 - , hodc n<m néu h(t) xuidt phat tit v cung.
an
Tuong tu ta cling chiing minh dugc cho ciu b) véi su trg gitp thém caa tinh chat
toan ti Laplace, tiic 12 v6i:

ih(+0) = lim s[G(s)-h(+0)] = lim bu gmi1n
dt S§—>o0 S§—oo an

Dé chting minh céc cau c), d) va e) ta st dung céc tinh chit da néu caa toan tu
Laplace dé c6 quan hé:

lim A() = lim G(s) va lim%h(t)=lin%s[G(s)—h(+0)] m)

t—oo

t—oo

Ham G(s) ¢6 a (#0 va n-m>1

Hinh 2.23: Minh hoa
cho dinh ly 2.5.

Ham G(s) c6 (=0 va n-m=1

\Z t
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Cudi cuing, truée khi két thiic muc nay, ta xét mot trudng hgp riéng song ciing cin
phai ban dén. D6 1a nhiing hé théng tuyén tinh c6 ham truyén:

G(s) = ks.
Kich thich hé nay bdi u(¢) véi u(+0)=0, hé sé& c6 dap ting:

du(t)
dt

y(t) = L HksU(s)} = &

Diéu nay néi ring tai mot thaoi diém ¢, mudn cé duge y(¢o) thi ta phai cé duge cac gia tri
ciia u(t) trong mot 1an can thudc ¢ vi:

du(ty) — lim u(to +Ty) —ulty) _ lim u(ty +T,) —u(tg - T,)
dt T,—0 T, T,—0 2T,

N6i cach khéc phai c6 dude cac gia tri cla u(f) trude va sau thoi diém t,. Viéc phai c6
nhiing gia tri u(¢) sau thoi diém ¢, thi méi c6 dude y(¢,) da vi pham tinh nhan qua cta
hé thong k§ thuat ring dap tng khéng bao gid c6 trudc kich thich, hay két qua bao gio
ciing phai ¢6 sau nguyén nhan (tinh causal ctia hé théng ky thuat). Béi vay, khong thé
c6 mot hé thong k§ thuat c6 ham truyén G(s) = ks.

Téng quat, cac ham truyén dang (2.41) ciia mét hé tuyén tinh, néu c6 m>n thi do
G (s) viét duge thanh:

-n, dy+dis+ - +d,s"
G(s) = coteqs+ v +epy,s™ T+ 01 n

ag+as+ - +a,s"
Nén trong dap ting y(¢) phai cé thanh phan khéng causal y.(¢) véi anh Laplace:

Y.(s) = cotes+ - +cpps” "

Téng két lai, ta di dén két luan chung sau:

Pinh ly 2.6: Cho hé SISO tuyén tinh.

a) Heé luén duge mo ta bdi ba moé hinh toan hoc tuong duong 1a ham truyén G(s),
ham qua d6 A(¢) va ham trong lugng g(¢) véi cac quan hé

G(s) N dh(?)

_ va t) = —~

S ¥ 8() 7

b) Néu hé 1a causal thi ham truyén G(s) dang (2.41) ctia né phai cé bac da thiic
ti s6 khong 16n hon bac da thic miu s6 (m<n). Cac ham truyén nhu vay cé
tén 1a hop thitc (proper). N&éu con c6 m<n thi G(s) c6 tén goi 1a hop thiic chdt
(stricly proper).

G(s) = Ligt)y, h@t)=LH (2.42)

Chi y: Khi stt dung (2.42) dé x4c dinh g(¢) tit A(¢), dac biet khi c6 lim G(s) %0, ta

S—teo
phai ludén xem chiing 14 nhiing ham causal, tiic 14 phai luén xem ching nhu mot tich ctia
ham thuong v6i ham 1(t).
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Vi du 2.15: Bién d8i ham quéa do thanh ham trong lugng
T vi du 2.14 truée day ta da c6 cho hé véi ham truyén:
_1+Ts
1+T,s
ham qua d6 A(¢) nhu sau:
-t
T -T, 7
h(t)=(1 —mT—teTm )1(2)

m

G(s) ., T,#T,

-t t

. dnt)y T, -T, 7 T -T, 7

\% t)= ——== B_—Leim 1(4) + (1-—2—Le' )5t

ay g 7 72 e’ 1) + ( T e’m) &t)

., di@) _ . v o 1s oA . R
vic6 ——== &(¢). Suy ra, theo tinh chit cua ham mdé rong diract &(¢) thi:

-t
_T,-T, 7, T,
g@) = e Lelm 1(¢) + —T; a(t) a

2.2.3 Phép bién déi so dé khai (dai s& so dé khoi)

Viéc biéu dién mét hé théng qua ham truyén, dic biét 1a mé ta truc quan dang khéi
nhu 6 hinh 2.21, gitp cho ta d& dang xac dinh dugec ham truyén cho mét hé théng 16n,
phiic tap. Khi gidp mot hé théng 16n gdm nhiéu khau, nhiéu cong doan, ngudi ta thudng
chia nho hé théng thanh cac hé théng con la nhiing khau va cong doan dé. Tiép theo
ngudi ta xac dinh ham truyén cho ting hé con roéi tit cac ham truyén ctia nhiing hé con
méi tinh ra ham truyén cho toan b hé théng lén.

Muc nay sé giéi thiéu cac phuong phap cta dai s6 so @6 khéi phuc vu viée xac dinh
ham truyén cho hé 16n ti nhiing ham truyén cta cac hé thanh phan (hé con) trong né.
Tén goi ctia phuong phép 1a "dai s6'so d6 khéi" cling c6 nguyén nhan ctia né:

—  Thi nh4t 14 vi cAc phuong phap nay lam viéc v6i nhiing phan ti 14 2267 biéu dién
c4c hé con nhu hinh 2.21 m6 ta.

— Tht hai 1a vi noéi dung ctaa tiung khéi (phan tt) 13 ham truyén hgp thiic dang
(2.41), trong khi tap cac ham hgp thtic (n<n) két hgp véi phép cong, nhan trong
ching va phép nhan véi s6 thuc (hodc phtic) lai tao thanh mot dai sé trén trudng
s6 thuc R (hodc C).

Hai khéi song song

Hinh 2.24a) mo ta mot hé gom hai khéi (hé con) v6i ham truyén cta ting khéi la
G1(s), Go(s). Hai khéi nay dudc ndi song song c6 cung tin hiéu vao u(¢). Tin hiéu ra

cta tiing khéi 1a v (¢) va y,(¢). Tin hidu ra y(¢) cta ca hé 1a téng/hiéu cta ching:

y(®) = y1(¢) £ yq(t)
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Goi G(s) 1a ham truyén ctia toan bd hé thong, vay thi:

Y(s) _ Yi(e)x¥s(s) _ Yi(s) , Yi(s)

U(s) U(s) U(s) ~ U(s) = G1(s)xGy(s)

G(s) =

Vay, ham truyén G(s) ctia hé néi song song 1a tdng/hiéu ciia cac ham truyén thanh phin
G1(s) va Gy(s) — hinh 2.24D).

q) b)

) G1(s) £ Go(s) ELCA

Hinh 2.24: M6t hé c6 hai hé
con ndi song song.

Hai khdi néi tiép
Xét hé gdbm hai khéi con G1(s), Go(s) méc néi tiép nhu hinh 2.25a) mé ta. Tin hiéu
vao u(t) ciia ca hé cling 12 tin hiéu vao ctia khéi thi nhat G4(s). Tin hiéu ra w(t) caa
Gy(s) 1a tin hiéu vao ctia khéi thi hai G,(s). Tin hiéu ra y(¢) cia G(s) 1a tin hiéu ra
ctia hé théng. T d6 ta c6 dugce:
Y(s)=G{(s)W(s)
{ . Y(s) = G1(5)Go(s)U(s)
W(s) =Gy (s)U(s)
hay
Y(s) _

G(s) = T6) =

G1(s)Gy(s)

Vay ham truyén ctia hé théng gbm hai khéi néi tiép 1a tich ctia hai ham truyén cta hai
khi d6 — hinh 2.25b).

a) b)
) e u(®) w(t) ¥ u(t) y@®
“'““hzé'ii'r] me zzp‘” ha! Gals) Gr(5) —5 Gi(6)Gys) F—

Hé ¢4 hai khéi ndi hoi ti€p

Khai niém hai khéi néi héi ti€p duge méd ta & hinh 2.26a). Tin hiéu diu ra y(¢) cta
hé thong ciing 14 tin hiéu ra ctia khéi tht nhat G(s). N6 duge dua téi dau vao khdi thi
hai Gy(s) dé phan hdi ngude trd lai ddu vao cho G,(s). Dau vao e(t) cia G(s) 1a tin

hiéu tao bdi tin hidu vao ctia hé théng u(¢) va tin hidu ra w(¢) ctia G4(s):
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e(t) = u(t) £ w(t)

Suy ra
Y(s) = G1(s)E(s) = G1(s)[U(s)2G2(s)Y(s)] = G1(s)U(s)£G1(5)G2(s)Y (s)
S~ G =28 G hinh 2.26b.
U(s) 17 Gy(s)G1(s)
q) b)
u) e y(@®

u(t) _G% y(t)i Hinh 2.26: Mot hé c6 hai hé
13 Gy(s)Gy(s) con ndi héi tiép.

Chuyén nat néi fin hiéu ti truéc ra sau mdt khéi
Hinh 2.27a) mé ta mot khéi G(s) c6 tin hiéu dau vao 1a téng/hiéu cta hai tin hiéu
thanh phan u(¢) va u,(¢). Nhu vay thi tin hidu ra y(¢) sé c6 anh Laplace la:
Y(s) = G()[Uy(s) £ Uy(s)] = G(s)U(s) £ G(s)Us(s)

va do d6 ta c6 dudec mot so d6 tucng duong nhu & hinh 2.27b, trong d6 nidt néi hai tin
hiéu u,(¢), us(t) da duge chuyén ra sau khéi G(s).

q) b)

uy ()
Hinh 2.27: Chuyén nit néi tir

us(t) trudc ra sau mot khéi.
—=35

Chuyén nat néi fin hiéu ti sau t6i trudc mét khéi

Cho hé v6i ham truyén G(s) c6 tin hiéu ra y(¢) 1a tdng/hiéu cta tin hiéu ra y,(z)
cia G(s) va mot tin hidu y4(¢#) khac — hinh 2.28a. Nhu vay thi:
1
G(s)

ttic 12 tin hiéu dau vao cta khéi G(s) nay sé 1a tdng/hiéu cia hai tin hiéu u(¢) va tin

Y(s) = Yi(s) £ Ya(s) = Gis)[U(s) % Yy(s)]

hiéu diu ra cta khéi c6 dau vao 1a y,(¢). Tu d6 ta c6 dude so db tuong duong nhu &

S

hinh 2.28b mé ta. Chd y 1a kh6i méi duge tao thanh G}
s

) ¢6 thé khong c6 duge ham

truyén hop thiic (bac da thiic ti s6 16n hon bac da thiic mau s6).
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Hinh 2.28: Chuyén ndt néi tir
sau ra truéc mot khéi.

G(s)

Chuyén nat ré nhanh tin hiéu ti truéc ra sau mét khai

Nguyén tic chuyén mét nit ré nhanh tin hiéu tit trude khéi G(s) ra sau khéi d6
dugc mod ta trong hinh 2.29.

Q) b)
u(® y1(®) u(®) NG Hinh 2.30: Chuyén nat ré
—o—> —> nhanh tu truéc ra sau mét
y2(8) khéi.
—> 1 | y200
—
G(s)

Chuyén nat ré nhanh tin hiéu t sau t6i truéc mot khéi

Hinh 2.30 trinh bay nguyén tic chuyén mot nit ré nhanh tin hiéu tit phia sau t6i
phia trudec mot khoi c6 ham truyén G(s).

Q) b)
u() G | y1() u(?) Ge) y1(6) ‘ . P
n—> Hinh 2.30: Chuyén nut ré nhanh

tr trude ra sau mot khaoi.

Yol(t)

Chuyén n(t ré nhanh ti truée ra sau mot nat ndi

Hinh 2.31 trinh bay nguyén 1y chuyén mét nit ré nhanh tin hiéu ti trude mot nit
ndi ra sau nut noéi do.

a w(t) b) w(t)
u@) [t y@) u@ [ y@)
—q —
¢ .
v u®) Hinh 2.31: Chuy&n ndt ré nhanh tur
+ trudc ra sau mot nat néi.
w(t)
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Chuyén n(t ré nhanh ti sau t6i truéc mdt nat néi

Nguyén tic chuyén nit ré nhanh tit sau téi trude nit néi duge mé ta & hinh 2.32.

a) w(®) b) w(t)
u(t) Jﬁi y(t) u@) [ y0
y(t) w(t) Hinh 2.32: Chuyén nut ré nhanh
£ y(t) tir sau t6i truéc mot nut noi.

Tiép theo ta sé xét mot vai vi du vé viée st dung dai s6 s d6 khéi dé xac dinh ham
truyén cho mot hé théng tuyén tinh gom nhiéu khéi con.

Vi du 2.16: Bién d6i so d6 khéi

a) b)

u(t) y(t) u(@®)
—

y(t)

c) d)
u(t) G y(@®) u@®) |G, (1+Gy) | ¥y®
—{w6 e G

Hinh 2.33: St dung dai s6 sd d6 khéi dé xac dinh ham truyén cho hé & vi du 2.16.

Gia st ¢c6 mdt hé thong gom hai khéi con 1a G; va G4 v6i cau tric duge mé ta nhu
hinh 2.33a). Ta sé 4p dung dai s6 so d6 khéi dé xac dinh ham truyén ctia hé théng. Trude
hét tach hiéu y(¢)—u(¢) thanh hai phan riéng biét dugc hinh 2.33b). Sau dé ap dung
nguyén 1y ghép hai khéi song song ciing nhu nguyén 1y ghép hai khéi héi tiép thi ¢ so
db tuong duong 2.33c). Cubi ciing st dung nguyén 1y ghép hai khéi néi tiép dé di dén s
d6 2.33d). Tu @6 ta doc ra dudc ham truyén:

_Gy+GyGy a

Gl 1+Gy

Vi du 2.17: Bién ddi so d6 khéi

Cho hé ¢6 so d6 khéi mé ta & hinh 2.34a. Ap dung nguyén 1y ghép hai khéi song
song ta c¢é sé d6 tuong duong nhu & hinh 2.34b. Tiép tuc, st dung nguyén 1y ghép hai
khoi néi tiép ta duge s6 d6 nhu hinh 2.34c va cudi cling v6i nguyén 1y hai khéi héi tiép ta
c6 sd @b tuong duong cho ca hé 14 hinh 2.34d. Nhu vay hé c6 ham truyén:
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G(S) - G1G2 + G1G3 D
1+ GGy + GGy

q) b)

u(t) y(®)

oG

c) d)
u(t) y(®)

O — u® [ GGy +Gs) | YO

1+G1(G2 +G3)

Hinh 2.34: Minh hoa cho hé & vi du 2.17

Vi du 2.18: Bién ddi so d6 khéi

a) b)
u(t) y(t) u(t) y(t)

Hinh 2.35: S{r dung dai sé so do
d) kh&i dé bién ddi hé cac so

¢ ¢ d6 khéi ctia vi du 2.18.
u(t) L | | Gs [, | y(@)

Cho mét hé c6 s d6 khoi trong hinh 2.35a. Chuyén nit néi tin hiéu tit truée khoi
G ra sau khéi d6 ta dudc hinh 2.35b. So d6 d6 dudc vé lai & hinh 2.35¢ bing cach dao vi
tri hai diém ré nhanh truée va sau khéi G,. Tiép theo ap dung nguyén 1y ghép hai khéi
hdi tiép cho hai vong héi tiép bén trong ta sé di dén so d6 hinh 2.35d va véi n6é dé& dang
doc ra duge ham truyén G(s) cho toan bo hé théng:
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G(s)=G, -

224

1 G,

1+GG, 1+GyG, GG, g
1 G, 1+ GG, + G,G3 + GG, + G1G,G3Gy

1+G,G, 1+G,G,

1+G;

Sao dé tin hiéu va céng thirc Mason

Viéc biéu didn mét hé théng 16n théng qua cac hé con cta né nhd so d6 khéi cho ta

mot cai nhin truc quan mot cach tdng quat vé cdu trdc bén trong cta hé théng, song dé

st dung né nhdm xac dinh ham truyén lai ¢6 nhude diém, nhu nhiing vi du é muc trude

chi r3, 1a phai bién d6i s6 d6 khéi ban ddu vé nhitng dang quen thudc. Pidu nay giy

khéng it khé khin trong ting dung cho ngudi sti dung va doi héi ngudsi st dung phai cé
dudc it nhiéu kinh nghiém trong viéc bién d6i so d6 khoi. Nhdm khic phuc nhuge diém

trén, ngudi ta da thay sc d6 khéi bang so d6 tin hiéu véi muc dich phu gidp cho cong viéc

xac dinh ham truyén cling nhu phéan tich mét vai tich chat dic biét cia hé théng dudc
thuan lgi hon. V& ngudn goc lich st, so d6 tin hiéu c6 xuét xt tit Iy thuyét dé thi (graph
theory) trudc day thudng duge ding dé minh hoa cac phuong trinh dai s6 tuyén tinh.

Mbt so db tin hiéu duge cau tao bdi cac thanh phan:

—  Cdc diém nut (node). N&u so sanh véi s @6 khéi thi cac diém nit chinh 14 nhiing

dudng tin hiéu, diém ré nhanh va diém néi tin hiéu.

—  Nhiing dudng néi cac diém nit (branch). Trong so d khoi thi nhiing dudng néi
nay cé vai tro giéng nhu cac khéi. M&i dudng néi c6 mot gia tri ding bang ham

truyén ctia khéi tuong ting. Pudng néi khéng c6 khéi duge thé hién trong so @6 tin

hiéu bang gia tri 1. Cac dudng ndi phai cé huéng chi chiéu tin hiéu.

Véi cau tric nhu vay, mdt so do tin hiéu sé co:

a)

b)

¢)

d)

e)

Tin hiéu d4u vao u(¢) 1a diém nit chi ¢6 dudng néi tit d6 di va khong c6 dudng
néi din dén né néu d6 khong phai 14 duong phan hdi. Piém nut chi tin hiéu
vA0 ¢6 tén goi 1a diém nut ngudn (source).

Tin hiéu d4u ra y(¢) 12 diém nit chi c¢6 dudng nsi din dén no, khong c6 dudng
néi tit d6 di néu d6 khong phai 1a dusng phan héi. Piém nut chi tin hiéu ra c6
tén goi 1a diém nut dich (sink).

Tuyén thing (forward path) 1a nhiing dudng néi lién nhau di ti diém nuat
ngudn (source), tic 12 diém d4u vao u(¢), t6i diém dich (sink), tic 1a diém tin
hiéu ra y(¢) va chi di qua mbi diém nat mot 14n.

Céac vong lap (loops) sé dude thé hién bing tap nhiing diém nut c6 cac dudng
ndi v6i nhau tao thanh mot vong kin.

Nhiing vong lap khéng dinh nhau (rontouching loops) 1a nhiing vong liap
khong c6 chung mét doan néi nao.
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f) Mot vong ldp va mot tuyén thing sé 1a khong dinh nhau néu ching khéng c6
chung mot doan néi nao.

g) T4t ca cac diém nut cta s6 do tin hidu déu 1a diém cong tin hiéu.

Cha y: Dé xac dinh dugc dinh hay khong dink ta cin phai tuan thi mét quy tic la
diém céng tin hiéu chi c6 moét ddu ra va diém tdch tin hiéu chi c6 mét dau vao.

Vi du 2.19: Chuyén so d6 khéi thanh so d6 tin hiéu

b) +G,

Hinh 2.36: So dé tin hiéu tuong
duong cho hé gém hai khdi
song song.

Hé théng gém hai khoi néi song song nhu hinh 2.36a sé& c¢6 so dd tin hiéu tuong
duong cho trong hinh 2.36b. 0

Vi du 2.20: Chuyén so dé khéi thanh so d6 tin hiéu

Hé gom mét khéi G; méc ndi tiép véi hai khoi Gy va G5 néi song song nhu hinh

2.37a sé& c6 sd db tin hidu tuong duong cho trong hinh 2.37. a

a)
Hinh 2.37: So db tin hiéu
tuong duong clia vi
du 2.20.

Vi du 2.21: Chuyén so d6 khéi thanh so dé tin hiéu
Hé gébm mét khéi G; méc ndi tiép v6i hai khéi Gy va G5 ndi héi ti€p nhu hinh
2.39a) mo ta sé cb so do tin hiéu tuong duong cho trong hinh 2.39b. a

a) b)
Hinh 2.38: So d6 tin

hiéu tuong duong
cla vidu 2.21.

Vi du 2.22: Chuyén so dé khéi thanh so d6 tin hiéu

Hé gbm mot khdi G; méc néi tiép véi khoi G5, dang héi tiép nhu hinh 2.39a) sé ¢ so
d6 tin hiéu tuong duong cho trong hinh 2.39b. a
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Hinh 2.39: Sg d6 tin hiéu tuong duong ctia vi du 2.22.

Bay git ta sé di vao ndi dung cong thiic Mason dé xac dinh ham truyén cho mét hé
théng tir so do tin hiéu ctia né. Vé thuc chat cong thiic Mason c¢6 dang giéhg nhu mét
thuat toan gdm nhiéu bude tinh. D& tién theo ddi cac bude thuc hién cong thiic Mason ta
sé sti dung hé c6 so d6 tin hiéu cho trong hinh 2.40 1am vi du minh hoa.

Hinh 2.40: Minh hoa cho viéc trinh bay
cong thiic Mason.

1) Bude 1: Xac dinh tit ca nhiing tuyén thdng P, c6 thé c6 ctia hé théng. D6 1a nhiing
dudng néi lién nhau khong chita dusng phan héi di tit diém nit ngudn u (¢) t6i diém
nut dich y(¢) va P, 1a gia tri clia n6 bang tich cta tat ca cac gia tri cac dudng ndi co
trong Py, . V6i hinh minh hoa 2.40 thi hé sé ¢6 ba tuyén thing la:

P, = G,1GyG3G4G5
Py = G1G¢G4G5
P3 = GGGy
2) Budc 2: Xac dinh tét ca cac vong liap L, c6 thé c6 ctia hé théng. D6 1a nhiing dusng

néi lién nhau tao thanh mét vong kin. Hé v6i s6 db trong hinh 2.40 c6 bén vong lap

bao gém:
L,=-G4H,
L2 = - G2G7H2

Ly =-Ge¢G,G5H,
L, =-GyG3G,G5H,
3) Budc 3: Tinh
A=1->L,+> LiLj— > L;L,L, + -, (2.43)
k i, j

l,m,n
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trong d6 L; , L; 1a nhiing cap hai vong 14p khong dinh nhau (khéng c6 chung mét
doan néi nao) ,L; , L,, , L, 1a nhiing b6 ba vong 14p khong dinh nhau, .... Hé véi
sd d6 & hinh 2.40 chi c6 hai vong 1ap L, va Lo 14 khéng dinh nhau, do dé:
A=1-(Ly+ Lo+ Ly+ Ly) + LyLy
= 1+G4H,+Gy,G;Hy+GsG,GsH+GGsG,GsH+G H,G5G7H,,
4) Budc 4: Xac dinh A, tit A bing cach trong cong thtic (2.43) ta bd di tit ca nhiing
vong 1ap c6 dinh véi P, (c6 doan néi chung véi P, va diéu nay khac véi khai niém

cac vong lip dinh nhau phai cé mét doan chung). Vi du nhu véi hé 6 hinh 2.40 thi:

Ay =1 (tat ca vong lip déu dinh téi P, ),
Ay =1 (tat ca vong lip déu dinh téi Py),
A3 =1-L,=1+G,H, (vong lap L, khong dinh vao Py).
5) Budc 5: Xac dinh ham truyén G (s) theo cong thiic Mason:
1
G(s) = 2(PAy) (2.44)
k

Chéng han ham truyén ctia hé ¢6 so d6 tin hiéu cho trong hinh 2.40 la:

G(s) =—(PA; + PAy + PAy)

1
A
~ G,G,G5G,Gs + G,GoG,Gs + GGG, (1+ G, H,)

" 1+G,H, +G,G,H, + G,G,GH, + G,G,G,G-H, + G,H,G,G,H,

Vi du 2.23: Minh hoa céng thiéic Mason

Cho hé véi so d6 khéi m6 td & hinh 2.41a). Nhiing tin hiéu ma tai cac diém néi
khong duge chi thi 1a cong (+) hay trit (=) déu duge hidu 1a cong (+). Hinh 2.41b) 1a s db
tin hiéu tuong duong caia hé.

Hé chi ¢6 mot tuyén thing va d6 la:
P, =G,G,G3

Hé c6 3 vong 1ap dinh nhau ting d6i mét (tiing d6i mét c¢é doan néi chung):

L,=G,G.H,

Ly =-GyG3H,

Ly =-G,GyG3
Suy ra:

A=1- (L1+ L2+ L3) =1- G1G2H1 + G2G3H2 + G1G2G3

Do t4t ca cac vong lip ciing déu dinh vao tuyén thdng P, (c6 doan chung) nén:
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Al =1
Vay theo (2.44) thi:
PA, G,G,Gy ]

G(S) = ES
A 1-G,GyH, +GyG3H, +G,GyGy

Hinh 2.41: St dung céng thiic Mason dé xac dinh
ham truyén cho hé trong vi du 2.23.

Vi du 2.24: Minh hoa codng thic Mason

Xét mot hé théng gbm hai binh chita chat 16ng nhut hinh 2.42 mo ta.

N0) _>—|

. . R T Vs = e y(t)
Hinh 2.42: Hé théng gobm hai binh g > q l——
théng nhau. A, A,y

Chat 1ong dudc bom vao binh thi nhat véi luu lugng 14 u (¢). Néu chit 16ng trong
binh thi nhat c6 d6 cao k1, ap sudt p;, hé s6 chuyén déi 4p sudt/luu lugng r, , hé s6 ap
suét/dd cao % luu lugng chay sang binh tht hai 14 q va hg, pg, 79 14 d0 cao, 4p sudt, hé
s8 chuyén d6i ap suét/luu lugng cta chat 16ng trong binh thi hai thi theo cac dinh luat
vat ly, gitia nhiing thong s6 k§ thuat d6 c6 quan hé xap xi:

dh
Ay d_tl = u(t)—-q (2.45)
1
q= —(@i-p2) (2.46)
n
dh
A =2 = qg—y(t 247
2 g = @ ¥ (2) (2.47)
y(t) = ip2 (4p sudt tai dau ra dudc xem 1a bing 0) (2.48)
4
p1=7h (2.49)
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D2 =7hy (2.50)

trong d6 y(¢) 1a luu lugng chat 16ng chay ra khoi binh thi hai.

T nhiing hiéu biét 1§ thuyét ban ddu dé vé hé théng ta di dén s6 db khéi va so do
tin hiéu mo ta hé théng cho trong hinh 2.43. S¢ d6 nay dudc xay dung trén co sd sao chép
nguyén ban cac d&ng thic (2.45) + (2.50).

a) So do khéi
0 o 0
—f——
- Ty
b) So dé tin hiéu
1 1 1 1
U 1 Ass 4 n Ays Y ry Y
.: i _)_>_ Z Hinh 2.43: So d6 khéi va so do tin hiéu
-1 -1 -1 cla hé théng trong vi du 2.24.

T s6 d6 tin hiéu trén ta thay hé chi c6 mot tuyén thing:

e r1r2A1A232
Hé c6 ba vong lap:

Ly=-——"_, Ly=——1_| Ly=-—7
rné;s rAgs r9Ags

trong d6 c6 hai vong 1ap L, va L5 khong dinh nhau (khéng c6 doan néi chung). Béi vay:

2 2
A=1—(Ly+ Lo+ Ly) + L1Ly = nryA1Ags” + 7(r Ay + A1 +rAg)s+y
7'17'2A1A282

Vi cd ba vong lip déu dinh vao P; (c6 chung dogn véi P) nén:

A =1

G(s) = DAL - i )
A r1r2A1A232 +7(r1A1 +r2A1 +7'2A2 )8+72
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2.2.5 Db thi dic tinh tan bién-pha
Khéi niém ham dac tinh tén
Xét hé tuyén tinh véi moé hinh phuong trinh vi phan (2.28). Hé c6 ham truyén G(s):

Y(s) _ by +bys+-+by,s"

U@s)  ap+as+---+a,s"

G(s) = (m<n)

Ham dic tinh tdn G(j @) dugde hiéu la:

G(jw) = G(s)| ©.51)

s=jw
Cha y: Ham G(j ) trong (2.51) s& khong phai 1a anh Fourier cia ham trong lugng g(¢),
néu G(s) ¢6 ban kinh héi tu ¢>0. Tt muc 2.1.4 ta dd dudc biét ring dé G(jw) trong
(2.51) 14 anh Fourier cta g(¢) thi G(s) phai cé ban kinh héi tu bang 0, ttc 1a G(s) phai
6 tat ca cac diém cuc ndm bén trai truc 4o, hay ham truyén G(s) phaila mot ham bén.

Nhu vay la ta da dinh nghia xong ham dic tinh tdn. Nhung ham dic tinh tan dai
dién cho tinh ch4t gi ctia hé thong?. Dé tra 161 cAu héi nay, ta xét vi du sau.

Vi du 2.25: Y nghia cGia ham d3c tinh tan

Xét hé c6 ham truyén:
2s+0,5)
s+1
Kich thich hé tit trang thai 0 bing tin hiéu diu hoa u(¢) = sin(wt), véi anh Laplace

G(s)=-

U(s):ﬁ, ta c6 dap tung:
s“+w

_2As+05) o _ 1 o o(l+20%)  ws

2 2 2 2 2

Y(s) = = -
s+1 $2+0? 1+0?|s+1l  S2+ow s“+w

Suy ra

() =— 5 oo —(1+ 20%)sin(w ) - wcos(@ )
1+w

vakhi¢ — « thidoe ‘- 0 ta duge:

\/1+5a)2 +40*

y(t) = —2sin(a) t+@) v6i @=arctan 5 (2.52)
1+ 1+ 2w
Mt khac ham dic tinh tan cta hé la:
. ! Norrrrrl
G(jw):_2(1w+0,5):_1+2a) _. 0 1+50° +4w ol? 2.53)

jo+1 1+ ~1+? 1+ o?

v6i @ = arctan Do d6 néu so sanh (2.52) véi (2.53) ta sé di dén dudc két luan cho

+20°

truong hgp t—oo:
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y(t) =|G(jo)|sin(wt + )  véi pla géc pha ctia G(j ). a
Téng quat hoa két luan cta vi du 2.25 ta ¢6 dinh 1y sau:
Pinh ly 2.7: Néu kich thich mét hé théng c6 ham truyén bén G(s) tit trang thai 0, tic 1a
tai thdi diém kich thich hé c6

dy(0) _  _d"'y(0) _

0
dt dtn—l

¥(0)=
bing tin hiéu diéu hoa u(t)=¢/™ thi khi ¢ —co, ttic 1a hé & ché dd xac 1ap, s6 ¢6 dap
tng y(¢) dudc xac dinh tit ham dic tinh tdn G(j w) nhu sau:

¥(6)=|G(j@)| e’ ? . véigocpha p=arcG(jo) (2.54)

Trong cong thic (2.54) ta da st dung ky hiéu arcG(j w) dé chi géc pha cia G(jw):

ImG(jw)
ReG(jw)

va ReG(j w) 1a phan thuc, ImG(j ) 14 phan 4o ctia G(j ). Néi cach khac:
G(j @)= ReG(jo)+j-ImG(j o)

arcG(jw) = arctan

Chitng minh:

Do trong dinh 1y 2.7 c6 gia thiét G(s) 13 ham bén nén G(jw) 14 anh Fourier cia
ham trong lugng g(¢). Khi d6, ca hai tin hiéu vao va ra u(t), y(¢) déu c6 anh Fourier
U(j@), Y(j @) va ham dc tinh tan dinh nghia bdi (2.51) ciing 1a:

Y(jo)
U(jw)

G(jo) =

trang thai dau=0
D6 ciing 12 m6 hinh mo ta hé khi ¢ — e theo nghia:
G(jw): u®) y@t) = F HG(jo)U(jw)}

Vi chi xét hé & ché do xac 1ap v6i ¢ —eo nén ta c6 thé xem céc tin hidu w(¢), y(¢) 1a xac
dinh v8i —eo<t<eo. B&i vy, néu kich thich hé bing tin hiéu tudn hoan u(¢) chu ky T &
d4u vao thi cing véi anh Fourier U(j w):

9 2

. d T e 17 —Jt
U(jjo)=2r Y c,6(w-Fk T) Vil ¢ =7 _[ ut)e " T dt

h=—oo

tin hiéu y(¢) 6 d4u ra sé c6 anh Y(j w) la:

Y(joy =27 3 cna(w—n%”)a( joy=27 3 ¢G( jn%”)(xw—n%”)
2r

oo T _in27,
=27 Y, Ené‘(a)—nz%) trong d6 c, = an(jnz?”) vac, :%J'u(t)e e
0

n=—oco

84



Vay: y(t)—— IY(Ja))eJ”’tda) j z ¢, 0(w— n2Z% )ej“’tda)

—oo N=—00

i c G(_]n—)f S(w— nZT Ye!®dw = Z c G(]n—)e

n=—co N=—oco
.2
= it
S de T vei d, =c,G( jn%”)

Diéu d6 khéng dinh tinh ding dén cta dinh 1y 2.7, ring tin hiéu ra y(¢) ciing tudn hoan
véichuky Tvad,, n=...,-1,0,1,... 1a cac hé s& chudi Fourier ctia né, ttc la:

. 21

T —Jjn—t
d, [¥@®e ™ T dt, n=...,-1,0,1,... m)
0

'ﬂIH

Xay dung hdm ddc tinh tén bdng thuc nghiém

Dinh 1y 2.7, dic biét 1a phan chiing minh ctia né, dua ta dé&n thuat toan xac dinh
ham dic tinh tin (ciing 1a m6 hinh & ché& d¢ xac 1ap) cho hé tuyén tinh, tham s6 hing,
bing phuong phap thuc nghiém chta déng gom céc bude nhu sau:

1) Thiét k& tin hiéu u(¢) tudn hoan véi chu ky T chon trudc c6 dai tdn sd lam viée da

16n va x4c dinh céc hé s6 chudi Fourier ¢,,, n=...,—1,0,1,... clia n6 theo (2.12):
1T _ or
¢, =— [u@)e"™'dt, n=...,-1,0,1,..., ===
. T({ () @ =

Ta ciing c6 thé chon truée hai day gia tri thuc a,, £=0,1,... va b, k=1,2,... roi
thiét k& u(¢) tuan hoan véi chu ky T theo:

Wt)=ay+ 3 a, cos(kayt)+ by sin(kayt)
k=1

Khi d6 cac hé s6 phiic c,,, n=...,—-1,0,1,... sé1a

=0y, ¢, =%(an+jbn) , n=12,

2) Kich thich hé & dau vao bing tin hiéu u(¢) vita dudc thiét k& réi do tin hidu y(¢) ciing
tuan hoan véi chu ky T § d4u ra.
3) Tinh cac hé s6 chudi Fourier d,,, n=...,—1,0,1,... cia y(¢). Néu két qua do dugc &
buée 2) chi 1a day gébm N gia tri vy, ¥1,..., ¥yny—1 trong mét chu ky, thi cac hé s6d,,,
,—1,0,1,... sé& dudc tinh xap xi nhd cong thiic DFS, tic la:

.27ni
=J

=N Z ye N [ n=..,-1,0,1,...

Chi y rang do d,, trong cong thic trén l1a tudn hoan véi chu ky N nén & day ta chi
cAn tinh N gia tri cia né trong mét chu ky d,,, n=0,1,...,N-1 la du.
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4) Tinh céc gia tri cia ham d3c tinh tan:

G(jna)o):ﬁ , n=...,-1,0,1,
cn
rdi biéu dién ching dudi dang d6 thi (bién—pha hoic Bode).
duge kich

Cubi cung, cling ti cac két qua phan tich trén, ta con nhan thay la khi hé
thich bang tin hiéu diéu hoa:
u(t)=sin(wt)

& d4u vao, thi véi a,=0, Vk va b,=1, by=bs=...=0, tin hidu ra khi ¢t - s&la

y(t) = |G(ja))| sin (@t + p(w)) véi p(w) = arcG(jo)

D4 thi ddc finh tén bién-pha
Puong biéu dién ham dic tinh tdn G(jw) dudi dang @6 thi theo tham s6 @ khi @

chay tir 0 d&n = trong hé truc toa do c6 truc tung ImG(jw)va truc hoanh ReG(jw) dugc

goi 1a duong do thi ddc tinh tdn bién—pha.

Vi du 2.26: Xay dung ham d#c tinh tan ImG
Cho mot hé thong c6 ham truyén 1 2 3 ReG
4 _ i i i _
G(s) = W=co ~ 7l 4 =0
1 + S 9 ﬁ
Ham dic tinh tan cia hé 1a
-2 T 0,6
1,5 1

4 4 j 4@
1+ @&
ImG(jw)

Hinh 2.44: D6 thj d4c tinh tan
cla vi du 2.26.

G(jw) = =
(o) 1+jo 1+a°
ReG(jw)

Do ¢6
[ReG(jw)-2]* + [ImG(w)]*= 4
nén khi wchay tit 0 dén oo, @6 thi clia né sé la nlta dudng tron nam dudi truc hoanh (vi

khi &6 ham G(j ) ludén c6 phan ao nho hon 0) — hinh 2.44.
Ngoai ra, vi G(s) con 1a ham bén, nén vé6i @6 thi dic tinh tdn cho trong hinh 2.45 d6
ta sé xac dinh dugce dap tng y(¢) ciia hé khi bi kich thich tit trang thai 0 béi tin hiéu
diéu hoa u(t)=sin(¢). Theo dinh 1y 2.7, déc biét ti vi du 2.25, thi dap tng dé la:
a

t—oo: y(t)= 2\/§Sin(t —%)
Vi du 2.27: Xay dung ham dc tinh tan
Xét hé v6i ham truyén

3
Gls) = s(1+2s)
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Hé c6 ham d3c tinh tan

. 3 6 . 3
G(jo) =— —=- 5= J 5
Jjol+jo)  1+4w o(l+40%)
ReG(jow) Im G(jo)

va ti d6 ta dudc dudng déc tinh tan cta hé cho trong hinh 2.45a). Pudng dic tinh tan
nay c¢6 mot dudng tiém can la

ReG= -6 m)

Vi du 2.28: Xay dung ham déc tinh tan

Cho hé véi ham truyén
G(s) = LZ

1+5s5+4s

Tt G(s) ta c6 ham dic tinh tdn va d6 ciing 1a anh Fourier G(jw) ctia ham trong

lugng g(¢), vi G(s) 1a ham bén (c6 hai diém cucla s, = —i VA sy=—1):

5 5- 200 ) 250

G(jo) = = -J
1+5jw+4(jw)? 1+170%+160* ~ 1+170° +160"

D6 thi ham G(j@) cho trong hinh 2.45b). V6i d8 thi d6 ta thay khi @, = 0,5 thi
Re[G(®] =0 va |G(o)|=2

N6i cach khac néu kich thich hé tit trang thai 0 bang tin hiéu u(¢)=sin(0,5¢) thi sau
mot khodng thoi gian dl 16n (¢t — o), dap tng ciia hé sé 1a

y(t) = 2sin(0,5t—%j m)
a) ImG b) ImG
-6 -3 ReG
o
: 0.9 1 2 1
| 0,5
: 1 4 -2
! 0,4 @:=0,5
: + -6
1 @
i 1 g Hinh 2.45: D6 thj d&c tinh tan cla vi du 2.27 va 2.28

Vi du 2.29: St dung ham d3c tinh tan
5
diém tan s§ @, ma tai d6 c6 |G(jw)|=1. Hé c6 ham dic tinh tan:

Cho mot hé théng dugc mo ta béi ham truyén G(s)= . Hay xac dinh
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5
4jaX1+0,5jw)?

T4 ham déc tinh tan ta cé:

G(jo) =

2
- 5 | : -&f _2%
|G(Jw)|—|4j%(1+0,5j%)2|—1 o on(1+]2 T
o 80} +160f-25=0 o a=1 a

Vi du 2.30: Xay dung ham dac tinh tan
Cho hé véi ham truyén

b w=0

= ReG

G(s) =

1+a;s+ ozzs2 + a333 + a434

va G(s) dugc gia thiét 14 ham bén. Hay xac dinh
tin hiéu u(¢) sao cho sau mét khoang thdi gian ¢

dG 16n (¢—>e) dap ting y(t) caa hé cho trudng hgp Hinh 2.46: D6 thj dac tinh tan bién
dugc kich thich tit trang thai 0 bang tin hiéu d6 sé —pha cla vi du 2.30.
¢6 mot goc léch pha véi u(t) 1a o= +90°.
Tt G(s) ta c6 ham dic tinh tdn G(jw) va @6 ciing 1a anh Fourier cia ham trong
luong g(¢), vi G(s) 12 ham bén:
. bA . bB
G(jo) = G(S)|s:jw T A2 B —J A% 4 B
4 T2 4 TO,
ReG(jw) ImG(jw)

trong do6
_ 2 4 _ 3
A = 1—a2w +a4a), B—ala)—a3a).

Hinh 2.46 biéu dién dudng dc tinh tan cta hé. Theo dinh 1y 2.7 va cong thic (2.54),

Jwﬁ‘t

néu cé u(t) = e’>* § ddu vao thi dap tng ctia hé khi t—o sé 12

W) = |G(ja)s )| ej(a)stJrarcG(jws )

Diéu d6 noi ring dé y(¢) c6 mét géc léch pha véi u(t) 1a p= J_r% ta phai x4c dinh diém

Jjot

tan s6 @, clia u(t) =e sao cho:

ImG(jo,) . =

G(jo,)=—"""""-=+—, ReG(jw,)=0
arcG(jw,) ReG(ja,) 2 = eG(j ;)

bA

_ _ 2 4 _
m—o (=4 1 ao@ +a4a) 0 (=4
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Trén day 14 nhiing vi du vé viéc xay dung dudng dic tinh tdn bién—pha tit ham
truyén cia hé thong. Dat ngudc lai van dé 1a ta c6 bai toan phai tim ham truyén G(s) ti
dudng d6 thi cia ham dic tinh tin bién-pha G(jw). Bai toAn ngudc nay ta thudng gip
khi phai thuc hién céng viéc mé hinh héa hé thong tuyén tinh bang phuong phap thuc
nghiém, ttc 1a sau khi quan sat/do cic tin hiéu vao/ra ctia hé théng ta c6 duge do thi
ham G(j w) thi budc tiép theo 1a tir d6 thi d6 cta G(j ®)phai xac dinh bac m, n cling nhu
cachésé by, bq, ... , b, vaay, a;, ... , a, choham truyén (2.37).

Chia khoéa cho viéc giai bai toan nguge 1a méi lién hé gitia dang cta db thi G( @) véi
G(s) tai nhiing diém tan s6 dic biét ma & day ta quan tdm hon ca 13 hai diém tin s6
w=0 va @=oo.

Truéc hét ta xét mdi lien hé gitia ching khi w=e. Tu G(s) cho trong céng thiic
(2.37) ta co

o bo(j@) ™ +b,(jao) ™ + - +b,,

: —3 (2.55)
ay(jo)y " +a,(joy "+ - +a,

G(jo)=(jo
Suy ra:

Pinh ly 2.8: Néu mét hé théng tuyén tinh c6 ham truyén G(s) 1a hgp thiic thi ham G(j w)
tai diém tin s6 w=oo s& théa méan:
0 néu m<n
a) lmG(jw)={b

D300 M pndu m=n

a,

b)  lim arcG(jo) = —(n—m)~
o 2

Theo dinh 1y 2.8, néu db thi ctia G(jw) két thic tai gdc toa d§ thi ham truyén G(s)
phai 12 mét ham hdp thic chit.
Budc tiép theo 1a ta tim quan hé cta G(j@), G(s) khi ®=0 va dé 1am diéu nay ta bién
d6i G(jw) tix (2.55) vé dang:
ko (1+T jo)1+Tyjw) -
(jo)y A+Tjo)1+T,jw) -

G(jw) = (2.56)

trong d6 r 12 hiang s8 phu thudc vao gia tri cdc tham s6 ddu by, by, ... , ag, @7 , ... €6
bang 0 hay khéng. Chdng han nhu

a) r<0 néuby=b;=... =b, ;=0 va ay#0
b) r>0 néuay=a;= ... =a,-1=0 va by # 0

¢) r=0néuayz0 va by# 0

Véi (2.56) ta thay:

89



Binh Iy 2.9: D5 thi ham dic tinh tan bién-pha G(jw) dang (2.56) tai diém tan s6 w=0 va
ham truyén G(s) cta né c6 quan hé:
a) Néu lirrg) G(jo) 12 modt s6 thuc hitu han khéc 0, tic 1a d6 thi cia G(jw) bit dau
>
tit mot diém trén truc thuc, thi 2= lim 6}( jw) va r=0. Hé c6 ham truyén véi
w—0
r=0 dugc goi 1a hé c6 khdu khuéch dai.
b) Néu lim G(jw)=0 thi r<0 va limarcG(jw)= |r|- z. Hé c6 ham truyén véi
@—0 w—0 2
r<0 dudc goi la hé co khdu vi phdn.
¢) Néu lim G(jw)= o thi >0 valim arcG(jw) = —r z. Hé c6 ham truyén véi
w—0 w—0 2

r>0 dudc goi 1a hé c6 khdu tich phan.

2.2.6 Db thi dic tinh tan logarith - DS thj Bode

Bén canh viéc biéu dién ham dic tinh tdn G(j@) trong mit phing véi hai truc toa
d6 ReG(jw) va ImG(j w) nhu muc 2.2.5 viia trinh bay ngudi ta con c6 mot phuong phap
biéu dién khac 1a @b thi dic tinh logarith, hay con goi biéu d6 Bode. Py 1a cach biéu
dién G (j w)thanh hai d6 thi riéng biét theo @ cho:

1) bién do, hay gia tri logarith cia |G(j w)| 1a
L(w) = 20-1g|G(jw)|, cb6 don vila Dezibel (dB),
2) va pha, hay gia tri géc (@) = arcG(j @) c¢6 don vi 1a Grad.

C4 hai d6 thi nay déu c6 truc hoanh 14 @ song khéng dudc chia déu theo gia tri cua
® ma lai theo 1g(@). Ly do cho viéc chia nay 14 dé trong mot khoang dién tich vé tuong
d6i nho, ta van c6 duge d6 thi minh hoa ddy du cho hé théng théng qua G(jw) cho mét
dai tan s6 rat 16n, ciing nhu cong viéc xay dung d6 thi cua

L+ T jo) 1+ Ty jo) - A+ T jo)

Gl =k 1+hjo)1+Tjo) - 1+T,jw) @57)

dugc thuc hién mot cAch don gidn 14 cong trit cAc d6 thi thanh phan:

m n m n
L(w) = 20{2 1g‘1+Tk’jw‘— D 1g|1+Tkja)|} =20lgk+ Y Li(@)- Y Ly(o)
k=1 k=1 k=1 k=1
trong d6

L(w) = 201g‘1+Tk/ja)‘ va  Ly(0)=201g[1+T,jo)

Vi du 2.31: Xay dung biéu d6 Bode cla khau khuéch dai

Khéu khuéch dai duge hiéu 1a mot ké déng hoc co ban ¢6 ham truyén
G(s) =k

Khau nay c6 ham dic tinh tan:
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k

Do d6 (hinh 2.47):

G(j)

>
k<0

&u
éu

. _Jo
(p(w)_{—180 né

va

L(w) = 20-1g |k|

EEESEEFEFEFES
I s e Wt e S
T
=t =t — 4=
| | |
ESESESF=F=J=3
E-r—r—¥=-x=4=4
C_T I 1T-1-73"7
N I BN SN I —
| | |
E=E=f=F=z3=3=3
FE=E=F=3F=F=3=3
C—r—t-1-4—-14—7
N S I IR B B
| | |
E=k=t=z=d=g=5
E=FE=F—F=F—73=7
),nuwuwmuuww =
S [CIISI- T8l
SOl IR
o
= ®
|
ESESESF=F=3=T
S S B AU R f
DY IO R I N
— ||AT|II||+|| u——
A T S W
ESE=F=3=3=3=3
C_I-_I—_1-71—-1—-7
NN S BN SN I —
| |
Fof-r-3-4-4-4
lllll [N I O O
| |
E= mmwmmmmmm =3
3 == mﬂmmﬂHMmm,
~— = =
ATt ke B ks &
| |
o
& o g

100

10

0,1

100

10

0,1

Hinh 2.47: Biéu d6 Bode clia khau khuéch dai.

2

Vi du 2.32: Xay dung biéu dé Bode clia khau quan tinh bac nhat

Khéu qudn tinh bdc nhdt duge hidu 1a mot hé déng hoc co ban c6 ham truyén

1
1+Ts

G(s)

N

Khau nay c¢6 ham dac tinh tan

Tw

1+(To)? 1+ (Tw)

1
1+Tjw

G(jw)

en

3 ¢o(w) = —arctanTw.

va

L(w) = -101g(1+T% &)

tng v6i khi @—0 va khi @—c:

ém can

Pudng d6 thi ctia L(a@) cé hai ti

(2.58)

0 khi w—0
—20(lgo+1gT) khi ®—e

L(w)
hai duong ti

6'gay va 6 do6 co

an sé gay va

ata

t nhau tai @y :% dudc goi 1

2

ém can nay ca

N

va

-3dB

L(wg) = -101g(2)

2

T (2.58) ta thay dudng tiém can thi hai ting v6i truong hgp w—e 1la duong thang

~

c6 do doc:

—20 dB/dec
trong d6 1 dec 1a dd dai khoang [w, 10w] trén truc tung (wlat

bidu dd Bode ctia kh

éu dién

R

). Hinh 2.48 bi

uy y

tinh bac nhat.

au quan

A
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(o)

MITTT T T T

I 1
O [litriti+ it —
N

0,1 1 10

Hinh 2.48: Biéu dé Bode clia khau quan tinh bac nhat cho trong vi du 2.32.

Vi du 2.33: Xay dung biéu d6 Bode cla khau khué&ch dai-vi phan

Khau khuéch dai—vi phdn 14 mot hé dong hoc co bdn c6 ham truyén

G(s) = 1+Ts
Khau nay cé ham déc tinh tan:
Glo=1+Tiw

Suy ra
_ 2 5 —
L(w) = 10~1g(1+T2a) ) va ¢o(w) = arctanTw.
Nhu vay, d6 thi L (@) c6 hai tiém can ting véi khi @—0 va khi o— oo 1

0 khi w—0

L =
(@) {20(lgw+lgT) Kkhi @ e

) e s 1 e s
Ching cat nhau tai diém tan sd @, = T dudc goi la tan sé gay. Puong tiém can thi hai

tng v6i trudng hop w— oo 1a duong thang c6 d6 déc 20 dB/dec. Hinh 2.49 biéu dién biéu
d6 Bode ctia khau dé cho. a

L(@) A
T TTT T T TTTTI
I I N

P FErl
AT T T
I I A

|
:‘T)' wg=1 10 @ 0,1 1 10 @

Hinh 2.49: Biéu dé Bode cla khau cho trong vi du 2.33.
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L(w) @)

Hinh 2.50: Biéu dd Bode clia khau tich phan cho trong vi du 2.34.

Vi du 2.34: Xay dung biéu d6 Bode cla khau tich phan

Khéu tich phdn 14 hé déng hoc co ban c6 ham truyén G(s) = TL . Khau nay c¢6
IS

. 1 -J 1 N lr
G = =— = L(w)=-20|1lgw-1g— =-=
(o) Tjo Tio (@) ( g8 T; J va ¢l@) 2

Suy ra biéu d6 Bode ctia né c¢6 dang nhu ¢ hinh 2.50. Dudng d6 thi L(w) 1a duong
thglng véi d6 doc —20dB/dec. N6 sé cét truc hoanh (1a truc ma tai d6 L(w) cé gié tri 0) tai

diém tan s§ @, = Ty va diém tan s8 nay dugc goi 1a tdn sé'cdt. a

Vi du 2.35: Xay dung biéu d6 Bode clia khau vi phan
Khéu vi phdn 12 mot hé déng hoc co ban duge md ta béi ham truyén G(s)=Tps.

Khéu nay ¢6

GGo)=Tpiw = L(w):zo(lgw—lgi] va pw)=2
T, 2

Véi phuong trinh ctia L(®) va ¢(®) nhu vy ta c6 biéu d6 Bode ctia khau vi phan
nhu hinh 2.51 mé t4. D4 thi L(®) 12 mét dudng thing c6 d6 déc 20dB/dec va tai diém tan

s6 @, =T;' c6 gia tri 0. Diém tin s nay dugc goi 1a tdn sé'cdt. a
L(«) Aa)

Hinh 2.51: Biéu dé Bode clia khau vi phan cho trong vi du 2.35.

93



Vi du 2.36: Xay dung biéu d6 Bode clia khau dao déng bac hai
Khau dao déng bdc hai 1a moét hé déng hoc co ban c6 ham truyén

1

=— 6 0<D<1
1+2DTs + T?s>

G(s)
Néu kich thich khau nay bing tin hiéu 1(¢) & dau vao thi theo vi du 2.4, phan 7), dap
tng diu ra sé 14 ham A (¢) c6 dang dao dong. Dao dong d6 sé tit dan khi 7>0 (hinh 2.9¢)
hoic nguge lai khong tit néu T'<0. D6 chinh 14 1y do tai sao né c¢é tén 1a khdu dao dong
bdc hai. Khau nay c6 ham déc tinh tan

1
1+2DTjw-T*«?

G(jw) =

Suy ra

L(@) =-10lg((1-T%*? +4D*T%0*)  va  pw)= —arctan%

L(w) @)
[ T TTTTI T TTTTI] — L TTTTI [T TTTI
Lk P 0 o o
TN T 1T T T
[ i g g L L
o[ D=0,1 1= T
T TS T
PULIIE 1 0 om 11 1T —40dB )
=~ T T =T — T TS T i
0 i i N
CT TN T T T T | —180
Ly L L L LIl 1
T dec wa=1 10 @ 0,1 1 10 @

Hinh 2.52: Biéu dd Bode clia khau dao dong bac hai tit dan cho trong vi du 2.36.

D6 thi L(e) sé c6 hai dudng tiém can tng véi hai trudng hgp khac nhau 1a khi @—0
va khi @— «~ nhu sau

w—0: L(w=0

Jra. L(w) = -40 [lg w-1g %j véi @b déc 1a —40dB/dec.

Hai duong tiém cin nay cit nhau tai diém tan s6 giy g = % Hinh 2.53 14 d6 thi Bode
ctia khau dao dong bac hai tit dan. a
Cac vi du trén véi biéu d6 Bode L(w), ¢(w) cha nhitng khdu dong hoc co bdn sé

duge st dung dé thiét k& biéu d6 Bode cho mot khau tuyén tinh bat ky ¢6 ham dic tinh
tan s6 theo cdu tridc (2.57), bing cach cong/trit cac dudng L(w), ¢(w) cd ban d6.
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L()
Dao dong bac hai
1
an ti 5 5 —40dB
Quan tinh bac nhati 20dB
]
Xemvidu242 1
. o 7R N N x . - L -20dB
Hinh 2.53: Xap xi d6 thi Bode bang dudng gay khic !
Tan sé gay @

Thong thudng, dé don gian cho viée cong/trit d6 thi nay ngudi ta x4p xi L(w) bing
nhiing dudng thing tiém can ctia né, tic 1a L(w) sé c6 dang x4p xi nhu mot dudng giy
khic (polycon). Sau nay, nhu ching ta sé thiy & cac chuong tiép theo, viée xap xi d6 hau
nhu khéng anh hudng téi ting dung ctia biéu d6 Bode trong qua trinh xét tinh déng hoc
co ban ctia hé théng. Hinh 2.53 minh hoa viéc xap xi L(®) thanh dudng gy khic théng
qua cac dudng tiém can cua né.

Vi du 2.37: Xay dung biéu dé Bode

Cho hé c6 ham truyén
Gy 110 o1 11
(s+1)(s+11) 1+s 1+Hs

Goi L(®) 1a phan d6 thi bién do biéu dé Bode ctia hé. Vay thi
L(a) = Li(@) + Ly(®) + L3(®)

trong do:
a) Li(w) 1a phan d6 thi Bode ctia khdu khuéch dai (vi du 2.31) véi G4(s)=10
b) Ly(@) 12 phan db thi bién d6 biéu d6 Bode cta khdu qudn tinh bdc nhdt (vi du

2.32) v6i ham truyén Gy(s) = IL . N6 c6 tdn s6 gy w,=1.
+5
¢) Ls(@) 1a phan b thi bién d6 biéu d6 Bode cta khdu qudn tinh bdc nhdt c6 ham

truyén Gs(s) = . Tan s6 gy cta Ly(w) 12 w,=11.

1+ I s
Cong cac dudng x4p xi dang gay khiic ctia L;(a), Lo(a), Ly(@) lai vé6i nhau ta cé duge
dudng gan ding cta L(w). Pudng nay ciing c6 dang gy khic gém (hinh 2.54):
—  Phéan ting véi o<, c6 6 nghiéng bang 0 va gia tri 1a 20dB.
—  Phén ting véi @, < w< @, c6 dd nghiéng bing —20dB/dec.

—  Phén tng v6i wy< @ c6 d6 nghiéng biing —40dB/dec. a
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L(w)

) Lo i
Hl\\\—zociB
< - Lz(w)
a

&)f | \ a).z.. ...... L3(w)
_20;1 .P; TN :.25)(1]3 —_— L(w)

4l Nz B

pood IS ITETT IR

Hinh 2.54: Pudng dé thi Bode gén ddng clia hé cho trong vi du 2.37

2.2.7 Quan hé giita phan thuc va ao ciia ham dic tinh tan-Toan ti Hilbert

Tai cac muc 2.2.5 va 2.2.6 ta da 1am quen v6i ham dic tinh tan

G(j @)= ReG(j o) +ImG (o)
ctia mét hé théng tuyén tinh, ciing nhu nhiing phuong phap biéu dién truc quan G(j ®)
duéi dang @6 thi. Tiép theo, sé nghién ctu méi quan hé giia phan thuc va phan ao

T(w) = ReG(@), A(w =ImG(ao)
ctia G(j w)cho mot hé tuyén tinh. Viéc nghién citu dé la cdn thiét, vi khong phai ct 18y
hai ham thuc T'(w), A(w) bat ky nao dé6 theo bién w rdi ghép chiing lai véi nhau

T(w) + jA(®)
ciing sé& c6 duge ham dic tinh tAn ctia mét hé tuyén tinh.

Xét hé tuyén tinh causal, tham s6 hding, c6 ham truyén G(s) dang thuc-hitu ty, hop
thtic va bén. Néi cach khac

Y by+bs+ - +b, s"
G(s)= L) _both m?_ (ms<n)
U(s) ay+as+ - +a,s"
c6 cac hé s6 by, by, ... , ag, ay, ... 1a nhiing s6 thuc va nghiém cta da thiic mau sé

(diém cuc) déu ndm bén trai truc ao.
Do G(s) c6 hé s61a s6 thuc nén né sé cé gia tri thuc néu s 14 s6 thuc. Do d6
G(jow)=G(-jo) (2.59)

Diéu nay ta c6 thé thay tit d6 thi dudng dic tinh tAn bién—pha khi wkhéng phai chi di ti
0 dén oo ma tit —eo dén oo 12 n6 sé& c6 dang ddi xting qua truc thic (hinh 2.55).
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Hinh 2.55: Pudng d4c tinh tan bién pha cla hé >
tuyén tinh tham s hang véi @ di ti — dén
e nam déi xiing qua truc thuc.

Pinh ly 2.10: N&u hé c6 ham truyén G (s) dang thuc—hiiu ty thi phan thuc T(w) ctia ham
dic tinh tan bién-pha G(j @) ctia né 1a ham chan va phan 30 A(w) 14 ham 18.

Chitng minh:
Diéu khing dinh trén duge suy ra tit (2.59) va hai cong thtc hién nhién ding

T(@=3[CU0+Gjo) ], A@ =2ij[G<jw>—G<—jw>] a

Bdi todn thr nhét: Xéac dinh hdm truyén ti phén thuc hdm ddc finh tén

Gia sti 1a da biét T'(w) va phai tim ham truyén G(s) dang thuc-hfu ty, hop thic va
bén sao cho ham dic tinh tan bién—pha G (j @) ctia né c6 phan thuc 1a T(w).

Trude tién tit dinh 1y 2.10 va néu goi

C(s) =[G+ G(-9)]

sé duge
Cliw)=T(w) = C(s)= T[i] (2.60)
J
Mt khéac, vi G(s) 12 ham bén nén tat ca cac diém cuc s;, sy, ... cia G(s) phainim bén

trai truc 4o. Suy ra cac diém cuc ctia C(s) phan bd d6i xtng qua truc 40. N&u c6 thém
gia thiét ring tat ca cac diém cuc ctia G (s) déu 1a nghiém don cla

agta;stayssi+ - +a,8" = 0
thi G (s) phan tich dudc thanh tng cac phan thiic téi gian

Gls)=Ag+ 3 An_ v6i A, =ResG(s)
h=1S— Sk Sy,

Suy ra

C(s)= AO + Z k_ A+ Z (2.61)
%

s—s o 1s+sk
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Dé tinh cac hé s6 A, cta (2.61) ta c6 thé st dung phuong phap residuence da gi6i
thiéu 6 muc 2.1.4. Song trong trudng hgp s, 1a nghiém don ctia da thiic mau s6, né sé

dugc x4c dinh mot cach don gidn véi cong thiic cia Heaviside nhu sau

A; = lim 2(s—s;)C(s) (2.62)

58,
Téng két lai, viéc ta c6 thuat toan tim 16i giai cho bai toan thi nhat:
1) Néu T(w) khong phai la ham chén thi két luan ngay 14 bai toan khéong cé 15i giai.
2) Xac dinh C(s) tu T'(w) theo (2.60).

3) Tim cac diém cuc ctia C(s). Néu céc diém cuc khong phan bé d6i xtng qua truc 4o
thi két luan ring khéng c6 ham truyén G(s) théa méan yéu ciu ctia bai toan.

4) Tinh cac hing s6 A, theo (2.62), trong d6 s;, 14 diém cuc ndm bén trai truc do.

5) Dapso: G(s)=Ay+ i A
k

:ls—sk

Vi du 2.38: Xac dinh ham truyén tir phan thuc ctia ham d&c tinh tan

Hay tim ham truyén G(s) dang thuc-hiiu ty, hgp thtic va bén cia mot hé tuyén
tinh dé ham dic tinh tan cla né c6 phan thuc 1a
2+’ + 0’
T(w) = “)—4“’
1+w

Theo (2.60) c6

2 4 2
S 2—-8“+s 1-s
Cle) =T(2) =228 =g 4 75

J 1+s 1+s

Ham C(s) c6 bon diém cuc ndm d6i xting qua truc 4o nén bai toan c6 16i gidi (hinh
2.56). V6i hai diém cuc ndm bén trai truc 4o

i 1
-5 4 = ; 10)
s|=e =—(-1+}), J
V2
2 . 07 |
sy=e 4 =—=(-1-}) , |
V2 ! , C
ta co " !
. 1_ 2 \ 4
A, = lim 2(s—5,)C(s) ==L =, s:Q | __.Osy
$—81 231 \/5
o _1-s3 _ 1 . , )
Ay = lim 2(s —59)C(s) = = Hinh 2.56: Minh hoa cho vi
559 255 2 du 2.38
Suy ra
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1 1
_ ﬁ ﬁ _32+2\/§s+2
G(s)=1+ '+ = m)

e P P a2s+1
s—e 4 s-e 4

Bdi toén thit hai: Xdc dinh ham truyén tit phdn do ham ddc finh tén

Bai toan thi hai phat biéu nhu sau: Cho trudc A(w). Hay tim ham truyén G(s)
dang thuc-hiiu ty, hgp thiic va bén cia moét hé tuyén tinh sao cho ham dic tinh tan
bién-pha G(jw) ctia né c6 phan ao 12 A(w).

Tuong tu nhu 6 bai toan thd nhat, néu goi
1
D(s) = 2 [G(s)-G(-s)]

thi theo dinh 1y 2.10 ¢6

A@=1DGw) = D) =jA) (2.63)
J J
G4 thiét thém ring G(s) chi c6 cac dim cuc don. Vay khi phan tich G(s) thanh:
G(s)=By+s35 —Dk
k=1S—Sp

ham D(s) sé c6 dang:

» B
D(s):l sy —k 45 k
2| po18—s,  po1StSs,

Tuong tu nhu & bai toan thi nhat, cac hé s6 B;, cling dugc xac dinh mot cach don
gian nho cong thiic

2D(s) (2.64)

B, = lim(s—s;)
S%Sk
va ta c6 cac buéc giai bai toan thi hai nhu sau:
1) NéuA(w) khong phai 1a ham 18 thi ké&t luan ngay 1a bai toan khong c6 161 giai.
2) Xac dinh D(s) tit A(w) theo (2.63). N&u cac diém cuc cia Dis) khéng ndm déi xiing
s
qua truc ao thi bai toan khéng c6 161 giai.
3) Tinh B, theo (2.64), trong d6 s, 14 nhiing diém cuc ctia D(s) ndm bén trai truc ao.

n
4) Dapss: G(s)=B,+sY, B,
k=18— S5

, v6i B 1a mot s6 thuc tuy .

Vi du 2.39: Xac dinh ham truyén tir phan 4o clia ham dc tinh tan

Hay tim ham truyén G(s) dang thuc-httu ty, hgp thiic va bén clia mot hé tuyén
tinh dé ham dic tinh tAn ctia né c6 phan 4o 1a
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—20°

1+

Ham A(w) 12 ham 1é. V6i (2.63) ¢

V25

1+s*

Aw) =

D(s) =

Gigng nhu vi du 2.38, & day ham 20
S

~ LA 3R N o

cling c¢6 bon diém cyc nam do61 xiing qua truc
n o , P N c o3 2 N N 2 :

40 nén bai toan c6 10i gidi. T hai diém cyc ndm bén trai truc ao

se%(—m), Sz=%(—1—j)

ta co
B, = 1__.J’ B, = 1+_J
2j 2j
Suy ra
B B —s?
G(s) = By + ——L 4 222 :Bo+2;,
§—8] S-Sy s +J§s+1
trong d6 B 1a mot s6 thuc tuy y. 0

Todn 1 Hilbert: Trudng hop téng quét
Loi giai cta hai bai toan trén da it nhiéu st dung t6i mdi quan hé gitia phan thuc
T(w) va 40 A(®) chia ham dic tinh tin G(jw) . Sau day ta sé lam quen véi cong thiic

téng quat mé ta méi quan hé d6 cho 16p hé théng tuyén tinh c6 ham truyén G(s) dang
thuc-hitiu ty, bén va hgp thiic thusng van dudc goi 1a todn tiz Hilbert.

Pinh ly 2.11 (Toan t& Hilbert): Xét ham truyén G(s) dang thuc-hiiu ty, bén va hgp thtc cta
mot hé tuyén tinh. Giiia phan thuc T(w) va phan 40 A(®w) cia ham dic tinh tin

G(s),_. =G(jo)=T(w)+ jA(®) c6 mdi quan hé:

s=jo

B T=Te)+ L [ AL g,
T o—n

-1 T
b) A(w)=— | ﬁdn
T 0-1
Chitng minh:
Truée hét ta thay do c6 gia thiét 1a G(s) hdp thiic nén theo dinh 1y 2.8:
0 néu m<n
lim G(jo) = b
W—>o°

M néu m=n
an

Diéu nay néi ring
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0 néu m<n
T(0) = lim T(w)= lim G(s) = b, » (2.65)
W—>o0 S§—>o0

—_— neu m-=n

Budc tiép theo ta tinh tich phan
Q=] G© g6
cs—Ja
trong d6 C la duong 14y tich phan kin theo chiéu kim déng hé gbm ba dudng con:

—  Dudng C; la nda dudng tron nim bén phai truc ao c6 tdm la géc toa dd va ban
kinh r{—oo.

—  DPudng thit hai C, ciing 14 nia dudng tron ndm bén phai truc 4o c¢6 tam 1a diém
0+ja va ban kinh 75— 0 (hinh 2.57).

—  Dudng thit ba C4 1a phan truc 4o trit doan nim trong dudng tron Cy véi r,—0.

Hinh 2.57: Minh hoa cho phan chiing minh dinh ly 2.11.

Vi G(s) 1a ham bén nén né la ham giai tich trong mién kin bao bdi dudng 14y tich
phén (phan ntta mit phing bén phai truc 40). Béi vay

Q=0
Mat khéc
Q= lim [ ()ds+hmj GG s + lim jG(s)
r1—><>ocl s—ja 05 8- ja rzeoc s—ja
@ Qz Qs
trong do
I G(s)
Q= lim I ——ds = lim G(s) lim j ds— T(c0)-(—j7)
rlﬁooc S— J §—o0 r1—><>o
_ G(s) , _
Q.= lim [ —"ds= lim G(s) lim j ds— G(ja)-(j )
r2—>OC s—Jja s—ja o hadedly)
Qs = lim [ G gs— | Gua) 4,

w—a

=06, s—ja

Suy ra

101



0=Q =T + GGor-Gn + [ %40

. . . < T(w)+ jA(w
=~ i) + jalT@A@] + | TOLED g,
Can bang phan thuc, 4o ctia hai v& rdi viét wthay cho @ ciing nhu 7 thay cho wta sé
nhan dudc diéu phai chiing minh. a

Cha y: Néu dé ¥ riing T(e) 12 ham chin va A(@) 12 ham 1& (dinh 1y 2.10) thi hai
cong thiic cho trong dinh 1y 2.11 cta toan ti Hilbert con ¢ thé 1a

T(0) = T(=) + %I%dn v Aw)=207 T g4,

0@ =1 T o' —7n

2.2.8 Xay dung mé hinh toan hoc cla cac khau dong hoc cd ban biing thuc
nghiém chu déng

Trong rit nhiéu trudng hgp, khi ma su hiéu biét vé nhiing quy luat giao tiép bén
trong hé thong cling nhu vé méi quan hé gifia hé théng véi méi trudng bén ngoai khéng
dude ddy dt dé c6 thé xay dung dugec moét mé hinh toan hoc hoan chinh theo phuong
phap ly thuyét, thi ngudi ta thuong phai ap dung phuong phdp thuc nghiém. Day la
phuong phap xac dinh mé hinh toan hoc trén co sé quan sdt tin hiéu vao u(t) va ra y(t)
cta hé théong.

Phuong phap thuyc nghiém x4c dinh m6 hinh toan hoc cho hé théng ma & d6 tin hiéu
vao u(t) duge chti dong chon trudc (do d6 khong can phai quan sat) va chi cAn quan sat
mot minh tin hiéu ra y(¢), goi 14 phuong phdp thuc nghiém chiu déng.

Sau day ta sé xét bai toan thuc nghiém cht dong xac dinh ham truyén G(s) tu tin
hiéu ra y(¢)=h(¢#) da quan sat dudc clia hé théng khi tin hiéu vao ctia né 1 ham
Heaviside u(¢)=1(¢) cho nhiing khau déng hoc cd ban, bao gébm

1) KhAu quan tinh bac nhat hay con goi khau PT; : G(s) = 1 kT
+Ts
2) Khau tich phan—quan tinh bac nhat, hay IT; : G(s)= _k
s(1+Ts)
3) Khau tich phan—quan tinh bac n, hay IT,: G(s) = L
s(1+Ts)"
4) Khau quan tinh bac hai, hay con goi khau PTy:  G(s) = k. , T1#T,
1+ Tys)1+Tys)
5) Khau Lead/Lag: G(s)= 1+1;s
1+T,s
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k
1+2DTs+T?%s%’

7) Khau cham tré (khau trd): G(s)=e °°

6) Khau dao dong bac hai: G(s) = 0<D<1

Khdau quén tinh béc nhéat

Khau qudn tinh bdc nhdt c6 ham truyén
kTw

—j 2.66
1+ T%0? / 1+ T2 ( )

G(s)=L véi k,T>0 = G(o) =
1+Ts
trong d6 £ dudc goi 1a hé s khuéch dai va T 14 hang s6 thoi gian. Vi du 2.4 va hinh 2.9
d& cung cép cho ta d6 thi Bode ctia n6. Khau quan tinh bac nhat nay cé ham qua do
¢
h(t) =k(1-e T) véianh Lapace H(s)=®
s

Cac dang db thi dic tinh tdn bién—pha G(jw) va A(¢) cho & hinh 2.58.

q) b) h(¢
ImG ®)

ReG
@=0 0,632k {-- /-5

W=o0

I

i
'\3\
~

Hinh 2.58: D6 thi ham d&c tinh tan bién—pha va ham qua do cla khau quan tinh bac nhat.

Bay gid ta xét bai toan ngudc 14 xac dinh tham s8 2,7 ctia ham truyén (2.66) tit db
thi 2(¢) thu duge bang thuc nghiém cht déng.
K& tiép tuyén véi A (t) tai diém 0 va goi goc ctia dudng tiép tuyén d6 1a ¢. Khi d6 c6

REO) = Yim o[sH(s) - h(+0)] = lim sG(s) = lim 5 =%
dt ot S—>o0 sl +Ts T

Ngoai ra, khi t— thi

tang =

0= 9= iy 00 =i
Bdi vay ta c6 thé xac dinh hai tham s6 %2,T cho ham truyén G(s) cta khau quén tinh
béac nhat tit @6 thi ham qua dd A(¢) ciia né nhu sau

— Hoanh d6 cia dudng tiém can véi A(¢) khit—eo la gla trik

—  Ké duong tiép tuyén véi h(t) tait=0
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—  Hoanh d¢ ctia diém A trén dudng ti€p tuyén ma tai d6 c6 tung do bing £ sé chinh
14 tham s6 T cAn tim (hinh 2.58b).

Hon niia, ciing tai thoi diém 7T ta con c6
h(T) = k(1-¢ ') = 0,632k

do d6 trong nhiéu trudng hop, dé tim T mét cach don gidn, ngudi ta da xac dinh diém
trén A (t) ma tai d6 c6 gia tri khoang bing 0,632 gia tri cuc dai % ctia né.

Khéau fich phén—qudn finh béc nhat

Khau tich phdn—qudn tinh bic nhdt c6 ham truyén

k kT ) k

Gis)=—— = Gl =- —j (2.67)
s(1+Ts) 1+(Tw)? ~ o1+T%0?)
Goi H(s) 1a anh Laplace cia ham qua d6 A (¢). Khi d6 sé c6
1 T T
Hp=-9=__F LT,
s s2(1+Ts) s s g, 1
T
Suy ra
-t
h(t) = k[t-T(1—-eT)]
b) L(@) A @)
TTTIM 7 (3 TTTTT T T T T TTTTI
| T IIIIL(@ RN e e RN R
[’ = H M= —i-—20dB — HHitti— + Tttt
T O 1 e 1 R A A 11 [ B R M AR
—t = H
(IR I AR 1] (RN AR 0
0] | ||||I|I" _L_ITmll_il—l Hiﬁi_ffﬁim 0
L 1) — - HHn —40dB
RN R, [ I TEHIT
t _JJLILL!U__!_;'T_H_'i' iL L N
(ER |.|||||”| | LI 1 TN _180°
L | II [ LI
we=T"" [/
©) —kT ImG
-kT 2
i | ReG
! a) _1 Hinh 2.59: Ham quéa dd, biéu d6 Bode
! o va d6 thj dc tinh tan bién—pha clia
' khau tich phan—quan tinh bac nhat.
|
1| @=0
1
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Hinh 2.59 biéu dién d6 thi ham qua dd A (¢), dac tinh tdn Bode L(w), ¢(w) va dic
tinh tan bién—-pha G(j @) cta né. Bay gid ta xét bai toan ngudc 1a xac dinh tham s6 &, T
ctia ham truyén (2.67) tit d6 thi A (¢) thu duge bang thuc nghiém cht déng. Trude hét, do

=t
limeT =0
t—oo
nén do thi dudng A () sé tién t6i dudng tiém can
hio(t) = k(-T)
Pudng tiém can nay cit truc hoanh tai diém ¢=T ciing nhu c6 géc nghiéng ¢ théa méan
tang = k.
B&i vay, dé xac dinh tham s6 %, T cho ham truyén G(s) tit 6 thi dudng A(¢) ta c6 thé
lam nhu sau:
—  Ké duong tiém can h,(¢) v6i h(t) tait=co.
- Xac dinh T la giao diém cta h,.(¢) véi truc hoanh.
—  Xac dinh géc nghiéng ¢ ctia h,.(¢)) v6i truc hoanh réi tinh k=tang.

Dudng dic tinh tan bién—pha cta khau tich phdn—qudn tinh bdc nhdt c6 dang nhu
4 hinh 2.59c¢ véi duong tiém can khi w—0 1a

ReG(jw) — —kT

Khéu tich phén—quén tinh béc n

Khau tich phdn—qudn tinh bdc n c6 ham truyén

k

G(s)=—— 2.68
©) s(1+Ts)" ( )
Goi H(s) 1a anh Laplace ctia ham qua d6 2 (¢). Khi d6 sé c6
G k 1 nT +1-i)T?
H(s) =99 = - =kl -2 T SRy
s g*(1+Ts) s i1 (1+Ts)
Suy ra

-t
h(e) = k[ t-nT+ 3 R ImDeT
i T

Hinh 2.60 biéu dién dang d6 thi cia dudng qua dd A (f) cta khau tich phan—quan
tinh bac n. Bay gid ta xét bai toan ngudc 1a x4c dinh tham s6 £,T va n (néu chua biét
béac n) cta ham truyén (2.68) tit 6 thi A (¢) thu dudc bang thuc nghiém chta dong. Trude
hét ta thay, do cé:

-t

lim#eT =0 véii=0,1, ..., n
t—oo
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nén A(t) c6 duong tiém can (ing véi t — o)
hio(t) = k(t-nT)
Dudng tiém cin nay cét truc hoanh tai T,,=nT va c6 géc nghiéng ¢ thoéa man

tang = k.

A (t)

A

'/l\(p: !

T,.=nT

Hinh 2.60: Ham qua d6 cla tich phan—-quan
tinh bac n. hopp-=-----

Do dé néu bac n ciia mé hinh ham truyén (2.68) 1a da biét thi hai tham s6 2 va T
con lai ctia né sé dude xac dinh tit dudng do thi 4 (¢) qua cac bude sau
—  Dung dudng tiém can h,.(¢) v6i h(t) tait—oo
- Xac dinh géc nghiéng ¢ cua h,(¢) va tinh k= tang

S e ) o 5 s e T,
—  Xac dinh giao diém T, cta h,.(¢) v6i truc hoanh va tinh T= %,
n

Trudng hop n khong biét trude thi ta ciing ¢6 thé xac dinh duge bac n cla (2.68) tit
d6 thi ham qua do A(¢), ma cu thé 1a tit giao diém T, va gia tri hp=h(T,.) cla né tai
diém d6 nhu sau (hinh 2.60):

n il
hp = h(T,) = kTe’”Z(”ﬂ—l)”
o @-D!

Sau d6 lap ty s6

hp _ hp _ e 2 (n+1-in
= - M A 2L (2 2.69
P r, Wl A Gonr ™ (2.69)
f(n)
Ham f(n) cho trong (2.69) dugc st dung d8 tinh ngugc n=f_1((p) bac mo6 hinh (2.68)
hy

tl ty s6 @= . Thong thudng ngudi ta hay biéu dién ham ¢=f(n) dudi dang bang tra

tc

dé cong viéc tinh nguge n tit @ dude thuén tién, vi du nhu bang sau

Bang 2.1: Bang gia tri ham ngudc dé xac dinh bac clia mé hinh

n 1 2 3 4 5 6 7 8 9 10
¢ | 0,3679|0,2707 | 0,224 | 0,1954 | 0,1755 | 0,1606 | 0,149 | 0,1396 | 0,1318 | 0,1144
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Khéu qudn tinh bdc hai

Khau qudn tinh bdc hai c6 ham truyén

k

GB) =
1 +Tys)(1+Tys)

T,>T, (2.70)

Sau day ta s& xét bai toan x4c dinh tham s8 k,T, Ty clia ham truyén (2.70) ti do
thi A(¢) thu duge bang thuc nghiém cht déng (hinh 2.61b).

a) b)
h(?) Buong ti€p tuyén A, (t)
=0 R e Ir -------------
ReG

k(TT, . !
—_— Diém uén '
T1 + T2 \ |
1
A4 U !
| |

% : t
> 0 N ! 1
Hinh 2.61: Ham d&c tinh tan bién—pha va ham R A '
qua d6 clia khau dao ddng bac hai. ?k—bf

Dudng b6 thi A (t) ¢6 diém udn U véi toa d6 A(T,),T, (hinh 2.61b). Nhu vay, trong
khoang thdi gian 0<¢<T, né sé& c6 tdc d6 tang dan (gia téc duong) va sau d6 1a giam
dan van toc vé 0 khi ¢ > (gia téc Am). N6i cach khac A (¢) ¢6 van toc cuc dai v* tai diém
uén U

v¥ =max are)
¢ dt
Ké dudng tiép tuyén h,,(t) cta h(t) tai diém uén U thi phuong trinh clia dudng tiép

tuyén d6 sé la

hy(t) = (t-a)tang
trong d6 a duge dinh nghia 13 hoanh d¢ giao diém cta dudng tiép tuyén cta h,,(¢) véi
truc hoanh. Goi b 1 khoang thoi gian dé dudng tiép tuyén d6 di dugce tix 0 téi & ta c6

T _ AT

2.71
tang oy ( )

v¥= tan(p=% va a=T,

va néu H(s) 1a anh Laplace cia ham qua dd A (¢) thi

t t
‘O _q, D
H@):# o h(t):k[l_u]
s(1+Tys)(1+Tys) Ti-T,
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Suy ra

n_, T 2 I Ty
dh(t) e e va d h;t) _ [ e L ] 2.72)
dt T, -Ty dt T(Ty-T) Ty(T1-Ty)
L e dPR@) L
Boi vay dé c6 T, ta xac dinh thoi diém ma o2 bi triét tiéu, sé di dén
t
B :ﬂln& (2.73)
-1 Ty
Thay (2.73) vao (2.72) dugc
Ty T, T
U* :M:i & TI_TZ N T1 — i & Tl_TZ:b & T1—T2
dt T]_ T]. l}* 7‘1 Tl
b Ty \To-T, —
hay T—lz[T—?] T = xx-l=f () (2.74)
trong do6
T2 S
x=— (O<x<1vi T{>Ty)
T
Tuong tu, ta cling c6
* _ * * 2
a _v*(kT, —bv )=x1—x xlnx+x 1—1=f2(x) 2.75)
b k2 x—1

Hai cong thiic (2.74) va (2.75) chinh 1a cong cu dé tim T'; , Ty tita va b. Cu thé la:

—  Tim x théa man 0<x<1 tu % béng cach giai ngudc (2.75), ttc lax = f{l(%) .
— Tim T tix theo (2.74), tdcla T, = b
fi(x)

—  Tim Ty theo Ty = xT,

Nhung phai chd § ring cac bude xac dinh T, Ty tif a@ va b trén day khong phai lic nio
ciing ap dung dude. Tai sao lai nhu vay?. Cau tra 16i ndm & ngay diéu kién 1a gia tri x
tim dudc 6 bude dau tién phai théa mén 0<x<1. Néu nhu ring gié tri x tim duge & bude
dAu tién ndm ngoai khoang (0,1) thi ta c6 thé ditng ngay cong viéc tinh toan va dua ra
két luan ring d6i tugng khong thé mé ta béi mé hinh quan tinh bac hai (2.70).

Hon ntta, ham f,(x) dinh nghia theo (2.75) 12 ham déng bién trong khoang 0<x<1
véi gia tri giéi han
X 2
lim fy(x) = lim| x 1% S8 FET =L 006 103648
x—1 x—1 x—1

108



nén ta c6 thé kiém tra diéu kién thuc hién thuat toan ma khong can giai nguge phuong

trinh (2.75) bing cach kiém tra xem ty s& % c6 théa man

0< % <0,103648 (2.76)

hay khéng.
Téng két lai tat ca cac két qua néu trén, ta c6 dude thuat toan xac dinh cac tham s&
k, T1, Ty cha m6 hinh (2.70) tit dudng thuc nghiém A (¢) nhu sau
—  Tim hing s6k theo & = h(c)
-~ Ké dudng tiép tuyén h,,(¢) v6i h(t) tai diém udn. Sau d6 xac dinh hai tham s6 a 1a
hoanh d6 giao diém cta duong tiép tuyén h,,(¢) véi truc thoi gian va b 1a khoang
thoi gian dé dudng tiép tuyén dé di dudge tit 0 t6i k.
—- Laptyso %. N&u t¥ s6 nay khong thoa man (2.76), tic 1a %z 0,103648, thi diing

thuét toan v6i két luan rang hé khéng moé ta duge bang mé hinh (2.70).

—  Tim x théa man 0<x<1 tu % bing cach giadi ngudc (2.75), ttc lax = fil(%] .
—  Tim T, tu x theo (2.74), ttc1a T, = b
f1(x)

— Tinh Ty =xT,
a

D& tién cho viéc tinh nguge ham x= fy 1(3) ngudi ta thuong lap bang tra, vi du:

Bang 2.2: Bang gia tri ham ngudc dé xac dinh tham s& mé hinh

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1

8 o

0,012 | 0,0275 | 0,0467 | 0,707 |0,1008 | 0,1393 | 0,1904 | 0,2622 | 0,3740 | 0,6113

Khéu qudn finh bdc cao

Muc trén chi rang cac hé thong c6 dudng thuc nghiém A(¢), tuy ciing ¢6 dang hinh
chii S nhu mé ta ¢ hinh 2.61b), nhung khéng théa man diéu kién (2.76), thi ciing sé
khéng mé ta dudc bdi ham truyén dang dao ddng bac hai (2.70). Trong nhiing trudng hop
nhu vay, ta phai nghi ngay t6i dang ham truyén ctia khau quan tinh bac cao nhu sau

k

_ @.77)
1 +Ts)"

G(s)
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h(T,)

Hinh 2.62: D6 thi ham qua d6 cla
khau quan tinh bac cao

T4 ham truyén (2.77) ta c6 dudc

t 13
L [7j
Wty =k[1-e TS AT)] 2.78)
i=0

i!

Suy ra

_t t) t)
dh(t) _ he T [t'g(r'] ¥ )

2.79
dt T " 5 i i=0(i—1)!] (2.79)

va
t t i. t i42 9 (t ! 9
L LVirvan-| L] i2r2 o[ L]
d®h(t) _ke T n_l[Tj . : (TJ ' T (2.80)
a2 1272 'EO i :
2
Dat D — ) va gii ra dé tim T, ta o6
dt?
T, = (n-1)T (2.81)

Thay (2.81) vao (2.79) va vao (2.78) dudgc
_dh(T,) _, el M (n-1)"2

’ dt T(n-2)! (2.82)
wry =[5 O (2.89)
=0 .
Thay tiép (2.82) vao (2.71):
- =2 g (2.84)
(n_l)n—2
va cac phuong trinh (2.81), (2.82), (2.83) vao (2.71) ta di dén
o o Ta=2 1, -1y
T [e 2 ]
s _ o1 (=)' -1y
Vay o o=e [(n—l) APy ]-1=f:0) (2.85)
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Cong thitic (2.85) chinh 1a céng thiic xac dinh tham s6 n cho mé hinh (2.77) bang
cach giai nguge ham

n = phén nguyén gin nhat cha f3' (%] . (2.86)
va sau khi da cé n ti (2.86) ta cling sé ¢6 not tham s& T con lai nho (2.84)
_1\n—2
7 = bn-1) (2.87)
e H(n-2)!

Do ne N nén cong thic tinh ham nguge (2.86) c6 thé dude thay thé bing bang tra
cho don gian, ttc 1a sau khi da c6 ty s6 % ta chi cAn tra bang dé c6 n ma khong cin giai
ngudc phuong trinh (2.86). Mot bang tra nhu vay 1a bang 2.3 cho duéi day.

Bang 2.3: Bang tra gia tri ham nguoc

2 3 4 5 6 7 8 9 10 11

[SEESTS

0,1036 | 0,218 | 0,3194 | 0,4103 | 0,4933 | 0,57 |0,6417|0,7092 | 0,7732 | 0,8341

Téng két lai ta c6 thuét todn sau phuc vu bai toan x4c dinh cac tham s6 &, T va n
ctia mo hinh (2.77) tit d6 thi thuc nghiém A (¢) véi cae budc nhu sau

—  Tim hing s6 % theo k=h .= lim A(¢)
t—oo
- K& dudng tiép tuyén h,,(t) v6i h(t) tai diém ubn. Sau d6 xac dinh hai tham s6 a 1a
hoanh dé giao diém ctia dudng tiép tuyén h,,(¢) véi truc thoi gian va b 1a khoang
thoi gian dé€ dudng tiép tuyén dé di tit 0 t6i A«
—  Lapty s6 %. Néu %< 0,103648, thi ding thuat toan véi két luan ring déi tugng
phai duge mé ta bing mo hinh quan tinh bac hai (2.70)

— Tim n bang cach tra bang 2.3 ho#c giai nguge ham (2.86)
—  Tim Tttt n va b theo (2.87)

Khéu (bl) Lead/Lag
Khau bu Lead/Lag 14 khau déng hoc co ban véi ham truyén

1+T;s

G(s)=k
(®) 1+T,s

(2.88)

trong do6
- Néucé T,<T,, thiné dudc goi la khau Lag (cit bét)

- Ngudgc lai, néu c6 T,>T,, thi né dugec goi la khau Lead (din qua)
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Ly do cho cach goi tén nhu vay dude 1y gidi bang hinh 2.63 mé ta biéu d Bode cua
ching. Ch&ng han tu hinh 2.63a) véi T,<T,, ta thdy mo hinh (2.88) khoéng uwu tién
nhiing thanh phan tin hiéu c6 tin s6 cao khi di qua né, chinh vi viy ma né cé tén 1a mo
hinh Lag. Ciing nhu vay, khi ¢6 T,>T,, thi do (2.88) uu tién cac tin hiéu c6 tdn s cao
nén né dugce goi la Lead (hinh 2.63b).

@ , Lo T,<T,, P Lo T,>T
T T 1
| |

BRI
R

1 T
|

R i
i

LI 1 T
LHHE— - LU
Gl ||

T.*l 7! @ 7! -1 @

m

A

Hinh 2.63: D6 thi bién d6 Bode clia khau Lead/Lag.

Sau day ta s& xét bai toan xac dinh cac tham s6 k&, T, va T,, clia m6 hinh (2.88) tu
dd thi A (#) thu duge nhd phuong phap thuc nghiém cht déng. Khong mé4t tinh téng quat
néu ta chi chon 6 day bai toan xac dinh &, T, va T,, cho khau Lag (T,<T,,).

Trude hét ta thay ngay rang tham s6 k£ xac dinh dudc tit

k= limA(t)=1im G(s)= 1imk1+—Tts = he (2.89)
t—>c0 s—0 s=0 1+T,s

ttc 1a bang hoanh do cta tiém cin A. cta A(¢) khi t—e. Nhu vay con lai hai tham s6

T, vaT,, 1a cAn xAc dinh.

Hinh 2.64: Xac dinh tham s& mé hinh Lead/Lag tir @6 thi ham quéa dé.

Di tit &nh Laplace ctia A (¢) 13 H(s) vé6i

k(1 +T,s)

H(s) __G(S) TSA+T.5)
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ta co

h(0) = lim sH(s) = lim G(s) = L (2.90)
§—oo s—0 Tm

K& tiép duong tiép tuyén h,,(¢) véi h(t) tai diém £=0 va goi tane 1a hé s8 goéc cha
duong ti€p tuyén d6 thi (hinh 2.64a)

_RT,
tanp= 40 _ lim s[sH(s)-A(0)] = TT'" = th_h(O)
m m

Bdi vay T, chinh 13 hoanh d6 cta giao diém gitia dudng tiép tuyén h,,(¢) véi dudng tiém
can h... Tu T, ta cling ¢6 luén T, nho (2.90) nhu sau
_ hO)T,
k
Ta di dén thuat toan thi nhat xac dinh tham s6 cho mé hinh Lag:

T, (2.91)
— K& dudng tiém can ., v6i k(t) tait=co rdi xac dinh % theo (2.89).
— K& duong tiép tuyén h,,(t) véi h(t) tai diém ¢=0, sau d6 x4c dinh T, 1a hoanh do
cua giao diém giita dudng tip tuyén h,,(¢) véi dudng tiém can h...
— Xac dinh T, theo (2.91).

Thuét toin trén vuéng lai van dé 1a diém A (0) noi bit dau diat dudng tiép tuyén
h;(t) ndm kha xa dudng tiém can A ... Diéu nay din t6i nguy co két qua sé bi sai s6 kha
16n khi ma chi cAn c6 mdt sai léch nhd trong viée dung dudng tiép tuyén.

D& tranh nguy co nay ngudi ta sé khéng dung duong tiép tuyén k,,(¢) taik(0) niia
ma thay vao d6 1a tai mot diém khac ndm tucng déi gn hon so véi dudng tiém can A ..,

ching han diém A c6 toa d6 [Z] nhu mé ta & hinh 2.64b).

Duodng tiép tuyén h,,(¢) véi h(¢) tai A nay sé c6 phuong trinh
h,(t) = tangp(t—a)+b (2.92)

Dé x4c dinh hé s§ goc tang tai A ta di tit
t

T.-T, 7
h(t) =k(1--—te T
(&) =k( T em)
va duge
a
tang = dh(a) =k Tn =Ty e Tm (2.93)
dt T?

Goi B 1a giao diém cta tiép tuyén h,,(t) véi dudng tiém can k. va T.. 1a hoanh d6
cua B thi
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hy(Tw) = tanp(Tw—a)+b = ho. = k
nén cung véi (2.92), (2.93) duge

— 2 — -z
To —a= h.,—h(a) _ kT, [ T, -T, e Tn ] -7,
tan @ a T

m

KT, ~T))e ™
hay T, chinh 1a khoang thdi gian cin thiét dé h,,(¢) di dugc tit diém A t6i diém B.
Ta di dén thuat toan tha hai dé xac dinh tham 8 cho m6 hinh Lag gom:
—  Ké dudng tiém can h., v6i k() tai t=co rdi xac dinh & theo (2.89).
- L&y mot diém A bat ky trén A (¢) va ké dudng tiép tuyén h,,(t) v6i h(Z) tai A, sau
d6 xac dinh B la giao diém gitta dudng tiép tuyén A, (t) vdi dudng tiém can A ...
- Chiéu doan AB lén truc thoi gian (truc hoanh) dé c¢6 T,,.

— Xacdinh T, tu T,, va k theo (2.91).

Khéu dao dong béc hai

Khau dao déng bdc hai 1a khau c6 ham truyén:
G(s) = CAN— k _, 0<D<1 (2.94)
1+2DTs+T"s (Ts+D)*+1-D

T4 ham truyén nay ta duge (xem thém vi du 2.4):
Dt

T Y
ity = k[ 1-———sin| 1227 orcos D[] (2.95)
V1-D2 T
cling nhu
ho =limh()=1limG(s)= k. (2.96)
t—eo s—0

Hinh 2.65 biéu dién dang dudng d6 thi ham qua d6 A (¢) cta khau dao dong bac hai.
Con db thi Bode ctia n6 c6 dang cho & hinh 2.9 ctia vi du 2.4 da xét trude day.

h(t)

hmax 177 1 . N a
, Ah D6 qud diéu chinh
1
1

k=ho |43 N N -

dao dong béac hai tu ham qua dé.

]

|

Hinh 2.65: X4c dinh tham s6 mé hinh :
1

|

Ty, T, Ty Ty
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Bay gio ta thuc hién bai toan ngudc la xac dinh cac tham s6 2,7 va D cua ham
truyén (2.94) tit do thi A(¢) ctia né da c6 nhd thuc nghiém cha dong. Truée hét, tit cong
thic (2.95) cia ham qua do6 A(¢) thi

Dt
dht) _, e T . \1-D?*¢
=k sin
¢ p1-p? T
- .. dh(t) _ P . S N
Bai vay, véi 5 =0 ta dudc cac diém cyc tri T'; (ké ca tai diém ¢=0) la
7, =T i=0,1, ... (2.97)

Vi-p?’

) D -
. hmax:h(n):k{l_s1n(ﬂ+arcos )exp[ 7D H

V1-D?

—k|1+exp| —F2_ (2.98)
J1-D?
Tyt (2.98) cho (2.96) ta sé c6 dd qua diéu chinh A2 (hinh 2.65):
Ah =hy —he = kexp| 2 (2.99)
J1-D?
Néu chia (2.99) cho (2.96) theo tiing vé thi
A =exp) - o D= (2.100)
k 1-D2

va d6 chinh 1 céng thiic cho phép x4c dinh tham s6 D tit duong thuc nghiém A (¢). Tham
s6 T con lai s& dugc xac dinh ti D véi sy trg gitp cta T4 theo (2.97) nhu sau:
T _ TN1-D?

s T=—"1"—

V1-D? z

Ba cong thtc (2.96), (2.100) va (2.101) dat co sé cho viéc x4c dinh cac tham s6 &, D,
T ctia m6 hinh (2.94) ti dudng thiyc nghiém A(2).

T, = (2.101)

Khéu chém tré (khéu tré)
Khau tré 14 mot hé dong hoc cd ban cé quan hé giiia tin hiéu vao u(¢) varay(t) la
y(@) = u(t-17) (2.102)
trong d6 7 dude goi 14 thoi gian tré. Trén co s6 méi quan hé d6 ta c6 thé kiém tra ngay

duge rang khau tré 12 mot khau tuyén tinh. Ciing tit quan hé (2.102), khau tré c6 dap
{ing giong nhu kich thich nhung dugc giit cham lai sau mot khoang thoi gian tré 7.
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Khau tré c6 ham truyén
G(s) =e*" (2.103)
va ham déc tinh tan (hinh 2.66b)

G(w) = e = cos(wr) - j-sin(w)

a) b)
u(t) () ImG
t z t ReG
> ~ >
Kthqu : 1
u(t) | chamté | y@)=u(t-1)
a

Hinh 2.66: Khau tré hay con goi la khau cham tré va dudng déc tinh tan bién—pha cta né.

Ham truyén (2.103) méc dit 14 chuén x4c, song khong duge thong dung chi vi nhiing
cong cu phan tich, khao sat hé SISO tuyén tinh lai thudng tap trung cho ham truyén
thuc—hitu ty. Bsi vy ngudi ta hay thay (2.103) bing mét ham thuc—hiiu ty xap xi khac.
Y tudng cho su thay thé nay 1a cong thic quen biét trong gidi tich ¢d dién:

o 1 = (—s7)F

e = = z
lim (1 +s’]k =0 B
k

(2.104)

k—oo
1) Xuat phat tit su x4p xi thit nhit ta thay khau giit tré bing n khau quan tinh bac
nhat noi tiép
_ 1
(1+Ts)"
2) Tu su x4p xi tht hai ta c6 cong thiic thay thé& khau giii tré 1a ham truyén thuc-hiiu
cobactisdlamvamiusslan:

G(s)=e™ trong d6 T = = (2.105)
n

Gls) = o™ = 108 * 0 +bys (2.106)

l+a;s+ -+ +a,s”

sao cho néu phan tich (2.106) thanh chudi Taylor tai diém s=0 thi m+n phin tu
diu tién ctia né trung véi m+n phan ti ddu tién cta chudi trong (2.104). Hinh
thic xap xi nay c6 tén goi 1a cong thiic xdp xi Padé.

Vi du 2.40: Minh hoa c6ng thiic x&p xi khau quan tinh bac cao cho khau tré

Cong thic x4p xi ham truyén cla khau tré G(s)=e ** bang khau quan tinh bac 5 1a
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1

G(s)=e T = —
+5)
5
va khau bing khau quan tinh bac 9 1a
IOy p—— N
ST
1+—
[+5)

Vi du 2.41: Minh hoa cac céng thic x&p xi clia Padé

S

Cong thic x4p xi ham truyén cla khau gitt trd G(s)=e *’ theo Padé véi m=n=2 la

l—lsr+i(sr)2
Gs)=e~—2 12 0

1+lsr+i(31)2
2 12

2.2.9 Ma tran ham truyén cho hé MIMO

D& mb ta he MIMO (hinh 2.15) véi vector u(¢) gdm r tin hiéu vao va vector y(z) gdbm
p tin hiéu ra thi thay vi ham truyén nhu da xét tit trude cho téi nay, ngudi ta st dung
ma tran ham truyén kiéu pxr (p hang, r cot) nhu sau:

Gi1(s) Gig(s) - Gi(s)

Y(©)=GEUs) v 6= 1 F® G

Gpl(s) sz(s) Gpr(s)

trong d6 U(s) = Lwy(®), 1, ®)"} va Y(s)=L{(5,(0), - ,y,(®) }. Nhut vay ting
phéin t G(s) cia G(s) s& chinh 13 ham truyén gifia tin hiéu vao u,(¢) va tin hiéu ra
y,;(t). Cac ham goc g;(¢) = El{Gik(s)} 14 ham trong lugng cla uy(t) = v,(¢).

Khi xac dinh ma tran ham truyén tucng duong cho hé 16n gom nhiéu hé con hgp

thanh, ta luén phai dé ¥ t6i tinh hgp 1& ctia kidu (s6 hang va cot) ctia cAc ma tran hé con
tham gia trong phép tinh. Vi du:

1) Ma tran ham truyén tuong duong G ctia hé gom hai hé G, G5 con méc song song
(hinh 2.24) 1a: G=G1=G+. Hai hé con nay phai c6 s6 tin hiéu vao bang nhau va s6
tin hiéu ra ciing bang nhau.

2) Véi hai hé G, G5 con méc néi tiép (hinh 2.25) thi ma tran ham truyén tuong duong
la: G=GG4. S8 tin hiéu ra ctia khau tht nhat G, phai bang s6 tin hiéu vao caa

khau tht hai G.
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3) Hé hoi tiép (hinh 2.26) c6 ma tran ham truyén tuong duong la: G = (I G,Gy) G, ,
v6i I 1a ma tran don vi. S8 tin hiéu ra ctia khau trong nhanh truyén thing G, phai
bing sd tin hiéu vao cta khau ¢ nhanh hdi tiép G, va s6 dau ra clia G, phai bing s6

d4u vao ctia G;.

2.3 Phan tich hé thdng
2.3.1 Nhimng nhiém vu co ban cla céng viéc phan tich

Khi dd c6 mot moé hinh toan hoc mé ta hé thong thi bude tiép theo ctia bai toan diéu
khién 14 tit mé hinh nay phai phan tich, phai rit ra dude mot s6 két luan co ban vé tinh
chét, vé chat lugng dong hoc ctia hé théng can thiét cho viéc tdng hgp, thiét ké bo diéu
khién hay lap chuong trinh diéu khién sau nay. DAy cling 14 mét nguyén 1y mang tinh
triét hoc ctia mén hoc diéu khién tu dong, ttc 14 trude tién ngudi ta phdi bdt ddu véi
nhitng hiéu biét so luge vé hé thong dé c6 mé hinh todn hoc, réi tie moé hinh todn hoc dé
phdi phén tich dé c6 dude nhitng diéu con chua biét vé hé théng (giong nhu tit thuc tién
phai dic két thanh 1y luan va sau d6 lai phai van dung 1y luan nguge trd lai vao thuc
tién).

Do khé c¢6 thé phan tich dé dugde tat ci nhiing diéu con chua biét vé& hé théng, nén
cong viéc phan tich sé& dugc goi 1a tam hoan thanh néu nhu ta da c6 thém duge mot vai
diéu b ich chua biét v& hé théng ma nhiing difu dé 1a du dé ta bt ddu dudc cong vide
téng hop, thiét k& bo diéu khién. Nhung nhiing diéu gi sé dugc goi 1a can thiét va tam du
cho céng viéc tdng hop. Trude hét d6 la:

1) Hiéu biét vé tinh 6n dinh cia hé théng. Mot hé théng dude goi 1a 6n dink néu khi
kich thich hé bang tin hiéu u (¢) bi chin ¢ dau vao, thi hé sé c6 dap tng y(¢) 6 dau
ra ciing bi chin. Khai niém 6n dinh nay thudng con duge goi 14 6n dinh BIBO (viét
tit cta Bound Inputs — Bound Outputs). Chl y ring ngoai khai niém 6n dinh BIBO
con c¢6 nhiéu dinh nghia khac nhau vé tinh én dinh ctia hé théng, vi du nhu én dinh
tiém can Lyapunov, 6n dinh tuyét d6i .... Tuy nhién, néu chi giéi han & hé tuyén
tinh thi cAc khéi niém 6n dinh trén 1a tudng duong nhau.

2) Hiéu biét vé sai léch tinh. Yéu cAu hé 6n dinh mdi chi x4c dinh duge 14 y(¢) sé tién
dén mét hing s6 khi ¢ tin hiéu vao u(t)=u, cling 1a hing 6. Song néu xem u, nhu
mot tin hiéu 1énh (tin hiéu dit trudec) mong mudn hé phai c6 6 dau ra y(¢) sau mot
thoi gian qua do T, cAn thiét thi viéc xét tinh 6n dinh cta hé 1a chua da ma con
phai danh gii xem sai léch

e(t) = u(t) -y

c6 tién vé 0 hay khong. Gia tri giéi han cta sai léch nay
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lime(t) = e
o0

dudc goi 1a sai léch tinh ctia hé théng.

3) Hiéu biét vé thoi gian qud dé va dé qud diéu chinh. Yéu ciu sai léch tinh e..=0 méi
chi gidi quyét vé tinh chdt tinh cta hé thong. Nhiing yéu cAu chi tiét hon cta hé thé
hién qua qua trinh y(¢) tién téi gia tri mong mudn u hay sai léch e(¢) ti€n vé 0 nhu
thé nao dugc goi 1a cac yéu ciu vé chdt luong déng hoc. Chiing c6 thé la:

a) Yéu cdu v€ quan tinh cin c6 cua hé théng, vé thoi gian T4 cla qua trinh qua
d6. Thoi gian qua do T4 cang nho, chét lugng dong hoc ctia hé cang tot.
b) Yéu cau vé dé qud diéu chinh, vé mién dao déng ctia diu ra y(¢) xung quanh
gia tri gi6i han
lim y (¢)=y -
t—300
ma hé théhg cAn phai dat dén duge. O day, do qua diéu chinh duge hidu 1a
|ymax(t)_y°°|
va gi4 tri ndy cang nho, chit lugng dong hoc cia hé cang cao.

4) Hiéu biét vé tinh bén ving. Hé phai lam viéc khong nhiing dat duge chét lugng tinh

va dong da dé ra ma con phai gift dudc chat lugng d6 cho du:
a) Co6 bat cii mdt su thay d6i nao khong lusng duge trude x4y ra bén trong hé
théng (md hinh, tham s6 thay déi ...). Piéu nay 1 cin thiét vi ta khong thé hy
vong ring sé c6 mot mé hinh mé ta déi tugng chinh xac 100%.
b) Cé su tac dong ctia nhiing tin hiéu nhiéu khéng mong mudn viao hé théng.
Trong chuong nay ta sé phan tich chit lugng hé théng SISO theo cac tiéu chudn
trén, ti md hinh toan hoc ctia né 14 ham truyén dang thuc—hiiu ty va hop thiic

_bytbs+ - +b,s" _ B(s)
ay+a;s+ - +a,s”  A(s)

G(s) (m<n) (2.107)

v6i B(s) 1a ky hiéu chi da thtic ti s8, A(s) 14 da thic mau sb.

Gia thiét ring hai da thtc B(s) va A(s) 14 nguyén t6 cing nhau (ching khong cé

mét nghiém chung nao). Khi d6 diém cue ctia hé théng, tic 1a nhitng gia tri s, théa man
G(sy) = oo
sé chinh 14 nghiém ctia A(s)=0.

Da thiic mau s6 A(s) con dudc goi 1a da thite ddc tinh ctia hé thong. Cac nghiém cta
B(s)=0 dudc goi 1a diém khong hitu han cia hé. Nhu sau nay chi 5, phan 16n cac chat
lugng néu trén cta hé thong SISO déu xac dinh dude tit vi tri cla cac diém cuc, ciing nhu
diém khéng ctia ham truyén G(s) trong mat phing phic.
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2.3.2 Xac dinh tinh 6n dinh tir da thirc dic tinh

M@i lién hé gila vi tri céc diém cuc va tinh 8n dinh cla hé théng

Truée hét ta xét hé SISO véi ham truyén dang thuc-hiiu ty (cac hé s6 1a nhiing s&
thuc) va hop thic (2.107). V6i khai niém 6n dinh BIBO vita dude dé cap thi ré rang Mot
hé théng c¢6 (vector) tin hiéu vao u(t) va ra y(¢) duge goi 1a 6n dinh BIBO néu nhu
|#(#) ||« <o (hitu han) thi ||y(¢)]|~ clingla s§ hitu han.

Truéec hét ta chiing minh dinh 1y sau.

Pinh Iy 2.12: C4c phét bidu sau 13 tuong duong:
a) Hé én dinh BIBO
b) Ham trong lugng g(¢) c¢6 chuén bac 1 hitu han: ||g(®)]|; <
¢) G(s) 1a ham bén (c6 tat ca cac diém cuc ndm bén trai truc 4o)
Chitng minh:
b)=a): Ky hiéu u(¢) 1a tin hiéu vao, y(¢) 1a tin hiéu ra. Khi d6 xu4t phat ti céng thiic
y(t) = [g@u-r)dr

—o0

v6i g(¢) la ham trong lugng, ta duge

y@®| =

[ g(u(t - T)df{ < [le@)|-jut-o|dr< [u@®) |- [ |g()|dr

vi cb
lu(®)] < suplu@®)| = |u@) |- v6i moi ¢.
t

Nhu vay, do g(¢) c6 chuén bac 1 hitu han, ttc la j |g(r)| dr 12 mot s6 hitu han véi moi ¢

—oco

nén véi moi u(¢) bi chin ta ciing c6 |y (¢)| bi chin, hay chuin |y(¢) [~ 1a mot s§ hitu
han. Vay hé 14 6n dinh BIBO

a)=Db): D& chiing minh ta sé chi ra mot trudng hop ring néu khéng cé a) thi ciing
khéng ¢6 b). Chon u(¢) sao cho

u(7) = U-sgn[g(t+7)]
trong d6 U 1a mot s& duong hitu han, sgn(-) 1a ky hiéu chi phép 14y dau

1 néu a>0
sgn(a) =

-1 néu a<0

Véi tin hidu nhu vay thiu(¢) c6 chudn ||u(¢) | .=U hitu han. Xét

y(t) = [g(@ut-7dr = U [g(r)sgnlg(Dldr=U [|g(x)dr

—o0 —oo
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ta thay néu j |g(2')| dr khéng bi chén thi tin hiéu ra y(¢) ciing khoéng bi chin va diéu dé
tréi v6i gid thiét 1a hé én dinh BIBO.
b)ec): Do g(t) c6 anh Laplace G(s) nén phai tén tai mot s6 a duong du 16n dé

[le®|e " dt <o
0
Hing s6 a chinh 12 ban kinh hoi tu ctia tich phan Laplace
G(s)= jg(t)e’“dt véi  s=8jw va 5>a
0

Diéu nay chi rdng trong niia mit phing phtic ndm bén phai dudng thdng o=a, ham
G(s) c6 tinh giai tich (khong c6 diém cuc).
Néu

le@ |1 = [lg@®)|dt < e
0

thi ta ¢6 thé chon a=0 va khi d6 G(s) sé gidi tich trong toan bo nita kin mit phing phic
bén phai truc 4o (ké ca truc 40). Suy ra cac diém cuc ciia G(s) phai ndm bén trai truc ao.
Ngude lai, néu tit ca cac diém cuc ctia G(s) nim bén trai truc 4o thi anh Fourier

G(w) séla G(8)|s:ja) (muc 2.1.4). Néi cach khac tin hidu g(¢) c6 anh Fourier va do d6 né
phai co [g(t) |1 <. a

Dinh Iy 2.12 cho thdy dé nhan biét dudc hé ¢6 ham truyén (2.107) véi hai da thic ti
s6 B(s) va mAu s6 A(s) nguyén t6 cung nhau, c6 6n dinh hay khéng, ta chi cin kiém tra
xem tat ca cic nghiém ctia da thic dic tinh

A(s) = agta s+ays’+ - +a,s" (2.108)
véia; , i=0,1, ... ,n 1a nhiing s6 thuc, c6 ndm bén trai truc ao hay khéng.

Pinh nghia 2.2: Da thiic A(s) cho trong (2.108) dudc goi 1 da thitc Hurwitz néu tat ca
c4c nghiém ctia n6 déu ndm bén trai truc ao (c6 phan thuc 4m va khéc 0) .

Vé da thtic Hurwitz A(s) ta c6 mot s6 phat biu co ban sau:

Pinh ly 2.13 (biéu kién can va dd): Cho da thtic A(s) véi cAu tric (2.108). Khi do, dé A(s) 1a
Hurwitz thi cdn va da 1a da thic déi ngdu véi né
Agn(s) = ags"+a 8" tays" 2+ e +a, (2.109)
cing la da thitc Hurwitz.

Chitng minh:
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Vi ¢6
1 n N n 1
A(;) =5 Ag,(s) va A(s) =s Adn(;)
ciing nhu s8 phtic s, cé phan thuc Am khi va chi khi N ¢6 phan thyc 4m, nén hién
Sk
nhién ta cé diéu phai chting minh. a
Pinh ly 2.14 (biéu kién can): Né&u da thtc A(s) cho trong (2.108) 1a Hurwitz thi tat ca cac
hé s6 agy, a1, --- , @, clia nd phai cing dau va khac 0. Néu A(s) 1a da thtic c6 bac
khong 16n hon hai (n<2) thi diéu kién can trén ciing la diéu kién du.
Chitng minh:
Xét da thiic Hurwitz A (s) cho trong (2.108) ¢6 a;, i=0,1, ... ,n la nhiing s6 thuc.
Do A(s) 1a Hurwitz nén tt ca nghiém clia ching phai c6 phin thuc 4m va ciing vi a; 1a
s6 thuc nén néu A(s) c6 mot nghiém phtic —o,+j@, véi 0,>0 thi nd ciing phai cé
nghiém lién hgp véi n6 —03,—j @, . N6i cach khéc da thic Hurrwitz A(s) phai ¢6 dang
1
—A(s) =[[s+6)) [(s+03)* + o} ] (2.110)
a, .k
trong d6 8;, 0, 1a nhiing s6 thuc duong. Viét lai (2.110) duéi dang da thiic rdoi so sanh

J
v6i (2.108) ta c6 diéu phai ching minh. a

Tiéu chudn dai s6 thit nhéit: Tiéu chudn Routh

Bai toan x4c dinh su phan bé nghiém cta A(s) trong mit phdng phtic ma khong
phai gidi phuong trinh A (s)=0 dugdc néu lén 1an diu tién bdi Maxwell. T d6 day 1én mot
trao luu di tim 101 giai cho bai toan véi hang loat cac két qua cé tinh ké& thita 1an nhau
xuét hién vao nia cudi thé ky 19 va két thic & diém dinh bing hai dinh 1y cia Routh va
Hurwitz cho trudng hop nghiém duge phan b6 vé ntia trai mit phing phtc cla bai toan
Maxwell. Day 1a hai dinh 1y dugc xiy dung trén nén ctia hang loat nhiing két luan di
trude, trong d6 cht yéu 1a cac dinh 1y cia Hermite—Biehler va ctia Schur phat biéu nhu

sau:
Pinh ly 2.15 (Hermite-Biehler): Néu mdt ham phiic f(s) viét duge duéi dang
f(s) = A(s)+jB(s) (2.111)
trong d6 A(s), B(s) 1a da thiic ¢6 hé s6 thuc, thi hai phat biéu sau 1a tuong duong:
a) T4t ca cc nghiém cta f(s)=0 nim cung phia véi truc thuc (cé cic phan 2o cung
dau va khac 0).
b) Ca hai da thiic A(s), B(s) déu c6 nghiém don. Toan bd cic nghiém cta ca hai
da thtic A(s), B(s) 1a nhiing s6 thuc va khac nhau tiing d6i mot.
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Dinh ly 2.16 (Schur): CAn va du dé da thiic bac n
A, (s) = agta s+ays’+ - +a,s" (2.112)
trong d6a;e R, 1=0,1, ... , n, la da thic Hurwitz la
a) ag vaa; cing ddu va khac 0
b) da thicbacn-1
A,1(5) = ay+(a2a,-agag)s+ags +(a,a,-agas)s +azs '+ -
cing la da thic Hurwitz.
C6 thé thay dinh ly 2.16 c¢6 méi lién quan véi dinh 1y 2.15. Ching han nhu khi dinh
nghia hai da thic cé cing hé s6 nhu ctia (2.112) nhung véi chi s6 chan va 1é riéng biét:
Ci(s) = a0+a25+a452+
Li(s) = a;tass +a552+
thi da thtc A(s) cho trong (2.112) sé trd thanh
A () = Cr(sH+sL(s™)
Xét ham phic
fs) = Ay(is) = C1(=s)4jsL(~s")
ta thdy cAn va da dé A(s) 1a da thic Hurwitz 12 toan bd nghiém cta f(s) phai ndm dudi
truc thuc. Theo dinh 1y 2.16, khi d6 cac nghiém ctia C1(=s?), sL,(-s?) phai 1a nhiing s&
thuc khac nhau tiing d6i mét. Diéu nay cling ding véi cac nghiém ctia C(s), L(s). Goi
-7, 12 nghiém cta C(s) va —7;, 1a nghiém ctia L(s). Khéng mat tinh tong quat ta cé
thé gia thiét
O<n<m<p<mn<-. (2.113)

Vay thi do
G 1 .1

= 4+ — 4+ ...
a N V2
as _ 1 4 1 4
a1 Up)
ta sé c6 tu (2.113)
a
G .85 o asa; — agasg> 0.
ao ay

Tiép tuc lai xét nhitng da thic bac th&p hon thi ta sé chi ra duge ring cac hé s6
a, (aza,-agas) , as, (@sa1-apas) , as,

déu duong va khac 0.
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Cai tién hai dinh 1y 2.15 va 2.16, Routh da thuc hién phép chia C(-s?) cho L;(-s%)
8 c6 Cy(—s?) rbi lai chia tiép L,(—s?) cho Cy(-s?) dé c6 Ly(-s?), .... Ct nhu vy cudi
cung thu duge day da thic (con goi la day Sturm)

Ci(=s%), L(=s"), Cy(=s%), Ly(=s"), Cy(=s"), Ly(=s7), -
¢6 bac giam dan cho t6i 1, trong d6 dé da thiic bac 1 14 Hurwitz thi cac hé s6 clia né cing
dau va khac 0 1a da (dinh 1y 2.14).

Cong thtic tinh hé s6 cac da thtc Ck(—SZ), Lk(—SZ) da duge Routh bidu didn dusi
dang bang (con goi 14 bdng Routh) va nguyén tic xét tinh Hurwitz ctia da thic dic tinh
(2.108) dua vao dinh 1y 2.16 nhd bang dé ciing da dudc Routh trinh bay lai thanh cac
buéc tinh rat tién cho viée st dung. Ta sé& goi "thuat toan" gbm cac budc tinh d6 cta
Routh 14 tiéu chudn Routh. Tiéu chuin Routh duge phét biéu nhu sau:

1) Lap bang Routh gébm n+1 hang tit cac hé s6 a;e R, i=0,1, ... , n, cia A(s):
Qo Qs ay
a as as
— 4189 — Q043 — 11y — Qa5 — 4G — Qpay
=G0t | g GG | g o G0
a a a
_nhas-ap _Nhas-ah
Vo= fo=————
N n

2) Da thiic A(s) 1a mot da thiic Hurwitz khi va chi khi cac hé s6 ag, aq, 7, % ... trong
cot dau ctia bang Routh cung d4u va khac 0.

3) S6'lan ddi d&u trong cot ddu bang s6 cac nghiém cta A(s) ndm bén ntia hd bén phai
mat phing phic (c6 phan thuc duong).

Thoat méi nhin, bang Routh c¢6 vé nhu phiic tap va khé nhé. Song néu dé y ta sé
thay ¢ day viéc 1ap bang Routh c6 quy luat don gian:

—  Bang dugc lap theo tiing hang, sau khi két thiic hang trén thi méi lap hang duéi.
Hai hang d4u tién dudgc lap tit cac hé s6 ctia da thiic, trong d6 hang d4u 1a cac hé
s6 ¢6 chi s6 chin va hang thi hai 14 cic hé sb ¢6 chi so 18.

—  Céc phén ti trong mbi hang tiép theo duge tinh tit hai hang ndm ngay truée né.
Muén tinh phan ti ¢ mot cot ndo d6 trong hang, ta 14y bon phan ti & hai hang
nam truée bao gdbm hai phan ti thudc cot dau tién va hai phan ti thudc cot chia
phéan t& dang phai tinh. SAp xép bén phan th theo thi tu tit duéi 1én trén va tit
trai sang phai dé duge mot ma tran réi tinh dinh thic ma tran do.

—  Quaé trinh lap bang sé diing khi gap phan t& dau tién trong hang bing 0. Khi dé
ta két luan hé khéng 6n dinh.
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Vi du 2.42: Minh hoa tiéu chuén Routh
Cho da thic
A(s) = 5+165+18s°+8s +s"
Lap bang Routh (cac 6 khong c6 phan ti dude xem 1a bang 0)

5 18 1
16 8
15,5 1
6,97

1

Do tat ca gia tri trong cot dau déu duong nén tat ca cac nghiém cta da thic da cho déu
c6 phéan thuc Am. a

Vi du 2.43: Minh hoa tiéu chuén Routh
Cho hé c6 ham truyén thuc—hitu ty, hgp thiic véi da thiic mau s6

A(s) = 5+165+25°+8s%+s*

Lap bang Routh (céc 6 khong cé phan ti duge xem 14 bang 0)

5 2 1
16 8
-0,5 1

40

1

Vi gia tri trong cot ddu khéng ciing ddu nén hé khong 6n dinh (t4t ca cac diém cuc khong
cing ndm bén trai truc 40). Hon niia ching déi ddu hai 14n (tt 16 sang -0,5 va 14n thi
hai tit —0,5 sang 40) nén s& ¢6 hai diém cuc c6 phan thuc ducng. a

Vi du 2.44: Minh hoa tiéu chuén Routh

Xét hé c6 cau tric nhu 6 hinh 2.67, trong d6

Gs) = s+ ‘)T_) E =lG(s)
s(s+2)(s*+0,5+1) -

Hay tim hé s6 khuéch dai  dé hé duge 6n dinh.

Trudc hét ta xac dinh ham truyén ctia hé kin: Hinh 2.67: Cho vi du 2.44
kG(s 2k(s+4
6 (s HOW _ (s+4)

1+kG(s)  2s* +55° +4s% +(2k +4)s+ 8k
Sau dé lap bang Routh
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2 4 8k
5 2k+4
0,8 (3-k) 8k
2(k% +24k - 6)
k-3
8k

DE hé 6n dinh thi phai ¢6 cac gi tri cot dAu déu duong, tic 1a

3-k >0 & k<3

2
M;;‘;k_&> 0 &  -243<k<0,247
8k > 0 e 0<k

Két hgp chung cac diéu kién trén lai ta duge
0<k<0,247

a

Cha y: Bang Routh trong vi du 2.44 dudc lap bang cach dao ngudge vi tri thé tu cac
hé s6 ctia da thtc. D6 khong phai 14 su nhdm 14n ma & day ta da ap dung dinh ly doi

ngau 2.13 nham lam giam s6 cic phan t c¢6 chita tham s6 & & cot ddu tién, tic la gidm
8 cac bat phuong trinh phai tinh. N6i cach khéac, bang Routh con c6 thé 1a:

an ap—2 Ap—s
Ap-1 (] Ap—5
7= 18,2 ~ 3,053 181: Q104 — Ay 5 ﬂvl — %1% 6~ Oy 7
Q1 Q1 Q-1
_hag—apy By= nas —ad
Vo= 2=
h h

Vi du 2.45: Minh hoa tiéu chuén Routh véi da thiic d6i ngau

Cho hé véi ham truyén cé da thic dic tinh (da thic mau s6):

A(s) = 1+2s+3s%+65%+s* = Ay,(s) = 1+6s+352+2s+s

4

Ta 1ap hai bang Routh cho A(s) va da thiic d6i ngau ctia né A4, (s)

1 3 1 1 3 1
2 6 6 2
0 2,7 1
—0,25
1
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Ca hai bang trén déu cho ra cing mot két qua 1a hé khéng 6n dinh. Tuy nhién, trong khi

bang tht nhat véi da thic A(s) khong cho ta biét duge hé c6 bao nhiéu diém cuc ndm

bén phai truc 4o thi tit bAng Routh thi hai ta biét duge da thiic d6i ngdu Az, (s) c6 hai
. N .o 1 1
nghiém s;, s, ¢6 phan thuc duong. Suy ra dudc 1a hé ciing sé ¢6 hai diém cyec — va —
51 Sg

déu ndm bén phai truc ao. m)

Vi du 2.46: M4 rong bang Routh

Xét lai hé véi da thiic dic tinh da cho & vi du 2.45. O bang tht nh4t xu4t hién phan
tl 0 trong cot dau. Diéu dé khong cho phép ta hoan thién dude bang Routh, do d6 ta
ciing chi ¢6 thé khing dinh duge ring hé khéng 6n dinh chtt khong bist duge hé khong
6n dinh d6 c6 bao nhiéu diém cuc ndm bén phai truc 40. D& md rong, ta c6 thé thay phan
tt 0 d6 trong bang Routh bang gia tri £ véi |&]>0 nhd tiy ¥ roi thuc hién tiép véi gia tri €
nay. Sau d6 xét s6 1an d6i d&u cta cac s6 hang trong cdt ddu cho ca hai trudng hgp £>0
va £<0. Né&u hai két qua vé s 14n d6i d4u trang nhau thi d6 ciing sé chinh 1a s8 cac
diém cuc ctia hé ndm bén phai truc 40. Chdng han véi hé ¢6 da thic dic tinh cho & vi du
2.45 thi:

1 3 1

2 6

£ 1 Né&u £>0 thi d6i dau 2 1an
6e—2 . 0. . N

P Neéu £<0 thi ciing dbi ddu 2 lan

1

Vi § ca hai truong hop £>0 va £<0 (c6 | €| rat nhd) s6 1an d6i dau cha cic s6 hang trong
¢ot diu tring nhau 1a bang 2, nén ta két luan duge rang hé c6 hai diém cuc ndm bén

phai truc ao. m

Tiéu chudn ddi s8 tht hai: Tiéu chudn Hurwitz

Mot tiéu chudn khéc c6 ho hang gin véi tiéu chuédn Routh c6 tén 1a tiéu chudn
Hurwitz. Hurwitz da dua vao dinh 1y 2.15 cia Hermite-Biehler d8 xét s6 1an thay déi
d4u trong day cic nghiém cta da thtic dic tinh (2.108) thong qua gia tri tich phan duong
bao kin niia mat phing phtc bén phai ctia né va di dén két luan nhu sau:

1) Dung ma tran H kiéu (nxn) tit cac hé sda;, i = 0,1, ..., ncaaA(s)

a; ag as ag
aQy Az a4 Gag

H=0 a a3 a5 - (2.114)
0 ay ay ay
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2) Xac dinh cac ma tran vuéng H;, i=1,2, ... ,n 14y tit H sao cho H; c6 ding i phan
ti trén dudng chéo chinh cta H

a a a a
1 3 5 7
a az aj

a; a a, ay a; @
H,=a,, Hy= L , Hs=|ay ay a,|, H,u= R (R
ag Qg 0 a ag a;
0 a ag
0 ay ay ay
3) Tinh dinh thac D; = det(H; ), i=1,2, ... ,n.

a) Da thiic A(s) cho trong da thic déc tinh (2.108) sé 1a da thic Hurwitz khi va
chi khi céc gia tri trong day:

Dy, Dy D, (2.115)
‘l)1 b 9

ag, Dy, y eee
0, D, D
cung dau va khac 0.

b) S61an d6i d4u trong day (2.115) trén bing s6 cac nghiém ndm bén phai truc ao
cua da thiic A(s).
Vi du 2.47: Minh hoa tiéu chudn Hurwitz
Xét da thic
A(s) = 0,5+5+25"+3s"
Da thtic nay ¢

1 30 L s 1 30
H=05 2 0 = H; =1, H2=[05 zJ’ H;=|05 2
0 13 ’ 0 13

Suy ra
Dl = 1, D2 = 0,5, D3: 3D2 = 1,5

Do a(=0,5 va tat ca 3 dinh thic D, , Dy, D , ttic 1a day (2.115), 1a nhiing s6 duong nén

tat ca cac nghiém ctia A (s) déu ndm bén trai truc do. a

Vi du 2.48: Minh hoa tiéu chuan Hurwitz
Xét da thic
A(s) = 51+11s+s%+s?

Ta lap cdc ma tran H,, H,, H; caa da thic:

11 1 0 o1 11 1 0
H=|51 1 0| = H1:11,H2=[51 J, H,=|51
0 11 1 0 11 1

va tu dé co:
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(o2 :51, Dl :11, D2:—4O, D3:D2:_40.
DPiéu nay néi ring khong phai tit ca cac nghiém cta da thtc déu ndm bén trai truc do.

Xét tidp day (2.115) véi:

ag=51, D,;=11, %=—3,63, Do
1 2

Vi céc s6 hang ctia diy déi d4u hai 1an (mét 14n tit 11 sang —3,63, 14n thi hai tit —3,63

sang 1) nén da thiic A(s) c6 hai nghiém nim bén phai truc ao. a

Vi du 2.49: Minh hoa tiéu chuan Hurwitz
Tim diéu kién cho tham s6 % dé hé c6 ham truyén

1
G(s) = 5 3
3+2s+(k+2)s” +ks

duge 8n dinh. Ap dung tiéu chudn Hurwitz véi A(S):3+2S+(k+2)82+k83, tic la

2 k 0 9 h 2 k 0

H=|3 kE+2 0 = H1:2, HZ: 5 H3: 3 k+2 0
3 k+2

0o 2 &k 0o 2 &k

ta duge day (2.115) véi:
Qg :3, D1:2, D2:—k+4, D3:kD2:k(—k+4)
Vay dé hé 6n dinh thi phai cé:

-k+4>0 k<4
YN o 0<k<4. a
k(-k+4)>0 O<k<4

Chi y: Néu @8 § dén tinh chét déi nglu ctia da thic Hurwitz (dinh 1y 2.13) thi ma
tran H cho trong (2.114) ciing c¢6 thé dugc 1ap véi cac tham s6a;, i=0,1, ... ,n ctia da
thiic A(s) nhung theo thi tu nguge lai nhu sau:

Qp-1 Qp-3 Qp-5 Qp_7

an Ap-92 Qp_4 Qp_g

H= 0 Ap-1 QAp-3 Qups
0 an Ap-2 Qp-4

Tiéu chudin dai s6 thi ba: Tiéu chudn Lienard-Chipart

Thugc chét, tiéu chuén Lienard—Chipart 13 mot hé qua cta tiéu chudn Hurwitz. N6
gitip cho ngudi st dung gidm bét duge s6 lugng cac dinh thic D;=det(H;), i=1,2, ... ,
n phai tinh khi kiém tra tinh 6n dinh ciia mot hé thong.
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Xét da thiic (2.108) c6 a;>0,i=0,1, ... , n. Lap ma tran H theo (2.114).Vi
Dn = anDn—l
nén khi da ¢6 a,>0, D,_;>0 thi duong nhién ta ciing ¢6 D, >0. Do d6 viéc kiém tra diéu
kién tiép theo D, >0 c6 dudc théa man hay khéng 14 khong can thiét.

Viét lai tiéu chudn Hurwitz cho cac da thiic A(s) véi nhiing bac cu thé:

1) n=1: A(s) 1a Hurwitz = ag,a; >0

2) n=2: A(s) 1a Hurwitz s agp,ai,a9 >0

3) n=3: A(s) laHurwitz < ap,a1,a9>0 va ajag9— agag >0

4) n=4: A(s) 1a Hurwitz = ap,a1,a9 >0 va a3(a1a2—a0a3)—a12a4>0

Lienard-Chipart da xay dung dugec méi quan hé tdng quat giita H,; (ma tran cé chi s§
chan) va Hy,;,, (ma tran cé chi s618) rdi tit d6 di dén két luan nhu sau:
Dinh ly 2.17 (Lienard-Chipart): Da thiic
A(s) = agta stass’+ - +a,s", (ap>0)

12 Hurwitz khi va chi khi:

a) hodca;>0,i=0,1, ... ,n va det(Hy;)>0, i=1,2, ...,

b) hodca; >0,: = 0,1, ... ,n va det(Hy;11)>0, i=1,2, ... .

R6 rang 1a v6i tiéu chudn Lienard—Chipart, s§ lugng cac phép tinh phai thuc hién
chi bing mét ntia so v6i khi st dung truc tiép tidu chudn Hurwitz.
Vi du 2.50: Minh hoa tiéu chu&n Lienard—Chipart

Tim diéu kién cho tham s6 % dé hé ¢6 ham truyén

1
G - o
4+ks+(k+3)s“+s

duge 8n dinh. Ap dung tiéu chudn Lienard—Chipart véi A(s)=4+i\ss+(k+3)52+s3 ta c6

k>0, k+3>0
va (chi cAn xét Dy=det(H,) thay vitdt caD,, Dy va D)
k1 0 po1
H=|4 k3 0| = H,= —  det(H,) = k(k+3)—4 >0
o B 1 4 k+3

Vay dé hé 6n dinh thi % phai thda man:
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k>0 - k>0 - E>1 A
(E-1)(k+4)>0 k<-4 hodc k>1

Tiéu chudn hinh hoc: Tiéu chudn Michailov

Khac vé6i tiéu chudn Routh—-Hurwitz, tiéu chudn Michailov dua vao ham A(j @), thu
dudc tit A(s) bing cach thay s bdijw, dé xét tinh Hurwitz ctia A(s). Chinh xéc hon niia,
né xét tinh Hurwitz ctia A(s) trén co s dang db thi cia A(jw), bdi vay tiéu chudn
Michailov dugce x&p vao nhém céc tiéu chuén hinh hoc.

Xét da thiic hé s6 thuc
A(s) = ag+a s+ass’+ - +a,s", (a,>0).
Goi ciac nghiém ctia A(s) las, , k=1,2, ... ,n. Khi @6 A(s) sé& viét dugc thanh:
A(s) = ay(s—s1)(s=sg) - (s—sp)
e A(o) =a,(o-s)(o-sy) - (jo-s,)

Ky hiéu ¢ = arcA (jw) 1a géc pha cia A(jo), ticlaA(jw) = [AGw)|e’? thi

n
p=arcA(jw) = arca, + ) arc(jo—s;) (2.116)
kle
)

Xét su thay ddi caa riéng thanh phan

r, = arc (jo—sg)

z . 92,. ! .a)
trong cong thic (2.116) khi @ di tit —e dén oo, ky hiéu baoi ' J
Ap,= Aarg (jo -s;), bang cach hinh dung nhu ta da E
—co< W< o0 Sy, | o
o

ding tai diém s, va nhin theo diém o chay trén truc
tung tit —o dén oo, s& thay (hinh 2.68):

NE

Hinh 2.68: Tinh gbc pha.

1) Néu s, niam bén trai truc ao (truc tung) thi géc nhin
clia ta c6 do rong 1a A g, =7.
2) Ngudc lai néu s;, ndm bén phai truc 4o (truc tung) thi géc nhin 1a A g, =— 7.

Bdi vay, néu nhu c6 gia thiét ring da thtc A(s) khong c6 nghiém nao nam trén truc
40 va s6 nghiém ndm bén phai truc 4o 1a n* thi s§ nghiém nim bén trai truc 4o sé phai

N

+ N N x A~
lan—n". Diéu nay dan dén:

pare AGjo) = (n—n+)7z’ néu Re(sy) <0
oSS0 -n"7 néu Re(sy)>0
Suy ra
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Aarc A(jw) = nrx

—coS <00

khi va chi khi tat cd n nghiém s,, £=1,2, ... ,n cta A(s) déu nim bén trai truc ao.
Dién ta diéu d6 bing 15i ta dude: A(s) 1a da thiic Hurwitz khi va chi khi véi su thay d6i
clla @tlt —eo dén +oo, dudng d6 thi A(j w) bao géc toa do mot géc diing bing n 7.

Nhung néu dé § thém diéu kién A(s) 1a da thic hé s8 thuc, ttcla a;, i=0,1, ... ,n
1a nhiing s6 thuc thi do dudng A(j®) v6i @ tit —o dén +eo c6 dang doi xiing qua truc thuc,
phat biéu trén sé c6 dang tuong duong sau:

Pinh ly 2.18 (Michailov): Da thtic hé s6 thuc
A(s) = agta stass’+ - +a,s",
14 Hurwitz khi va chi khi dudng d6 thi A(jw) véi @ di tit 0 dén +oo bao quanh goc

toa d6 mot goc ding bang n—zﬂ . Néi cach khac

A(s) 1a Hurwitz & Aarc A(jw) = %

—co< W< oo

Vi du 2.51: Minh hoa tiéu chu&n Michailov
Xét da thiic bac 3 1a
A(s)= s*+35"+35+2
Da thtic nay c6
AGw) = (2-307)+j(3w-a°)

Hinh 2.69a) biéu dién b thi ctia A(jw) va tit d6 thi d6 ta nhan thdy A(jw) di qua 3
géc phan tu ctia mat phing phic theo chiu nguge kim ddng hd, tic 1a bao goc toa do

mot gée ding bing 377[ .

Vay theo tiéu chuén Michailov thi A(s) 14 da thic Hurwitz. a
o mAGe) 2 ImAGa)
-8 N 2

N

‘/ 0 ReA (j @) 0 / 6 ReA(jw)

Hinh 2.69: Minh hoa vi / I
du 2.51

[ a !
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Vi du 2.52: Minh hoa tiéu chu&n Michailov

3

s +s2+s5+6

A(s) = 245’4546 o A(jjw) = (6—a)2)+j(a)—a)3)

Heé véi ham truyén G(s) = c6 da thiic déc tinh

Hinh 2.69b) 14 @5 thi ctia A(jw). Pudng db thi d6 khong bao géc toa dd, géc nhin A(jw) tit
gbc toa do khi @ di tir 0 dén +o 1 _—27[ (nhd hdn%[). Bdi vay A(s) khéng phai 1a da

thtic Hurwitz, hay hé da cho khong 6n dinh. a
ImA ImA
khéng 8n dinh (’\ 8n dinh (—\
Re A \ Re A
Hinh 2.70: D6 thj dudng da thiic dc
tinh cia hé bac 4 cho hai trudng
hgp: 6n dinh va khong 8n dinh.

Trong khi viéc xay dung do thi cho ham A(jw) ctia nhiing da thiic A(s) c6 bac tuong
d61 nhé kha don gian thi 6 nhiing da thtc bac cao (tit 5 trd 1én) 1a rat khoé thuc hién néu
nhu khéng st dung nhiing céng cu md phéng. Chinh vi han ché€ nay ma tiéu chuin
Michailov it ¢6 ¥ nghia thuc t&. Song bu lai, tiéu chudn Michailov lai c6 ¥ nghia nhu méot
goi ¥ cho céc tiéu chuén khac nhu Nyquist, Kharitonov ....

Hinh 2.70 14 dang db thi ctia ham A (j @) cho hé c6 da thiic dic tinh bac 4

2 3 4
A(s) = agtastags”tags +tays

Téng quat ti dang dudng d6 thi dé ta rit ra dude mot s6 hé qua sau cia tiéu chuén
Michailov:

Pinh ly 2.19 (Hé qué cla tiéu chuén Michailov):
a) Giao diém cta dudng quy dao bién pha A(jw) cha da thic Hurwitz A(s) véi
truc thuc phai ndm xen ké gitia nhiing giao diém ctia né véi truc 4o.
b) Gia tri tai hai giao diém ké nhau clia A(jw) véi truc thuc cta da thic Hurwitz
A(s) phai trai dau nhau.
¢) Gia tri tai hai giao diém ké nhau cta A(jw) véi truc 4o cia da thiic Hurwitz
A(s) phai trai dadu nhau.

Chl y: Trong mot s6 tai liéu, vi du nhu [10], tiéu chuédn Michailov con dude goi 1a

tiéu chuén Michailov—Cremer—Leonhard.
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2.3.3 Phan tich chat lugng hé kin tir ham truyén cta hé ho

Khai niém hé kin (phan héi 4m) dudc mé ta truc quan & hinh 2.71 véi hai khau
tuyén tinh c6 ham truyén hgp thic 1a R(s) va S(s). Khi d6 hé kin sé& dugc c6 ham
truyén G (s) cho cac trudng hgp phan hdi khac nhau nhu sau:

—  Phan héi thuc (phan hdi don vi): G(s) = _RESE)
1+ R(s)S(s)
- Diéu khién phan héi: G(s)= _ S
1+ R(s)S(s)
—  Diéu khién thuc (truyén thing don vi):  G(s) = m
qa) b) c)
w(t) y(@)  w(t) y(@)  w(t) y(t)
. s -
Phadn héi "thuc" Diéu khién phdn hoi Piéu khién "thyc"

Hinh 2.71: M6t s6 dang hé héi tiép thudng gap.

Nhu vay tat ca cac dang hoi tiép da xét & trén déu c6 ham truyén véi moét mau s6
chung 1a ham sai léch phdn héi
F(s) = 1+ R(s)S(s) = 1+Gy(s) (2.117)
trong do tich
Gi(s) = R(s)S(s)
duge goi 14 ham truyén ctia hé hd. Muc nay sé trinh bay cac phuong phap phan tich hé

kin v6i c4u tric cd ban cho & hinh 2.71 trén co s6 ham truyén G (s) ctua hé hé.

Xét tinh 8n dinh: Tiéu chudn Nyquist

Hién nhién rdng cac hé kin & hinh 2.71 sé 6n dinh khi va chi khi t4t moi nghiém
cta F(s) cho trong (2.117) déu cé phan thuc 4m (ndm bén trai truc ao).

Ky hiéu A(s) 1a da thic miu s8 c6 bac n, B(s) 1a da thtc ti sd cia ham truyén hé
hé Gy, (s), tic 1a cla tich G, (s)=R(s)S(s):

- _ Bs) _  (—p)(s—py) - (5= Pp)
Gy (s) = R(s)S(s) AG) c G-a)6-ay) - G-a)
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trong d6 ¢ 1a hang s6. Khi d6 sé c6:

arcG(s)= 3. are(s— py)— 3 are(s— ;)
k=1 =1

a)

Hinh 2.72: Minh hoa dudng (
|8y tich phan Nyquist.

Tu day ta suy ra dugce:

Pinh ly 2.20: N&u mét mién G chita P diém khong va @ diém cuc clia cia G, (s) thi:
$darcGy(s) = -2m(P-Q)
c

trong d6 C 1a dudng bién ctia G c6 chiéu thuan kim déng hé, tic 1a chiéu ma di doc

theo né, mién G ludén ndm phia phai nhu hinh 2.72a) mé ta.

Bay gid ta xét dudng cong khép kin N bao gém truc 4o va ntia dudng tron nidm bén
phai truc 4o c6 ban kinh bing e, trong d6 khi di trén truc o, méi khi gip mét nghiém
ctia A(s), thi n6 duge thay bing niia dudng tron c6 ban kinh dt nhé bao phia trai diém
d6 nhu hinh 2.71b) m6 ta. Dudng cong N nay c6 tén goi 1a dudong cong Nyquist. N6 chinh

la dudng bién clia mién A chiia tit cad m nghiém khéng ndm bén trai truc do clia A(s),

bao gém tit cA n° nghiém nim trén truc 4o va n* nghiém nim bén phai truc 4o cla
A(s). Theo noi dung dinh 1y 2.20, thi:

§ darcA(s) = -2a(n"+n")= —272m (2.118)
N
Quay lai hé kin véi ham sai léch phan hoéi:
A(s)+ B(s)
F(s) = 1+G == 7
(s) 1(s) AG)
Cong thiic nay chi rang:
q') darc[l + Gh(s)] = 55 darc [A(s) + B(s)] - q') darcA(s) (2.119)
N N N

Nhung vi nghiém cua F(s), ttc 1a nghiém cua:
A(s)+B(s) =0
ciing chinh 14 diém cuc ctia hé kin, nén theo dinh 1y 2.20, hé kin 6n dinh khi va chi khi:
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N
Bdi vay, khi két hop cung véi (2.118) va (2.119) s& dén dudc:

Binh ly 2.21: Goi G, (s)= is;
S

14 ham truyén ctia hé hd. Gia st rdng m 1a s§ diém cuc
khéng ndm bén trai truc 4o ciia G4, (s). Khi d6 dé hé kin 6n dinh thi cAn va du la:

chdarc[1+Gh(s)] = 27am (2.120)
N

Ky hiéu tiép G, (N) 1a duong quy dao ctia Gy (s) khi s chay doc trén N, dudc goi 1a
duong dé thi Nyquist, khi d6 dinh 1y 2.21 trén con c6 dang phat biéu khac nhu sau:

Dinh ly 2.22 (Nyquist): Néu ham truyén G,(s) ctia hé hd ¢6 m diém cuc khéng ndm bén
trai truc 4o (ndm trén truc 4o hodc ndm bén phai truc 40), thi cin va du dé hé kin
on dinh 1a duong do thi Nyquist ctia hé hé, ky hiéu bing G, (), bao diém —1+0j
ctia mit phing phiic ddng m 14n theo chiéu ngude kim dong hd.

Vi du 2.53: Minh hoa tiéu chuén Nyquist

Xét hé phan hdi 4m c6 ham truyén ctia hé hé 1a khau tich phan—quan tinh bac nhat
k

@) = STy

k,T>0

C6 thé thdy ngay dudc G4, (s) chi c6 mot diém cuc s;=0 khong ndm bén trai truc 4o, tic
lacé m=1. Hinh 2.73a) 1a dudng cong Nyquist N, gbm ba doan:

—  N;nam trén truc o c6 @ di tit —eo t6i —0

— N, la ntia dudng tron phai trai truc 4o, c6 ban kin vé cting nhé va tam 1a gdc toa
do

—  N3nim trén truc 2o c6 @ di tit +0 t6i +oo

Hinh 2.73b) 14 @5 thi Nyquist G, (N) ciing gdm ba nhanh:

—  G,(N;) 1a duong cong phia trén truc thyc, c6 duong tiém can ReG,=-kT khi @
tién téi —0.

- Gp(N,) la phan dudng tron phia trai dudng tiém can ReG,=—kT véi tam 0 va
ban kinh bing . Ly do G, (N5) phai 12 phan dudng tron nim bén trai duong tiém
can ReG,=—kT (chi khong nim bén phai), 1a vi tng v6i mét gia tri s=-a,

k

-a+Ta

1>>0>0 nidm gan gbc toa d6 sé& c6 G(-a)= << -1 l1a mot s6 A&m nam rat

xa goc 0.
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—  G,(N3) la duong cong phia duéi truc thuc, c6 dudng tiém can ReG,=—kT khi @
tién t6i +0.

Tit dudng d6 thi G, (N) thu dugc ta thay, do né bao diém —1+0j ding mot géc bing

2 7=2 zm, nén theo dinh ly 2.22, hé kin 6n dinh. a

a) b) _ ImG(N)

T~ ReG,(N)
—>

E+ oo

Hinh 2.73: Minh hoa vi du 2.53

Tuy nhién, dang thudng hay gip trong tng dung cia tiéu chuéin Nyquist 1a hé hé
on dinh hoic chi ¢6 s=0 1a diém cuc duy nhat khong ndm bén trai truc do. Trong trudng
hgp nhu vay thi do:

Gy(N) = G( o)

va G (j @), —=< @< c6 dang d61 xiing qua truc thuc, nén:

Pinh ly 2.23: Néu hé hd 6n dinh hodc chi ¢6 s=0 1a diém cuc duy nhat khéng ndm bén
trai truc 4o thi hé kin sé 6n dinh khi va chi khi dudng d6 thi dic tinh tin bién—pha
G,(jw), 0<w<eo ctia hé hd khéng di qua va khéng bao diém —1+0;.

Dé thuan tién cho viéc kiém tra xem dudng dudng quy dao G 1(j @) c6 di qua hay bao
diém —1+0; hay khéng, ta c6 thé chi cho @ chay tit 0 d&n +eo (vi G, (j@) c6 dang ddi
xting qua truc thuc) va st dung quy tdc ban tay trdi nhu sau:

Binh ly 2.24 (Quy tic ban tay trai): Néu hé hé 6n dinh hoic chi ¢6 s=0 14 diém cuc duy nhét
khong ndm bén trai truc 4o, thi hé kin s& én dinh khi va chi khi diém —1+0j luén
nam bén trai duong do thi bién pha G,(jw) ctia hé hd néu ta di doc trén G, (j w)
theo chiéu ting cta .

Hinh 2.74 minh hoa cho tiéu chuén Nyquist & trusng hop hé hé 6n dinh. Hé kin sé
6n dinh néu nhu géc nhin ti diém —1+0; 1én dudng quy dao G, () khi @ di tit 0 dén
+o0 béng 0.
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Bén canh viéc kiém tra tinh én dinh ctia hé kin théng qua dang quy dao dudng dic
tinh tan s6 bién pha ctia hé hd, tiéu chuén Nyquist con thudng duge st dung dé xéc dinh
tham s6 b6 diéu khién sao cho hé kin én dinh.

ImGh ImGh ImGh

-1 ReG h ReG h ReG h

Hé kin 6n dinh Hé kin khong 6n dinh Hé kin n dinh

Hinh 2.74: Minh hoa tiéu chudn Nyquist.

Téng quat héa dinh 1y 2.22 ctia Nyquist cho viée xac dinh hing s6 khuéch dai % cia
b6 diéu khién dé hé kin c¢6 ham truyén hé hd 1a G, (s)=kS(s) dudc 6n dinh, ta c6 dinh ly

sau:

Pinh ly 2.25: Xét hé kin ¢c6 ham truyén ctia hé hé 1a
Gu(s) = kS(s)

Gia st riing S(s) c6 m diém cuc khéng ndm bén trai truc a0 (ndm trén hodc ndm
bén phai truc 40). Khi d6 dé hé kin 6n dinh thi cdn va da 1a dudng dé thi Nyquist

S(N) ctia khau S(s) bao diém —%+0j trong mit phing phtic ding m 14n theo

chiéu ngudc kim déng hé.

Vi du 2.54: Minh hoa tiéu chuén Nyquist

s2-1

1+25+3s2+6s° +s*

Xét hé phan héi 4m véi cau tric cho ¢ hinh 2.75a) c6 §S(s) =

Nhu vay ham truyén ctua hé hé sé 1a G, (s)=kS(s). T vi du 2.45 ta OTMUSC biat rang
S(s) c6 hai diém cuc nim bén Bhéi truc ao. Hon thé nita, do da thic dic tinh ctia ham

truyén hé hd 1a bac 4 (hé c6 4 diém cuc) véi tat ca cac hé s6 déu khac 0, nén trong s6 hai

diém cuc con lai khong thé c6 diém cyc ndo ndm trén truc do. Suy ra S(s) c6 m=2 va
dudng Nyquist N ctia né 1a toan b truc 20 j @ v6i —ee< w<eo va ntia dudng tron N; nim
bén phai truc 4o cé tAm 1a géc toa dd, ban kinh bing « va c6 chiéu theo chiéu kim dong
hd (hinh 2.75b). Hon thé niia, do S(s) 1a ham hgp thiic nén khi s chay doc theo N; né sé
chi c6 mét gia tri hang:
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lim S(s)=0

o
Vay d6 thi Nyquist cta S(s) sé chinh 1a dudng dé thi dac tinh tan bién—pha:
S(N) =S(w) vl —co<w<oo

va do d6, vi S(s) 1a ham thuec hitu ty, tic 1a d6 thi dac tinh tdn bién—pha ctia né cé dang
d61 xting qua truc thuc, nén ta chi cdn vé S(j w), 0< w<eo 1a du. Xét:

S(jw) =

B 2
_+a) —=ReS+;Im8
(1-30"+0")+ jo(2—-60°) = = —

thi ti tinh lién tuc cta S(s) trén truc do ta c6 bang gia tri cia S(j w), 0< w<enhu sau:

1

- [3-5 [3++5
(0] 0 27TNY

\/g 2 2
ReS | -1 - -12 - 0 + 0 - 0
ms| o & o - o - - - o0
Suy ra, d6 thi S(j®),0< w<oo c6 dang nhu dudng nét lién & hinh 2.75¢). LAy thém phan
déi xting qua truc thuc 13 dudng nét rdi § hinh 2.75¢) ta c6 ddy du Nyquist S (V).

a) b)

TEOHE 5

Hinh 2.75: Minh hoa vi du 2.54.

T day, theo dinh 1y 2.25, ta c6 duge diéu kién dé % 1am hé kin 6n dinh 1& diém —%
trén truc thyc ma d6 thi Nyquist S(V) bao m=2 14an ngugc chiéu kim déng ho:

—12<—l<—1 = L<k<1 m)
k 12

Vi du 2.55 ([17]): Minh hoa tiéu chuin Nyquist
L]
Xét mot hé phan héi Am c6 ham truyén hé hd 1a G (s)=kS(s), trong dé
s+1
s(s— 1)(s2 +4s+20)

S(s) =
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Dang Van My

Dang Van My

Dang Van My

Dang Van My

Dang Van My

Dang Van My

Dang Van My


C6 thé thay ngay dude ham truyén S(s) c¢6 mot diém cuc s;=0 ndm trén truc ao va mot
diém cuc s,=1 nim bén phai truc o, tic 1a c6 m=2. Cho s chay doc theo dudng duong
cong Nyquist N (hinh 2.76a), khi d6 dé thi Nyquist S(N) cta d6i tugng sé c6 dang cho 6
hinh 2.76b). D6 thi nay chi ring

[SG@)| —e khi | @ =0
Ngoai ra, khi s di doc theo truc ao, t6i gdn s;=0, thi né lai di theo ntia dudng tron N cé
ban kinh vé ciing nhé bao phia trai diém d6 (hinh 2.76a). Diéu nay dudec phan anh & dé
thi Nyquist S(N) trong hinh 2.76b) bing ntia dudng tron phia phdi truc do véi chiéu
nguge chiéu kim ddéng hd va ban kinh bing . Ly do cho diéu d6 1a vi S(s) 14 ham bao
gi4c va cling 1a vi, chdng han tai diém s=—0,1 ham S(s) ¢6 gi4 tri la

S(=0,1) = 0,4 > 0

Tt hinh 2.76b) ta thiy ngay, db thi Nyquist S(IV) bao doan

-0,04 < —% <-0,0185
duge t6 dam trong hinh 2.76b), mét géc ding bing 2zm=4r (theo chiéu nguge chiéu
kim déong hd). Diéu nay chi ring hé kin sé 6n dinh véi moi gia tri 2 thudc khoang:

25 <k < 54. m)

b)
:)N

ImS(N)

w=+ ReS\N)

-0,04 -0,0185

Hinh 2.76: Minh hoa vi du 2.55

Kiém tra tinh 8n dinh hé kin nhd biéu dé Bode

Diéu dic biét cta tiéu chudn Nyquist phat biéu § dinh 1y 2.22 ciing nhu 2.23 14 né
ap dung dugc cho ca nhiing truong hgp ham truyén hé hé G, (s)=R(s)S(s) c6 chtia ca
thanh phéan giii tré.
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Néu nhu bén canh diéu kién hé hé 6n dinh, tic G,(s) 12 ham bén, con c6 gia thiét
thém ring |Gr( ®)|<1 v6i moi 0<w<e thi do duong quy dao G,(j®) khi d6 lubén nam
trong dudng tron don vi nén né khong thé di qua hay bao diém —1+0; va vi vay hé kin
&n dinh.

Dinh Iy 2.26: N&u ham truyén G, (s) cta hé hé 1a ham bén, tic 1a hé hd 6n dinh, va

[Gr(G@)|~= sup |G4(j@)| < 1 thi hé kin ciing én dinh.
0<@w<oo

Bay gio ta xét mot hé hoi tiép phan héi Am nhu 6 hinh 2.77 mo t4, c6 ham truyén hé
hé G (s)=R(s)S(s) 1a ham bén va

|GrG @) |= sup |Gr(G@)| 21 ImG,,
0Sw<eo
Néu nhu cé gia thiét thém rang dudng quy dao 1 ReGy,
tan s6 G,(jo) chi cit dudng tron don vi mot 1an tai g y
7 c
diém tin s6 @, thi hé kin sé& on dinh khi va chi khi tai ,

tidn s6 @, d6 ham G,(j®) c6 géc pha 16n hon -7

0, = arc Gy(ja, ) > -7 Hinh 2.77: Gii thich tan s6 cét.
c (] 3

trong d6 tn s§ @, dudc goi 1a tdn s6cdt. Didu khing dinh trén ciing 1a dé& hiéu vi khi d6
G, (j w) khong thé di qua ciing nhu khong thé bao diém —1+0j (hinh 2.77).

Pinh ly 2.27: Néu ham truyén G;(s) cua hé hd 1a ham bén, ¢6 sup |G,(j® |2 1 nhung

0<w<eo
dudng qu§ dao tn s6 G, (jw) chi cit dudng tron don vi mot 1an tai diém tan s& cit

o, vatai d6 c6 ¢, = arcG,(jm,) > —x thi hé kin sé 6n dinh.

Vé6i noi dung dinh 1y 2.27 ta c6 thé d& dang kiém tra tinh 6n dinh cta hé kin khi da
biét dude ring ham truyén Gy, (s) cia hé hd 13 ham bén nhs biéu dé Bode
L(w) =201g|Gp(jo) | va o(w) = arcGy(j w)
ctia Gy, (s). Nguyén téc kiém tra nhu sau:

— NéuL(w) cbédoan ndm phia trén truc hoanh thi sup |GrGw)] > 1
0<@w<eo

- Diém cét ctia G, w) véi dudng tron don vi 1a giao diém cta L(w) véi truc hoanh.
—  TAn s6 cit w, 12 hoanh d6 giao diém ctia L(w) véi truc hoanh.
- Géc @, = arc G,(jw,) 1a tung d6 clia p(w) tai tan s cit w,

—  Heé kin sé 6n dinh néu ¢, ndm phia bén trén dudng ¢(w)=—r.
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Vi du 2.56: S{ dung tiéu chuan Nyquist dugi dang biéu d6 Bode

Hinh 2.78 duéi day minh hoa lai cac budc thuc hién viéc st dung dinh ly 3.22 @é
kiém tra tinh 6n dinh ctia hé héi ti€p (phan hdi 4m) theo cac nguyén tic vira trinh bay.
Chéng han bing cac phuong phap thuc nghiém (do gia tri ham dic tinh tin) ta da x4y
dung duge bidu db Bode ctia hé hé duge gia thist 1a 6n dinh nhu & hinh 2.78.

Tt giao diém dudng L(w) cta biéu db Bode d6 véi truc hoanh (dudng ngang tai 0
dB) ta xac dinh dugc tAn s6 cdt @,=1s . Tiép tuc, véi tAn s6 cit d6 ta doc ra dudc tur
dudng ¢(w) goéc pha ¢,=—130°. Vi ¢,=—130° > —180° = —7 nén theo dinh 1y 2.27 hé

kin 12 6n dinh. m)
L(@) (@)

40 dB — 0°

T TTITT TTTI T TTITmr T T 1T

B I I N L T A

T HTNS T - i T i 30

oggl 1T TSN e g

BTN R SR II[IHI_6O

-20 4B 170D by — NG H - + +-HH] -90°

|

(11 (I e 1 T EE

. , . RRN
Hinh 2.78: Minh hoa viéc  _4q gB| L - LN 4200
|

Il
slf dung dinh ly 2.27 Cornnn ||| | feee=-130° 1T
aéKiémtratinh 6n 60 gl | L LILLIL 1y 4y LI INLUL _q500
dinh hé kin. [EEr """l | [T

-80dB I I I I Y -180°

Panh gid sai léch tinh

Xét hé kin v6i s6 d6 céu tric cho ¢ hinh 2.79. Trong muc truée ta da dé cap téi tidu
chudn Nyquist dé xét tinh 6n dinh ctia né trén cd sd phan tich ham truyén cta hé hé la
G, (s)=R(s)S(s). Hién nhién ring khi hé kin 6n dinh va tin hiéu vio w(¢)=w, 12 hing s6
thi sau moét khodng thdi gian cAn thiét (thdi gian qua dd), tin hidu ra y(¢) ciing sé& 1a mot
hang s6. Song viéc hing s6 d6 c6 bing gia tri mong mudn w, da duge dat & ddu vao hay
khéng thi lai chua duge dam bao.

Gia tri sai léch

lime(t) = e w e

y
: 2
goi 1a sai léch tinh cta hé kin. Mot trong cac -

chat lugng hé théng thuong dudc quan tam la

gia tri sai léch tinh e... Hé dugc goi 1a c6 chdt  Hinh 2.79: M6t c4u tric co ban cia hé kin.

luong tét néu nhu c6 e..=0. Ciing can phai
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né6i thém rang viéc danh gia sai léch tinh thudng dude thuc hién véi mot dang cu thé caa
tin hiéu vao w(¢), chdng han nhu véi:

- w(@) =10

- w()=t
Né&u hé kin (hinh 2.79) 14 6n dinh, khi 6 diéu kién e.=0 s& tuong duong véi w=y & ché&
do xac 1ap (t—), ttc la:

lim G(s) = —SE)

2% | =G(0)=1 (cAn phai c6 gia thiét 1a ton tai giéi han e,
lim 1+ RS, (0)=1 (canp g al g : )

O nhiing trudng hop rong mé hon thi thay cho sai léch tinh e.., chat lugng hé théng
& duge danh gia bang chudn cia sai léch

ly@®-u@®)|

Y nghia chudn sai léch trong céng thic trén c6 thé 1a chuén bac 2 hoic chuén v6 cung
tuy theo tiing yéu ciu cu thé clia bai toan. Néu hé kin c6 gia tri chudn cia sai léch tuong
d61 nho thi ngudi ta néi tin hidéu ra y(¢) 1a bam dudc theo tin hiéu lénh dau vao w(¢). Bai
toan thiét k& bo diéu khién R(s) dé hé kin c6 gia tri ||y (¢)-u(¢)| nhé nhu mong muén cé

tén goi 1a diéu khién bam (tracking control).

Quay lai vén dé danh gia sai léch tinh e.,. Dinh 1y sau 1a tiéu chudn danh gia sai

léch tinh khi tin hiéu dau vao 14 ham Heaviside hoic ting déu.

Binh ly 2.28: Cho hé kin 8n dinh, khong c¢6 nhiéu tac dong, véi so d6 cau tric cho trong
hinh 2.79. Hé sé c6 sai léch tinh bang 0, tic 12 c¢6 e..=0, néu
a) Khiw(¢)=1(¢) va ham truyén hé hé G, (s) c6 it nhat mot diém cuc 1a géc toa
do, ttic 12 hé hé cé chia it nhat mét khdu tich phén.
b) Khi w(¢)=t va ham truyén hé hé G,(s) c6 it nhat hai diém cyc 1a gdc toa do
(diém cuc s=0 boi hai), ttic 12 hé hd c6 chia it nhat hai khdu tich phén.
Chitng minh:
Truée hét ta thay dude ngay e(t) cé anh Laplace
W(s) W(s)

E(s) = =
1+ S(s)R(s) 1+Gy,(s)

trong d6 W(s) 1a anh Laplace cua w(¢).

Vi c6 gia thiét hé kin 6n dinh, nén theo céng thic vé giéi han thi nhét cla toan ti
Laplace, ta c6

lim sW(s)
e = lime(t) =limsE(s) = =29
t—oo s—0 1+ Gh(O)
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Lén lugt thay W(s)=— cho trudng hgp w(¢)=1(t) va W(s)= — khi w(t)=t vio cong thitc
S S

trén ta thu duge diéu phai chiing minh. a

Vi du 2.57: Banh gia sai léch tinh

Hinh 2.80 biéu dién ham qua &6 (dap tng cta hé véi kich thich w(t)=1(¢) & dau
vA0) ctia hé hdi tiép c6 ciu tric so d6 khoi cho trong hinh 2.79 véi ham truyén hé hé

1 4
G = b) G =
a) Gals) s(1+0,55) ) Gale) =0
Ta thay & truong hgp a) hé khong c6 sai léch tinh vi G(s) c¢6 chtia thanh phan tich
phén, nhung véi b) thi hé c6 sai léch tinh va sai léch dé bang 0,2. a
h(t)
1,5
a)
e 1 e
Sai léch tinh —I-O,S- ___________ 102
0,5 b)
t

Hinh 2.80: Minh hoa vi du 2.57

Théng s6 ddc trung cta qué trinh qua dé: D6 qué diéu chinh va théi gian qué dé

Khi phan tich hé théng ngudi ta thudng st dung hai khai niém qud trinh qud dé va
ché d6 xdc ldp. Qua trinh qué do 1a giai doan hé théng dang chuyén d6i tit trang thai ci
sang mot trang thai mong muén khac. Ché d6 xac 1ap 1a giai doan hé thong da dat dudc
dén trang thai méi mong muén (hodc da gin dén). Ching han khi déng dién 4p ngudn
cung cap cho mot dong co, qua trinh dong co ting toc dd vong quay ti 0 dén mot gia tri
xéc dinh dugde goi 1a qua trinh qua d6. Khi dong co d4 6n dinh duge van téc va chay déu
thi ta néi dong co dang 6 ché& dd xac lap.

Ca hai qua trinh qua d6 va ché& do6 xac lap cung c6 trong dap ting ctia hé théng. Tai
mot thoi diém nhat dinh, hé théng chi ¢6 thé hodc dang & qua trinh qua d6 hosc da & ché
d6 xac 1ap chi khong bao gid ¢6 ca hai trong ciing mét thai diém.

Theo dinh nghia nhu vay vé ché d¢ xac 1ap thi rd rang chi 6 hé én dinh méi c6 ché
do xac lap. S& khong c6 mét diém thoi gian cu thé phan chia qua trinh qué do véi ché do
xac lap ma né phu thudc vao quan niém thé nao 1a da dén "gdn trang thdi mdi mong
mudn" cta bai toan didu khién. Thong thudng, 6 bai toan tuyén tinh ngusi ta hay cho
ring thoi diém bat d4du ché& d6 xac lap 1a khi hé thong vao duge téi ving c6 sai léch 5%
(hodc 2%) so véi gia tri mong muén va khong ra khéi viing dé niia (hinh 2.81).
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h(t)

k

) 5% k

Ché dd xac lap

1
|
Hinh 2.81: Diém phan chia qua trinh I
qué do va ché do xac lap.

]
—
"Qua trinh qua do'

Dé phan tich chat lugng déng hoc cia mot hé thong, ngudi ta can phai phan tich
qué trinh qua dé ctia né. Trudc hét c6 hai théng s6 co ban dic trung cho qua trinh qua
o, 6 1a:

—  Thdi gian quéa do Tsy,. Day 1a diém thoi gian ma ké tit sau d6 A(¢) nim trong
khoang +5% cta gia tri xac lap h.. cia né.

— Do qua diéu chinh Ah, duge dinh nghia 1a
Ah = maxh(t)—hew = hyup—he >0
t

Truéc tién ta phan tich qua trinh qua d6 cua hé dao dong bac hai
k

G(s)= T — L
1+2DTs+(Ts)

véi  0<D<1 (2.121)

bing cach xac dinh hai thong s8 Tk, va Ah.

h(t)

Qua trinh qua do

Hinh 2.82: Ham qua do cla khau
dao dong béac hai.

Hinh 2.82 biéu dién d6 thi ham qua d6 ctia khau dao dong bac hai. T muc 2.2.8 ta
da duge biét 1a hé nay c6 ham qua dé (2.95), d6 qua diéu chinh (2.99) va thoi gian T,,,,
(2.97) nhu sau

D 2 2
=t _ _
Bty =k—ke T |cos| YDy |4 D | I=D" 11 459
T J1-D?
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Ah =k exp{iJ va T,,= 2L (2.122)

V1-D? 1-D?
Suy ra
k exp DTsy =0,06k & Thoy= Tln20 3T (2.123)
T D D

Vay hai coéng thtic (2.122) va (2.123) da cho ta thong s6 dic trung T, va Ak cua
qua trinh qua d6 hé dao dong bac hai tit ham truyén (2.121) ctia né.

Vi du 2.58: Xac dinh thdi gian qua do va do qua diéu chinh

Xét hé kin cho & hinh 2.79 véi ham truyén ctia hé hé
1

Gp(s) = R(s)S(s) =m,
1 2

T,,T5>0

Khi d6, ham truyén ctia hé kin s& 1a
1 _ 1 _ 1
1+Gy(s)  1+Ts+TTys®>  1+2DTs+(Ts)?

G(s) =

trong do

T=JnT, va D=+

Vay trong trudng hgp T';<4T, hé kin v6i D<1 142 mot khau dao dong bac hai. Suy ra

Ah = exp|-7x _h va Ty z£= 6T, a
AT, T, D
Dé xac dinh thoi gian qua d6 T, va do qua didu chinh Ak cta nhiing hé khac,

ngudi ta thudng xap xi ching trong mién tin s dic trung ctia qua trinh qua dé thanh
khau dao dong bac hai, rdi méi st dung cac cong thiic (2.122) va (2.123).

Vi du 2.59: Xac dinh xap xi thai gian quéa d6 va dé qua diéu chinh

Xét hé kin cho 6 hinh 2.83a) v6i ham truyén hé hd G, (s) c¢6 dang d6 thi Bode cho &
hinh 2.83b) bing dudng nét lién, tic 1 c6 cdu tric
1+ Tls

Gi(s) = —~+2118
) (Ts)2(1+ Tys)

Vél T2<T1
Biéu d6 Bode ctia Gj(s) cét truc hoanh tai diém tin s6 w,. Goi hing s6 thdi gian cit

T. la T;l:a)c .Do dd qué diéu chinh A va thoi gian qua d6 T5y, chi xuat hién trong

quéa trinh qua do, tiic 1a ¢ dai tan s6 cao (ving tan sd II trong hinh 2.83b) nén trong viing
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tan s6 I ta hoan toan c6 thé x4p xi biéu dbé Bode cla G4, (s) bing mot dudng nét roi c6 do
nghiéng —20dB, thay cho dudng cii 14 dudng nét lién c6 do6 nghiéng —40dB. Véi su xap xi
nay thi hé hd sé c6 ham truyén gan ding trong mién tan sd cao II nhu sau
1
Gp(s) = ————  va Ty<T
w() T.s1+Tys) 2t

Suy ra, theo két qua cta vi du 2.58, trong trudng hop T,<4T;, hé kin s& c6 d§ qua diéu
chinh Ah va thdi gian qua dd Ts, tinh bing

T N
Ah = exp[—ﬁ m} va T5% = 6T2 D
a) b)
Ly () on(®)
(11)
w(t) e(t) (@)

Gy (s)

Tyt

LA

Tt

j \
I
S

-20dB
Hinh 2.83: Xéac dinh x&p xi d6 quéa
diéu chinh va thoi gian qua do.

/
/
] /
=7—5
%Q_
m

Théng s8 ddc trung cGa qud trinh qud dé: Sai léch bam

D& danh gia chit lugng dong hoc ctia hé kin, ngudi ta cling thudng tinh sai léch bam
(tracking error), duge dinh nghia 1a ||y(¢)-u(¢)|. Sai léch bam cang nho, hé s& c6 chét
lugng dong hoc cang t6t. Néu d¢ sai léch dude quan tAm 1a chuén bac 2 (hinh 2.84):

oo

Q= |y®-u@®s=le® |, = |[e*@)ds (2.124)
0

thi @€ tinh @ ngudi ta c6 thé st dung dinh ly Parseval, hoic cong thiic Krasowski.

1) S dung cong thitc Krasowski:

Gia st 4anh Laplace ctia sai léch e(#) c6 dang

0ot n-1
Vay thi
9 _ BiAj+ByAy+ -+ +B,A, —2A/AA
= 2a2A
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trong d6

ay —Qg ay 0
0 a —asg 0
a) A=det| 0 -a9 ay -+ 0 |, @,= (2.126)
0 0 0 a, 4
b) A, , k=1, ... , n dudc tinh gidng nhu A nhung vector cot thii £ cia ma tran
trong (2.126) dugc thay bing cot (a;,a,,0, ... ,O)T.
¢) A =-b,_1a
Ag=bo—by1a; h(z)

An = bn—Z - bn—lan—l

d) B, =A?2

=3 \\\\\W

: /@\W/ﬁ\—"

t

BZ :A22— 2A1A3

Hinh 2.84: Danh gia chat lugng dong

— A2
B3 =Aj;- 2AQA4 + 24,45 qua sai léch bam.

B =Af - 24, 1Apa1 + 245 5As — 244 sAgis + o

Vi du 2.60: Tinh sai Iéch bam theo Krasowski

Tinh gi4 tri binh phuong sai léch @ ctia hé kin c6 ham truyén hé hé 1a

1+2Ts

Gi(s) = S()R(s) =~
S

khi hé dugc kich thich béi 1(¢) 6 dau vao.
Ham sai léch bam e(#) c6 anh Laplace

1 1 S
E(s)= = 5
1+SR s 1+2Ts+s

tic 12 anh (2.125) vé6i

bo=0, b1=1, ay=1, a1=2T va ay=1

Suy ra:
- 1 -1
A=det|™ %= get =oT
0 a 0 2T
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- 2T -1
Ay = det[a1 a2]= det[ ]: 4T?+1
ay a 2

1 2T
Ay = det % M2 get =
0 a 0 1

Al: —b1a0=—1, A2=bo—b1a1=—2T, BIZA12: 1, BZZA22: 4T2

_ BiA;+ByAy —2A,ApA _ (4T +1)+4T% —8T7 _

2 1
@ 2a8 A 4T 4T

2) Su dung coéng thitc Parseval (2.15):
D& xac dinh sai léch bam (2.124) ta ciing c6 thé st dung cong thic Parseval:
< 9 17 .2 1
Q= [e*(t)dt=— [|[E(jo| do=—— [E(s)E(-s)ds (2.127)
0 2 27 e
va phuong phép tich phan phtic thong qua gia tri residuence da duge giéi thiéu 6 muc

2.1.4 ciing nhu vi du 2.13. D& tién cho viéc tng dung, cho nhitng ham E(s) c¢6 dang theo
cong thic (2.125), tai liéu [12] da dua mot ra bang tra kha tién ich nhu sau.

Bang 2.4: Bang tra gia tri cng thic tinh sai léch bam

n | Q
2
1 b_O
2(10
i blay + b}
2ap0q
"""" Vaca + (b2 —9bbNan B2
3 5a0a; + (b —2bgby)ay + byas
_______________ 2a0 e =)
A b2 (aga,as — adag) + (b5 — 2b,by)agay + (b — 2byby )agas + b (agas —ay)

2 2
2(10 (a1a2a3 —Qpag —a; )

Vi du 2.61: Tinh sai Iéch bam theo Parseval

Cho hé kin cho 6 hinh 2.85 véi

w e Yy
1 — L G(s)
Gy(s) = ———— Tys|[ X
2Tys(1+2s)
Nhiém vu dit ra 1a phai xac dinh tham s6 T sao Hinh 2.85: Cho vi du 2.61

cho hé kin c¢6 dugc sai léch baAm théa man
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Q =Te2(t)dt — min
0

Trude hét, dé c6 anh Laplace E(s) cta sai léch e(#), ta xac dinh ham truyén tit tin
hiéu w(¢) t6i sai léch e(z):
1 ~ 0,5T;s
Tis[1+Gy(s)|  4Tys® +4Tys® +Tys+0,5

Gwe(s):

Tu day, véi w(¢)=1(t), tic la W(s)= 1 ta c6 anh Laplace ctia sai léch e(¢):
s

0,5T;

E(©)= Guols)W(s) =———2]
4TIS +4TIS +TIS+O,5

Tra bang 2.4 cho truong hgp n=3 véi

b0:—0,5T[ , bI:bZ:O, Cﬁng nhu v6i (10:0,5, a1=TI, a2=4TI,

ta di dén:
T2
Q= L - min & T;=1. a
4T, -2

2.3.4 Quan hé giifta chat lugng hé théng véi vi tri diém cuc va diém khéng
cuia ham truyén

Mot s6 két luéin chung

Nhu d4a biét, néu moét hé SISO dude mé ta bdi ham truyén

G(S) - B(S) =k (3_p1)(5_p2) (S_Pm)
A(s) (s—aq1)(s—qy) -+ (s—q,)

trong d6 B(s) 1a ky hiéu chi da thtic ti s6, A(s) 14 da thtic mau s6, va hai da thtc nay
dugc gia thiét 1a nguyén t6 cing nhau, thi nghiém ctia phuong trinh A(s)=0 sé& chinh 1a
diém cue hitu han va nghiém cta B(s)=0 sé 1a diém khong hitu han cia hé. Do ham
truyén 1a hop thiic nén moi diém cuc ctia hé sé chi 14 hiiu han.

(2.128)

Cac muc trudc da cho ta dugec mét s6 su lién hé gita vi tri diém cuc, diém khéng,
béc mé hinh véi déc tinh dong hoc clia hé théng. Ching han:

—  Né&u t4t ca cac diém cuc déu ndm bén trai truc 4o thi G(s) 12 ham bén. Khi d6 hé
12 6n dinh, da thic mAu s6 A(s) 1a da thic Hurwitz.

—  Céc diém cyc ndm cang xa truc 4o vé& phai trai, qua trinh qua do ctia hé cang
ngin, tic 14 quan tinh caa hé cang nho.

—  N&u G(s) c¢6 mot diém cuc khong ndm trén truc thuc (c6 phan 4o khac 0) thi qua
trinh qué d6 A (¢) c¢6 dang dao dong véi vo s6 cac diém cuc tri. Cac diém cuc ndm
cang xa truc thuc, tan s6 cua dao déng cang lén.
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Néu G(s) c6 it nhat mot diém cuc 12 goc toa d6 thi hé sé c6 chia thanh phan tich
phéan va do d6 tin hiéu ra luén thay d6i khi tin hiéu vao con khac 0.

Nhiing hé c¢6 diém khong 1a goc toa d6 déu mang dac tinh vi phan. Cac hé nay sé
phén tng rat nhanh véi sy thay déi ctia tin hiéu dau vao.

Né&u G(s) 1a ham hgp thtc khéng chit (m=n) thi ham qua d6 A (¢) ctia hé thong
s& khong xuat phat ti géc toa do, tic 14 A(+0)=0.

Né&u G(s) 12 ham hgp thtic chit (m<n) thi ham qua dé A(¢) ctia hé thong sé xuat
phat tit gbc toa dd, tiic 1a c6 A (+0)=0.

Néu G(s) c6 m=n—1 thi ham qua do A(¢) ciia hé thoéng sé xuat phat tit 0, nhung

dh(+0)
d

c6 dao ham tai d6 khac 0, ching han nhu khau quén tinh bac nhAt.

Né&u G(s) c6 m<n—1 thi ham qua dd A(¢) ctia hé théng sé xuit phat tit 0, déng
thoi dao ham cta né tai d6 ciing bang 0, vi du nhu khau quan tinh b4 hai.

Sau day, ta sé nghién ctiu thém nhiing méi quan hé khac gitia vi tri diém cuc, diém

khong ctia G(s) va tinh dong hoc cta hé.

Diéu kién ton tai dé qua diéu chinh

Xét hé c6 ham truyén hgp thic (m<n) cho & cong thiic (2.128). Nhu vay, rd rang hé

¢6 m diém khéng 91, 99, .- s g van diém cucpq, Py, ... , P, Hé co thé duge xem nhu

gébm nhiing khau sau méc néi tiép (hinh 2.86)

khuéch dai &

khau Gi(s)= % k=1, .., m
S—DPg

va cac khau GY(s)= ,i=m+1, ... ,n

S—p;

m_}u._)s—qm_) 1 — ... —> ! —
$— D1 S~ DPm S~ Pm+1 S—Ppn

Hinh 2.86: Sa d6 khéi tuong duong clia hé c6 ham truyén (2.128).

Dinh Iy 2.29: Xét hé pha 6n dinh SISO c6 ham truyén (2.128) va £>0. Néu tit ca cac

diém khéng q, k=1, ... ,m va diém cuc p;, i=1, ... , n déu la nhiing s thuc 4m

thi khéng mét tinh tong quat ta c6 thé gia thiét

0>q,2qs2 - 2q,, va 0>p;2pyg= -+ 2p, (2.129)

151



Khi d6 sé c6:
a) Néu ddong thoi tat cd m bat ddng thic sau duge thda mén
q1<P1, 92<P2, ** » 4u<DPn (2.130)
thi ham qua do6 A(¢) ciia hé sé don diéu tang, noéi cach khac hé khong c6 d6 qua
diéu chinh (hinh 2.87a).
b) N&u c6 I bat ding thiic trong s6 m bat ddng thic (2.130) khong dude duge thda

mén thi ham qué d6 A(¢) cta hé sé c6 dung ! diém cuc tri (cuc dai va cuc tiéu),
va do d6 hé c6 @6 qua diéu chinh (hinh 2.87b).

a) h(t) b) h(t)

Hinh 2.87: Minh hoa cho dinh ly 2.29.

Chitng minh:

Hé c6 ham trong lugng g(¢) 14 tich chép cta tit ca cac ham trong lugng cua céc
khau thanh phan, ttc 1a

gty = k[l = * g (O * gna@®* -+ * g3 ]
trong do
gh)= ko) +(py—qp) € P k=1, ... .m
M= e Pl i=m+1, .. .n
a) Cac ham g?(t) 14 khong am. Do c6 diéu kién (2.130) nén cac ham g,i(t) cting khong

am. Suy ra tich chap g(¢) ctia chiing ciing khong am. Vi A(¢) c6 dao ham g(¢) khong Am
nén A(t) 12 ham khéng gidm.

b) Trudc hét ta thay tich chap cia mét ham khéng Am véi mot ham khong duong sé d6i
dau mot 14n. Néu nhu c6 I bat ddng thiic (2.130) khong dude théa mén thi sé ¢6 I ham

trong s6 cac ham gj(¢) khong duong. Suy ra tich chap g(¢) cta tit cd cac ham gj(¢),

g°(t) s d6i d&u 7 14n va do a6 A(t) 6 I diém cuc tri. m

Vi du 2.62: Minh hoa dinh Iy 2.29

Cho nhiing hé SISO véi ham truyén sau
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140,755 (1+0,55)> . 1
G(s)=—"212° G (s)=— ") Ga(s)= ——
1= 2(9) (1+5)1+08s) =15

A 2 A N A 3 R R A N N P N ~
Tat cd cac hé nay déu c6 diém cuc, diém khong ndm bén trai truc 4o va thdoa méan

diéu kién (2.130). Chdng han nhu hé G4(s) ¢6 hai diém cuc duge sp xép theo thi tu

(2.129) la p;=-1, p2=—% va hai diém khéng q,=q,=-2 ciing sip xép theo thit tu dé.

Chuing déu théa man q;<p;, gs<p,. Bdi vay theo dinh 1y 2.29, cd ba ham qua d6 i ,(¢),
hy(t), hy(t) sé don diéu tiang (hinh 2.88). m)

1+0,75s
1+s

4R (t) G, (s)=

0,8

] 1+0,5s)2
0’6 G2(s): #
(1+s)(1+0,8s)
0,44
1
0,2 1+s
Hinh 2.88: Cac ham qua dé minh } } } } } ¢ >
hoa cho vi du 2.70. 1 2 3 4 5
Vi du 2.63: Minh hoa dinh Iy 2.29
Cho céac hé pha cuc tiéu SISO véi ham truyén sau
G.(s)= (1+0,5s8)(1+1,8s) va  Gyls)= A+s)X+2s)(1+3s) ~
(1+0,75s)(1 +1,5s) (1+0,55)(1+1,25)(1 +2,25)

Hé G1(s) c6 hai diém khong theo thi tu (2.129) 1a qf—%, g9=—2 va hai diém cuc

pﬁ—% , p2=—% ciing duge sdp x&p theo thi tu d6. Do c6 mot bat ding thic trong s§
céc bat ddng thic (2.130) khong dude théa mén 13 g;>p; nén d6 thi ~,(¢) clia né sé cb

mét diém cuc tri va d6 phai 1a diém cuc dai (hinh 2.89). Tuong tu, hé G4(s) c6 ba diém

khong q1=—l, QQ=—ly gs=—1 dudc sép xép theo thi tu (2.129) va bon diém cuc

3 2
_ 5 ) _ b _ - P ~ p X s Ay L a2
p1——ﬁ, p2——H, p3——g, p4=-2 ciing sap x€p theo thi tu d6. Vi c6 mot bat dang
thitc ¢ ,>p, khong théa man (2.130) nén dd thi A(z) cla né c6 mot diém cuc dai (hinh
2.89). a
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Hinh 2.89: Cac ham quéa d6 minh hoa
cho vi du 2.63.

Khau théng tén va hé pha cuc tiéu

Khau déng hoc c6 ham truyén
1-Ts
1+7Ts’

G,(s) = T>0

4

_ (1+055)(1+138s)
(1+0,758)(1+1,5s)

Gi(s)

\G (s)= 1+s)1A+2s)(1+3s)
(1+0,55)(1+1,25)(1 +2,25)*

(2.131)

duge goi 14 khdu thong tdn (all-pass). Ly do cho tén goi nay 1a vi né c6 ham dic tinh tan

bién—pha (cling 1a &nh Fourier cia ham trong lugng)

1- jaT

Gajo) = 1+ joT

|G.Gw)|= 1

v6i @6 khuéch dai bing 1 6 moi tin s8, ttc 14 né khong loc bat ky mot tAn s6 nao clia tin

hiéu dau vao.

DPudng dic tinh tan Bode ctia khau thong tan la:

L,(w)=0

¢, (@) = arctan _ 20T _

arctan 20T néu of <<1

= 2 .
(@T)? -1 arctanﬁ néu ol >>1

Bay gid ta xét hé c6 ham truyén

G(s) = Gy(s)Gy(s)

trong d6 G,(s) 1a mot khau théng tan.

(2.132)

Néu Gy(s) 1a ham bén thi G(s) ciing 12 ham bén va do d6 dudng dic tinh tin

bién—pha ctia hé cling 1a anh Fourier G(j @) ctia ham trong lugng ctia hé théng. Do G,(s)

14 khau thong tan nén

|GG @)= |Go( o)

Pinh nghia 2.3: Trong s6 t4t ca cac hé c6 cung bién 46 |G(j @)| cia ham dic tinh tan thi

hé c6 goc léch pha @) nhé nhat duge goi 1a hé pha cuc tiéu.

Gia st ta c6 hé pha cyc tiéu v6i ham truyén:
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A+T/s)A+Tys) -~ A+T.s)

G(s)=Fk
1+Tis)A+Tys) -+ (1+T,s)

trong d6 T} 1a s& am, con lai cac hing s6 khac Ty,Ty, ... , T, 1a nhiing s6 duong. Khi
d6, néu viét lai G(s) thanh dang (2.132)
k(1+T/s)*(1+Tys) - (A+Tps) 1-T/s

G(s) = ; :
A-Ts)(1+Tys) 1+ Tys) - (1+T,s) 1+Tis
—_—
Gy(s) G,(s)
ta sé dugc

o(0) = o)+, ()

po(w) = arc Go(jw) va @, (w) = arcG,(jw) = —2arctan(wT;' ).
Nhung vi

|G.(o)|=1 <& |GG o)|=|Go( o)
nén véi tinh pha cuc tiéu ctia G(s) ta phai co

p(0) < po(@)  g,(@) <0
Song diéu nay khong thé, vi T} <0. Vay:

Pinh ly 2.30: Hé pha cuc tiéu c6 ham truyén G(s) thuc-hiiu ty, phai c6 tit ca cac diém
khéng (hitu han) ndm bén trai truc ao.

D4 thi ham qua do A (¢) cta khau thong tdn véi ham truyén (2.131) dude biéu dién
minh hoa trong hinh 2.90a). Hinh 2.90b) 14 @5 thi ham qua dé A(¢) ctia mot hé pha cuc
tiéu va ctia mot hé pha khong cuc tiéu dé so sanh. Ta c6 thé thay duge diac diém cta hé
pha khéng cuc tiéu 1a trong khodng théi gian nhé ngay sau khi bi kich thich, hé c6 dap
ing ngudc véi hudéng ctia tin hiéu kich thich dau vao 1(¢).

a) h(t) b) h(?)

Hé pha khong cuc tiéu

Y -V |

Hinh 2.90: Ham qué dé cla khau thong tan va clia hé pha khong cuc tiéu.
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Phén tich bdng phuong phép quy dao nghiém s&

Xét hé kin c6 sd do cau tric cho & hinh 2.91a), trong d6 tham s6 £ 1a chua biét, ham
truyén S(s) 1a da cho. Nhu vay ham truyén ctia hé hd sé 1a

Gr(s) = kS(s) (2.133)
va hé kin c6 ham truyén
Gs) = —n)_
1+ Gh(s)

Hé kin c6 cac diém cuc 1a nghiém cta ham sai léch phdn héi

F(s) = 1+Gp(s) = 1+kS(s) (2.134)
va tdt nhién vi tri cac diém cuc nay trong mat phing phiic, nhan t6 quyét dinh chat
lugng ctia hé kin, phu thudc vao gia tri ctia tham s6 k.
Pinh nghia 2.4: Phuong phép quj dao nghiém sé 1a mot phuong phap phan tich chat

lugng hé kin trén co sé duong do thi biéu dién nghiém s6 cia ham sai léch phan héi
(2.134) theo tham s k ctia ham truyén hé hd (2.133).

Vi du 2.64: Gi6i thiéu phucng phap quy dao nghiém s6
Xét hé kin c6 cqu tric so dd khoi cho trong hinh 2.91a) véi
B 10(s+4)
s(s? +65+10)(0,15s +1)

S(s)

Nhu vay ham sai léch phan hoi ctia hé 1a
10(s +4)

F(s)=1+k—s; =
s(s”+6s+10)(0,15s+1)

(2.135)

a) b)

o
«—e—0O--- --->
-6,7
Hinh 2.91: Giéi thiéu phuong phap quy
dao nghiém s6 qua vi du 2.64.
k=2

Giai phuong trinh (2.135) phu thudc tham s6 £ ta ¢6 duge diém cuc cla hé kin. Biéu
dién céc diém cuc d6 trong mit phing phiic duéi dang dd thi phu thudc tham s6 & ta
duge quy dao nghiém s6 ctia hé kin. Hinh 2.91b) 1a d6 thi quy dao nghiém s6 tng v6i dai
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bién thién 0<k<os ctia tham s6 k. Chiéu ting cta k dugdc thé hién bing chifu miai tén

trén db thi quy dao nghiém s8. Cac d4u e trén db thi 1a nghiém ctia (2.135) khi k= i .

Quy dao nghiém s6 ctia hé gom bon nhanh tng v6i bac da thic miu s6 ctia ham
truyén S(s) 12 bon. Ca bén nhanh nay déu xut phéat (khi £=0) tit cc diém cuc cia ham
truyén S(s). Ching duge danh d4u bing ky hiéu O trong hinh 2.91b). Diém khéng cta
ham S(s) dugc ky hiéu béi  va ciing 1a diém két thic (khi £=e) clia mot trong cc
nhanh qu§ dao nghiém sé.

Véi dudng qui dao nghiém s6 nay ta c6 dudc mdt cai nhin truc quan vé su phu
thuéc ctia chat lugng hé kin vao tham s6 2. Chng han nhu do qu§ dao nghiém cét truc
40 tai k=2 va ndm bén phai truc 4o khi 2>2 nén hé sé khéng on dinh véi £>2. a

Xét truong hop téng quat cho hé & hinh 2.91a) véi

B(s) by+bs+ - +b,s"

(m<n)
A(s) ay+as+ - +a,s” ’

G,(s)=kS(s)=F
Goip;, i=1, ... ,n la cac diém cuc va q,, k=1, ... ,m la nhiing diém khong cta S(s). Khi
d6 Gy,(s) sé viét duge thanh

Gh(s)=k(s_q1)(s_q2) o (s—q,)
(S—Pl)(s—p2) (S_pn)

Hién nhién hé kin 6n dinh néu nhu cac diém cyc ciia ham truyén hé kin, tic 1a nghiém
ctia ham sai léch phan héi F(s) xac dinh theo (2.134) ndm bén trai truc do. Suy ra

A(s)
1+G =0 -k =—= 2.136
n(s) < Bs) ( )
H'S_pi| n m
o k= ‘;1— va Y arc(s—p;)— D arc(s—qp)=Q@I+1)r Vi lez (2.137)
H |s_qk| i=1 k=1
k=1

Nhung do nghiém cta (2.136) va (2.137) phu thudc % nén khi % thay d6i, cac nghiém
d6 cling c6 thé sé dich chuyén tit niia mat phing bén trai truc 4o sang nia phai hoic
ngudc lai tao thanh cac duong quy dao nghiém sé.

DPé xay dung dudng quy dao nghiém sd ta c6 tdm quy tdc cia Evans phat biéu nhu
sau:

1) Quy tdc 1: Quy dao nghiém s6 ¢6 dang doi xiing qua truc thuc.

Diéu nay 14 hién nhién, vi phuong trinh (2.136) c¢6 cac hé s6 1a s6 thuc nén nghiém
clia né phai hodc 1a s6 thuc, hodc 1a cac s6 phtc lién hgp. Néi cach khac, nghiém cta
(2.136) nam déi xting qua truc thuc.
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2) Quy tic 2: Quy dao nghiém sé cé n nhdnh. Cdc nhdnh nay déu bdat dau khi k=0 &
nhitng diém p;, i=1, ... ,n la diém cuc ctia S(s). Sé ¢c6 m nhdnh két thiic khi k— oo
taiqp, k=1, ... ,m la diém khong ciia S(s).

Quy dao nghiém c6 n dudng vi (2.136) c6 n nghiém tng véi s6 bac cia A(s). Khi
k=0, phuong trinh (2.136) s& 12 A(s)=0, nén nghiém ctia n6 chinh 1a diém cuc ctia S(s).
Vay tit ca n nhanh nay déu phai bit dau tit cac diém cucp;, i=1, ... ,n.

Trudng hgp k—>eo thi do (2.136) tuong dusng véi

A®) L Bls)=0
k
nén nghiém ctia né ciing sé bao gdm m nghiém cta B(s)=0. Do d6 trong s6 n nhanh sé&
¢6 m nhanh két thic tai cac diém khéng g, k=1, ... ,m.

3) Quy tdc 3: Quy dao nghiém s6'cé n—m nhdnh kéo ra xa tdn vé cing khi k—>o.
T phén phuong trinh (2.137) véi

n
[1ls- &

i=1 _
m

H |3 —Qk|
k=1

thi rd rang phai ¢6 n —m nhéanh kéo ra xa tn v6 cting khi Z— oo,

lim
k—oo

[}

4) Quy tdc 4: Géc xudt phdt ctia cde nhdnh tai diém cucp;, i=1, ... ,n la:

o; = — jéarc(pi -pj)+ ]:Zil:larc(pi —qp)+t(2l+1) v6i lez (2.138)
J#i
va goc két thiic tai cde diém khong q, , k=1, ... ,m la:
Br = i arc(q, — p;) + f; arc(q —qj)+(2l+1)7r véi lez (2.139)
A
Tinh ddng dn ctia hai cong thic (2.138) va (2.139) duge kiém ching mét cach dé
dang nho (2.137) bang cach cho nghiém s tién téi p; dé c6 géc xudt phat o; (s— p;)

hodc t6i g, dé c6 goc két thic B, (s— qp).

5) Quy tdc 5: n—m nhdnh kéo ra xa vo cung déu cé duong tiém cdn. Cdc duong tiém cin
dé cung cdt truc thue tai moét diém:

ro = ! {ipi_équ

n—-—m\ ;-1

va hop vadi truc thue mot goc

2l+1
n-m

n= T, 1=0,1, ... ,n-m+1
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Dé xac dinh phuong trinh dudng tiém can ciia nhiing nhanh qu§ dao nghiém s8 kéo

ra tin vb clng ta sé st dung céng thic (2.136). Tu d6 va véi gia thiet p;, i=1, ... ,n la
cac diém cuc va qp, k=1, ... ,m la nhiing diém khong cta S(s) ta dugc
n n 2 n-1
[MGs-p) s"—|2Zp|s" +
—k = i=1 = i=1

ﬁ (s—q;) s§™ —(% qk]s”_l +
k=1 k=1

Chia da thiic t& s6 cho da thiic mau s6, sau d6 cho s—eo 1r6i chi giit lai hai gia tri dau
tién (vi thuc chét ta chi cAn ¢6 phuong trinh dudng thing khi s da 16n):

k _ . h—m 2 & n-m-—1 e
-k =s - Zpl-—kz q |s (V61 s—0)
i=1 =1

S \i=1

1
1 n m n-m
= (=k)n-m = s[l—l[Zpi—kZ ij:l
=1

Khai trién vé& phai bing cong thiic khai trién nhi thic Newton va cho s— e ta c6

(-k)yrm =s ————| Y pi—>q,| =s-rg (2.140)
n- i=1 k=1
o
R6 rang ro 1a mét s6 thuce vi p;, i=1, ... ,n cling nhu q;, k=1, ... ,m hodc la cac s6

thuc, ho#c 14 cac s6 phiic lién hgp.

T (2.140) ta suy ra dudc tiép
1
s =(-k)"m+ 1,

Nhung vi
—k = k[cos(21+1)z — jsin(21+1) x| = k /D7

1 j21+1”
S :kn—me n-m 4 "0

Nhu vay, tdt ca cAc dudng tiém can déu c6 chung mot giao diém véi truc thuc 1a ry va
hgp véi truc thue mot géc

20+1

n-m

T, [=0,1, ... ,n-m+1

v =

Téng cong cb tit ca n—m dudng tiém can dong quy tai ry trén truc thuc tao thanh

mdt hinh sao ¢6 n—m tia xung quanh r,.

6) Quy tdc 6: Tdt cd cdc diém trén truc thuc ndm bén trdi téng s6'1é cdc diém p; va q,

déu thuoc quy dao nghiém so.
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Diéu nay ta c6 thé thiy duge ngay tit phuong trinh vé géc pha (2.137) cho céc

nghiém thuc s véi p; va q,, cling 12 nhiing s6 thuc

n m

> arc(s—p;)— Y. arc(s—q;) = Ql+1)x

i=1 k=1
Nhung do cac diém phiic p; , q; déu d6i xting qua truc thuc nén sé cac diém p; va q,
nam bén phai nghiém ctia (2.136) ciing sé van 14 s6 18.
7) Quy tdc T: Cdc nhdnh cia quy dao nghiém s6 cit nhau tai nhitng diém théa man:

noo1 mo 1

D =3 (2.141)

i=1S—D; k=1S—qp

va néu tai giao diém dé co r nhdnh thi cdc nhanh dé hop vdi nhau mét goc la z
r
Tu phuong trinh (2.136) ta cé

InGy(® =In & + 3 In(s— p;) = 3. In(s—q)
i=1 k=1

suy ra
d 1 dGy,(s) 1 3 1

PR Gy _ ) 2.142
s e Gy(s) ds Zi $—p; kz=:1 5=k ( |

Goi s 1a giao diém cla cac nhanh cia qu§ dao nghiém s8. Vay thi s phai 14 nghiém
boi cia phuong trinh (2.136), ttic 12 n6 phai théa man
dGp(s) _ 0 N 1 dGu(s) _ 0
ds G,(s) ds
Thay (2.143) vao (2.142) ta c6 diéu khzzing dinh (2.141). Chd ¥ rang (2.141) chi 1a
difu kién cAn cht khéng du, ttc 1a khong phai tit ca cac nghiém cta (2.141) déu 1a diém

1+Gy(s) =0 va (2.143)

giao nhau gitia cic nhanh quy dao nghiém sé.

8) Quy tdc 8: Giao diém s,=j o, ctia quy dao nghiém s6 vdi truc do la nghiém clia:

Re[A(jw)]+ k. Re[B(jw,)] =0
Im[A(jw:)]+ k. Im[B(jow.)] =0

Tinh ding dén cta (2.144) dude suy truc tiép ti (2.136).

A @,)+k,B(j0,)=0 < { (2.144)

Vi du 2.65: Minh hoa phuong phap quy dao nghiém s6
Cho hé kin c6 ciu triic s d6 khéi nhu trong hinh 2.91a) va

S(s):;
s(s+2)(s+4)

Trude hét ta thiy S(s) cé 3 diém cuc 1a p;=0, py=—2 va p;=—4. Ngoai ra S(s)
khéng c6 diém khéng. Do d6 qu§ dao nghiém s6 mé ta hé kin sé gém ba nhanh va ca ba
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nhanh nay déu kéo ra xa vo cung khi £—e. Ba nhanh quj dao nghiém déu c6 chiia
nhiing doan trén truc thuc gom doan th%ng gitia cac diém p,=0, p,=—2 va nia dudng
thang bén trai diém p,=—4 (hinh 2.92).

Dudng tiém can clia cac nhanh dong quy tai

ro = é(o—2—4)= -2

va hgp véi truc thuc cac goc

0 3 ’ 1 ’ 2 3
Cac nhanh c6 giao diém véi nhau tai
l+ ! + 1 - 0
s s+2 s+4
&  3°+12s+8=0
= 31:_2+i,82:_2_i
NE) NE]
trong d6 chi c6 thuc su Hinh 2.92: Minh hoa vi du 2.65
5= -2 +—2 ~_0,85

73

la giao diém vi "diém tudng 1a giao nhau" s, lai khéng thudc vé quy dao nghiém s&

(khéng trén mot nhanh nao) nén bi loai.
Tai giao diém s; c6 #=4 nhanh nén cac nhanh dé hop véi nhau mot géc bing %
Cudi ciing, quy dao nghiém s6 cit truc ao tai

jo.Go+2) (o, )+, =0 = @, =242 va k, =48. m)

2.3.5 Phan tich tinh bén vimg

Mot hé théng didu khién luén chita dung trong né cac yéu t6'bat dinh (uncertain) vé
d61 tuogng. Ngudn goc clia cac yéu t6 bat dinh nay c6 thé la:

—  Déi tugng da duge md ta mot cach khéng ddy di, mo hinh mé ta déi tugng khong
chinh xac.

— Mo hinh déi tugng ma ta st dung 1a mét md hinh don gian, duge x4p x1 ti mo
hinh phtic tap mé ti chinh x4c d6i tugng. Ching han nhu d6i tudng c6 mé hinh
chinh x4c 14 phi tuyén, song dé don gian héa cho cong viée phan tich va thiét k& bo
diéu khién ta da x4p xi mé hinh phi tuyén d6 bing mét mé hinh tuyén tinh.

Nhiing bai toan diéu khién c6 yéu t6 bat dinh AS cta d6i tuong diéu khién duge thé
hién qua su thay d6i ciia tham s6 trong mé hinh d8i tugng (hé s6 ctia ham truyén) sé
dugc goi 1a bai todn bén vitng vdi sai léch moé hinh cé cdu triic. Nguge lai, néu cac yéu to
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b4t dinh lai ndm & c&u tric mé hinh (chdng han bac clia mé hinh déi tugng bi thay d6i)
thi bai toan cé tén goi 14 bai todn bén vitng vdi sai léch moé hinh khoéng cé cdu tric.

Hinh 2.93 biéu dién mot s6 dang dién hinh cta sai léch mé hinh AS khéng c6 c&u
tric.

Hinh 2.93: a) Sai Iéch md hinh theo quan hé bu cong.

b) Sai léch m6 hinh theo quan hé bu nhan.
c) Sai léch mé hinh theo quan hé bl phéi hop.

Panh gid chét lugng bén viing nhd hdm nhay

Xét hé kin cho 6 hinh 2.94a). Ham K(s) dinh nghia theo
1
1+ RS

K(s)=

c6 tén goi 1a ham nhay (sensivity function) ctia hé. Tén goi nay dudc bat ngudn tit ban
chat ctia né 1a dai lugng do su nhay cam ctia ham truyén hé kin
SR
1+SR

tuong tng v6i moét thay d6i nhd AS trong mé hinh ham truyén cta d6i tugng.

G(s) =

Q) b)
A ImGh
e Yy N
- H .
[1+Gr( o)
Hinh 2.94: Danh gia do nhay cam
cla hé kin nha d6 thi bién—pha G (i
clia hé hé. (@)

Néu goi AG 1a su thay d6i trong G(s) tng véi sai léch AS ctia d6i tugng thi d6 nhay
K(s)dugc dinh nghia 1a ty s6 sai léch tuong doi % trong G(s) cua ca hé kin véi %

trong riéng d6i tugng S(s). Suy ra

162



AG
K(s) = lim -G =289 2
)= 3mAS " ds G
S

va d6 chinh 14 ham nhay cia hé ma ta da dinh nghia

_RA+SR)-SR®> S(1+SR) _ 1

K(s)
(1+SR)? SR 1+SR

Heé c6 chdt luong t6t 14 hé it nhay cam véi sai léch mé hinh d6i tugng, tiic 1a hé cé
|[K(Go)|<e  v6imoi @ (2.145)

trong d6 £1a mot s6 duong du nhd. T day, va cung véi cong thiic cia ham nhay K(s),
chdt luong it nhay cdm cta hé kin dude danh gia bing

1. [1+R(G ) S(j )] o 1. [1+G) ()|
£ £
v6i Gy (s)=R(s)S(s). Suy ra
Pinh Iy 2.31: He kin & hinh 2.94 s& c6 d6 nhay cam K(s) théa mén (2.145), trong d6 €1a
mdt s6 dudng dt nhd, néu dudng db thi dic tinh tan bién pha G,(j ®)=R(j ®)S(j ®)

ctia né luén ndm ngoai dudng tron véi tAm —1+0/ va ban kinh L (hinh 2.94b).
€

Dénh gid finh 8n dinh bén viing véi sai léch mé hinh khdng ¢é cdu tric

Thudng gip nhit trong thuc t& 1a bai toan diéu khién c¢6 yéu t6 bat dinh cta d6i
tugng thé hién duéi dang quan hé bu cong (hinh 2.93a va 2.94a), ttc 1a d6i tugng sé ¢
ham truyén thudc tap hop

§(s) = S(s)+AS  v6i  |AS( )| < Apax(@)

Gi4 st ring ham truyén hé hé R(s) S(s)1a ham bén véi moi [AS|SA o - Vay thi
theo tiéu chudn Nyquist (dinh 1y 2.23), hé kin sé 6n dinh néu nhu quy dao ham dic tinh
tan bién—pha R(j w) §(ja)) khéng di qua va khéng bao diém —1. Nhung do

IR(j®) S(j@)~ R(j®)S(@)| < |R( ®)|Apax( @)
nén dudng dic tinh tin R (j o) §( jw) chinh 14 tap cac diém trong mat phdng phiic ndm
trong dudng tron tdm R(j®)S(j @) ban kinh |R(j ®)|A na(@). Bbi vay, trong trudng hgp
dudng quy dao R(j®)S(jw) da khong bao diém —1 thi cAn va du dé dudng R(jw) §(jw)

cling khong bao diém —1 12 ban kinh |R(j ®)|A n.x(®) phai nhé hon khodng cach tit tAm
dudng tron R(j @)S(j w) t6i diém —1 (hinh 2.95b). Néi cach khac:

|[R( @)|Apax(@) < [1+R(G0)S(j w)]
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a) b) 'y ImGh

Hinh 2.95: Kiém tra tinh &n dinh hé kin
c6 sai léch mo hinh khong cau traic | 1+R(G@)S(j w)|
kiéu bl cong clia dai tuong.

D) Amax(@)

Dinh Iy 2.32: Néu hé kin véi R(s) va S(s) 1a én dinh va ham truyén R(s) S(s) 12 ham
bén v6i moi |AS(s)|€ Apax(s) thi cdn va di dé hé kin 6n dinh bén viing v6i moi yéu

t6 bat dinh kidu bu cong ctia d6i tugng 1a

1+ R(jw)S(jw)I _ |1+Gh<fw>| véi moi @

Amax (a)) < . .
|  R(jo) R(jo)

Khi hé kin da 6n dinh (bén ving) thi dinh 1y 2.28 lai ¢6 thé dude st dung dé khao
sat sai léch tinh e.,. Do dinh 1y 2.28 khéng c6 yéu cAu gi vé tinh b4t dinh cua d6i tugng
nén hé kin véi nhiing yéu t6 bat dinh AS vé déi tugng 12 6n dinh bén viing va S(s)R(s)
¢6 chtia thanh phan tich phan (v6i moi AS) thi khi dugc kich thich béi 1(¢), né sé cé sai
léch tinh bing 0 (e..=0).

Hé viia c6 finh 8n dinh bén viing viia ¢é dé nhay nhé
Tiép theo ta xét lai hé c6 c4u tric cho 6 hinh 2.97a) véi sai léch mo6 hinh khéng c6
ciu tric AS kiéu bu cong thda man |AS| £ A, VA & ban vé diéu kién dé né vira on
dinh bén viing, viia ¢6 dd nhay thoa man |K(j w)|<e.
Ky hiéu
Gr(o) = R(jo)S(w)
Khi d6, gidng nhu da c6 & phan trude, ham déc tinh tin bién—pha ctia hé kin
R(Go)[SGD)+AS(o)] = G, o) +R(Fo)AS(j w)
1 tap tt ca cac diém nim bén trong cac dudng tron c6 tim 14 G,(jw) va ban kinh 1a
|R( )| Amax(@).

Gia st hé hé 6n dinh v6i moi sai léch AS, ttic 14 ham R(S+AS) 1a ham bén. Khi d¢,
theo tiéu chuén Nyquist (dinh ly 2.23), dé hé kin 6n dinh v6i moi sai léch AS, ciing nhu
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, thi cAn va

¢6 @6 nhay nhd |K(j@)|<e, trong d6 ham nhay dugce dinh nghia la K= . 1SR
+
da 14 (hinh 2.96b):
IRGO|Apes(@) = < |1+ Gy(j@)]|  véimoi @
€

Tu day va két hop véi cac dinh 1y 2.31, 2.32, ta di dén dudc két luan:

Pinh ly 2.33: Né&u hé véi cau triic md ta & hinh 2.97a) c6 ham truyén ctia hé hé 1a ham
bén véi moi sai léch AS, thi né sé vita 6n dinh bén viing, vita ¢6 d6 nhay cam nhd
theo nghia |K(j w)|<e, khi va chi khi

1
|KRA ol + LI < 1

Q) b) A ImGh

|Amax(w)

Tinh 8n dinh bén viing cla hé béit dinh cé cdu tric: Tiéu chudn Kharitonov

11+Gy, G o)

Hinh 2.96: Hé vita c6 tinh 8n dinh bén
viing, vira ¢6 d6 nhay cam nhd.

Nam 1978 Kharitonov da dua ra mét tiéu chudn dua theo nguyén téc da thic
Hurwitz quen biét, cho phép khdao sat dude tinh 6n dinh ctia mot 16p cac mé hinh tuyén
tinh cing cau tric

1+bs+ -+ +b,s" _B(s)

G(s)= (2.146)
ay+a;s+ - +a,st  As)
trong d6 cac tham s6 b;, i=0,1, ... ,m vaay, £=0,1, ... ,n la cac gia tri bat dinh.

Theo dinh 1y 2.12, hé bat dinh ¢6 ham truyén (2.146) 6n dinh khi va chi khi G(s) 1a
mot ham bén, tic 1a khi va chi khi

A(s) = agta s+ags’+ - +a,s" (2.147)
1a da thic Hurwitz véi moi gia tri tham s6 a,, £=0,1, ... ,n.

Pa thiic A(s) cho trong (2.147) dudce goi 1a da thite Hurwitz chat (strictly Hurwitz),

néu né 1a Hurwitz v6i moi gi4 tri tham s6 aj, thudc khoang
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a,<ap<a; £=0,1, ... ,n (2.148)

Dinh ly 2.34 (Kharitonov): DE da thiic A(s) cho trong (2.147) 14 Hurwitz chdt thi cAn va du
14 ca bon da thiic hé s6 hing sau day (dudgc goi la cac da thitc Kharitonov):

- 2 —A, 5
Ki(s) = ag+ai s+ a3 s’+ais®+ays*+azs’+afst+ -

6

- 2. _— 5
Ky(s) = ag +af s+ a3 s+a3s*+ays*+ais’+af s+

_ 9 _ 4 5 _

Ky(s) = ad +af s+ a3 s”+a3s*+ajs*+als’+ag s+ -
— _+ - - .2 + .3 + 4 - .5 - 6

K (s) = ag+a;s+agstazs'+azs +tazs’tags + -

13 nhiing da thitc Hurwitz (c6 nghiém nam

bén trai truc 4o). Cach xac dinh bén da thic Jj@
Kharitonov ti da thtc (2.147) véi tinh bat ] )
dinh (2.148) & cho ciing tuong d6i d& nhe K209 K;(jo)
theo quy luat “dich trai 1 bit” nhu sau:
e . K\(¢) @ ® K, (o)
- + + - — + + — ... o
- - s Hinh 2.97: Minh hoa dinh Iy 2.34
- -+ + - - 4+
Chitng minh:
Trudc tién, ta nhan thay:
AGo) = (ag-as @ +a,0'— ) +j(a,0-as0’+as 0’ — )

Bdi vay tir (2.147) ta s& dugc:

Re[A(jw)] < af-a3 & +af 0 — -

IA

ay - as & +ag @t — -
aiw-aiw’+az0’ — - < Im[A( )] € afw-az0°+aie® - -
trong d6 ky hiéu Re[A(j @] chi phan thuc va Im[A (j @)] chi phan 4o clia A @).

Tuong tuy, véi:

4 3 5

Ki(jo) = (ag-a3 & +a5 0" — ) + j(ajo-ajo’ +a50° — - )
Ky(jo) = (ag—as o® +aj o' — ) + j(afo-az0® + afw® — - )
Ky(jo) = (af-a3 & +aj o' - ) + j(afo-az0° + aie® - - )
K,jo) = (af-a3 & +af o' - ) + j(ajo-aio’+az0° - )

ta di dén:
Re[K; (jw)]=Re[Ky(jw)] £ Re[A(jw)] £ Re[K;3(jw)]=Re[K,(jw)]
Im[K (o)]=Im[K,(j»)] £ Im[A(jw)] £ Im[K,(jo)]=Im[K3( )]
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Diéu nay chi ring v6i mot gia tri @ cd dinh, ham A(j @) c6 gia tri ndm trong hinh
chit nhat véi bon dinh 14 cac gia tri cia bon da thtic Kharitonov (hinh 2.98).

a) Jj@

Hinh 2.98: Minh hoa cho phan chiing
minh dinh Iy 2.34.

Chuyén sang phin chiing minh dinh 1y. Ta thdy diéu kién cin 1 hién nhién vi khi
A(s) 1a Hurwitz v6i moi tham s§ aj < a,<aj thi né cing 12 Hurwitz véi a,= a; hoic
a,=a; va do d6 ca bon da thtc Kharitonov cling s& 12 Hurwitz. Vay chi con lai diéu

kién da la phai duge chiing minh. Gia thiét cho ring bén da thiic Kharitonov 1a nhiing
da thtc Hurwitz. Vay theo tiéu chuéin Mikhailov (dinh 1y 2.18), cac dudng qu§ dao tdn s&
bién pha clia ching véi 0< w<oo s& phai xuit phat tit mot diém trén truc thuc va di qua
n géc mot phan tu trong mit phéng phtic theo huéng nguge chiéu kim déng hé, tic 1a géc

quay cta ching (nhin ti géc toa do) dung bang % )
Ciing tir tiéu chudn Michailov ta con cé:

— Giao diém cta duong dé thi K;(jw), i=1,2,3,4 véi truc thuc phai ndm xen ké giia
nhiing giao diém ctia né véi truc do.

— Gia tri tai hai giao diém cta K;(jw), i=1,2,3,4 v6i truc thuc ndm ké nhau phai
trai ddu nhau. Ciing nhu vay, gia tri tai hai giao diém cta K;(jw), i=1,2,3,4 véi
truc 20 ndm ké nhau phai trai ddu nhau.

Bay gi0 ta sé chiing minh 14 khi @ bién thién tit 0 dén e, néu bén dinh cta hinh chi

nhat bao géc toa do mot géc % thi moi diém thugc hinh chit nhat d6 ciing bao géc toa

do mot géc ding bing n—zﬂ va nhu vy ching ciing thda mén tiéu chudn Michailov.
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Ta sé chting minh bing phudng phap phan chiing. Gia st hinh chit nhat véi bén

dinh c6 cung géc quay % nhung ban than né lai bao goc toa do mot géc nhd hon % .

Nhu vy phai c6 lac hinh chi nhat chia diém géc toa d6. Nhung vi khi @=0, géc toa do
da ndm ngoai hinh chit nhat (thuc ra lic d6 chi 13 mot doan thdng ndm trén truc hoanh
v6i hai dau la ey va af ) nén khi @— oo diém gbc da di tit ngoai vao trong hinh chi nhat
va do d6 phai tén tai mot gia tri @* ma tai d6 goc toa do sé ndm trén canh cta hinh chit
nhat. Khong mit tinh tdng quat ta gid st d6 1a canh trén nhu hinh 2.100¢ minh hoa, tiic
14 c6 dinh thudc K;(j w) véi phan thuc duong. Vay thi dudng dac tinh tan K;(j w) phai co
hai giao diém véi truc thuc ndm ké nhau ciing d4u véi nhau (ducng) va diéu nay nguge
lai v6i hé qua cta tiéu chuén Mikhailov. Tic 1a diéu gia st 1a sai.

Vay, néu hinh chii nhat chia cac gia tri cia A(jw) da quay quanh gbc toa do mot

gbc % , thi t4t ca cac duong dic tinh tn bién pha cia A(jw) cling phai tao ra géc quay
nwr . ) ~ N A . . <
- va do d6 A (s) cing la mot da thic Hurwitz (chét). m)

Dé gidm b6t cong viéc phai lam khi kiém tra tinh Hurwitz chit caa A(s), tic 1a
gidm béi s6 cac da thic Kharitonov phai kiém tra ctia né, Anderson, Jury, Mansor da cai
tién dinh 1y 2.34 ctia Kharitonov thanh:

Pinh ly 2.35 (Anderson, Jury, Mansor): D& A(s), cho trong (2.147) ¢6 bac n khéng 16n hon 5
véi cde tham s6 bat dinh (2.148), 14 da thtic Hurwitz chit thi cdn va du la:
a) Néun=3 thi:
K,(s) =a +a7s+azs® +ais®
l1a da thtc Hurwitz.
b) Néun=4 thi:
Ks(s) =af +afs+ays® +azs® +ajst
Ky(s) =aj +a;s+ays® +ajs® +ajs?
l1a cac da thic Hurwitz.
c) Néun=5 thi:
Ky(s) =ag +ajs+ags® +azs® +agst +ais®
Ki(s) =af +ot{'s+a§s2 +a553 +a:{s4 +a§s5
K,(s) =a} +ays+azs® +a§s3 +ajs +a5_s5
la cac da thic Hurwitz.
Chitng minh:
Ta s& chting minh cho trudng hop n=3. Diéu kién cAn 12 hién nhién vi khi A(s) 1a
Hurwitz chit thi bén da thic Kharitonov ctia né 1a cac da thiic Hurwitz, trong dé cé

K,(s). Dé chiing minh diéu kién du ta 14p bang Routh ctia bén da thic Kharitonov:
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T T
Kis) |ap 'ay Kys) |ap a3
___________ oo -- R
_ + + _
ay 1 a3 a; | a3
- 4+ ] - ]
a+ apas ' + Qpas 1
2 — | T |
_____ i S S I S
N | _ ]
(13 : a3 :
T T
Kss) | af 'a; Ky | af 'ay
___________ L S, P
+ - - +
a 1 a3 a | as
+ 1 + + !
- Qpag 1 - Qpag 1
[¢2)) " 1 — 1
_____ o2 S B I B
_ ] ]
as : as :

Theo gia thiét vé tinh Hurwitz ctia K (s) thi gia tri trong c6t ddu bang Routh cta

+ +
n6 12 nhiing s6 duong. Do d6 a3 — %0 (_13 >0. T day ta suy ra thém:
a

_ aba; . ajaz _agay L. PRI o X A
1) ag - " >0, vi — < Két hgp véi diéu kién a;>0, Vi da cho thi theo tiéu
ay aq ay

chuén Routh-Hurwitz, K5(s) 1a Hurwitz.

- - - - + o+
aga apas _aga A A D e s .
2) ay ——23>0, vi 22 <073  (Cong thém diéu kién a;>0, Vi da c6 thi Ky(s) la
ai ay a;
Hurwitz.

-+ -+ + _+
aga apa aga

9 af -L0% 50, v L% B0G

a a ay

Hurwitz. m)

. Thém diéu kién a;>0, Vi da biét thi K (s) 1a

Bdi todan md

Trude tién ta quay lai da thiic Hurwitz chat (2.147) véi 4 da thic Kharitotov tuong

ting cho trong dinh ly 2.34, trong d6 cac hé s6 a,, £=0,1, ... ,n clha da thic (2.147)
dugc gia thiét 1a chay trong khoang kin a; <a,<aj , £=0,1, ... ,n. Do tit ca 4 da thic
Kharitonov:

K (s) = ag+a; s+ a%sz+a§s3+a;s4+a5s°+agss+
- 2, - — 4 5
Ky(s) = ag +af s+ a3 s>+a3s®+ays*+als’+af s+ -
_ 9 _ 4 5 _
Ki(s) = aj+af s+ azs“+a3 s’+afs +ai s°+ag s%+ ..

K,s) = al+ays+ a532+a§s3+a:{s4+a5s°+a536+
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déu phai 1a da thic Hurwitz nén khong mat tinh téng quat ta c6 thé xem t4t ca cac hé s6
cua chung 1a nhiing s6 duong, ttc 1a a; >0, £=0,1, ... ,n. Nhu vay c4c hé s6 cla da
thttc Hurwitz chit (2.147) biéu dién dugc béi gia tri clia da thiic p (1) hé s6 duong:

a, =(1-Aa;, +Aa) = (a;, —a;)A+a, = p(A) vél 0<A<1
T day, ngudi ta da di dén mot két luan phong doan cho trudng hop téng quat nhu sau,
nhung chva chitng minh dugc:
Pinh ly 2.36 (Bai toan md): Cho da thic Hurwitz:

A(s) = ag+a;s+ags® + - +a,s"

Khi d6 véi moi da thiic p(A) hé s6 duong, da thiic nhiing:
A(s) = plag)+ play)s+ plag)s® + -+ + p(a,,)s"

cting 1la mét da thic Hurwitz.

Vi du 2.66: Minh hoa bai toan md—dinh ly phdng doan

Xét da thic Hurwitz A(s) bac 4 & vi du 2.42: 36 6859 4
A(s)=5+165+18s% + 85> +5* 289 81
va mot da thic p(2) 6 hé s6 duong: 682(3)4;) 4
pAD)=1+24+ 4% =(1+1)° 4‘

Khi d6 da thtic nhing A(s) sé la: i _ ]
Hinh 2.99: Minh hoa vi du 2.66

A(s) = 36+ 289s + 68595 + 815> + 45*
va c6 bang Routh cho ¢ hinh bén (hinh 2.99). Do t4t ca cac hé s§ 6 cot ddu cta bang
Routh déu 14 nhiing s6 duong nén theo tiéu chudn Routh, da thiic nhiung A(s) nay cing
1a mét da thic Hurwitz. a

2.4 Thiét k& bd diéu khién
2.41 Chon tham s& cho bd diéu khién PID

Tén goi PID 1a chit viét tdt ctia ba thanh phan cd ban c6 trong bd didu khién (hinh
2.100a) gbm khdu khuéch dai (P), khdu tich phén (I) va khdu vi phdn (D). Ngudi ta van
thudng néi ring PID 14 mét tap thé hoan hao bao gdm ba tinh cach khac nhau:

—  phuc tung va thuc hién chinh x4ac nhiém vu dudc giao (ty 18),

- lam viéc va c6 tich luy kinh nghiém dé thuc hién t6t nhiém vu (tich phéan),

—  ludn c6 sang kién va phan tng nhanh nhay véi su thay d6i tinh huéng trong qua
trinh thyc hién nhiém vu (vi phan).
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) » b)
g w e U | Péituong | ¥
° Iz 1 “ PID diéu khién
p TIS ur -
I8 s Hinh 2.100: Diéu khién v6i bb didu khién PID

Bo diéu khién PID duge st dung kha rong rai dé diéu khién déi tugng SISO theo
nguyén 1y héi tiép (hinh 2.100b). Ly do bd PID dudc st dung rong rai la tinh don gian
ctia né ca vé ciu tric 1an nguyén 1y 1am viéc. B6 PID cé nhiém vu dua sai léch e(t) cta
hé théng vé 0 sao cho qua trinh quéa d6 thdéa mén cac yéu cAu co ban vé chat lugng:

— Néu sai léch e(t) cang 16n thi théng qua thanh phan up(¢), tin hiéu diéu chinh
u(t) cang 16n (vai tro ciia khuéch dai k).

— Néu sai léch e(¢) chua bang 0 thi thong qua thanh phan u;(¢), PID van con tao
tin hiéu diéu chinh (vai tro ctia tich phan T7;).

—  Néu su thay ddi cta sai léch e(#) cang 16n thi thong qua thanh phén up(¢), phan
ting thich hgp clia u(¢) sé cang nhanh (vai trd ctia vi phan T'p).

B6 diéu khién PID dugc mé ta bing mé hinh vao-ra:
1t de(t)
t)y =k t)+— dt+Ty —=
u(t) p[e(>TI£e<> ]

trong d6 e(¢) 1a tin hiéu dau vao, u(¢) 1a tin hiéu dau ra, k, dugc goi l1a hé s6 khuéch
dai, T; 1a hang s6 tich phan va T 14 hing s6 vi phén.
Tit mé hinh vao—ra trén ta c6 duge ham truyén ctia bo diéu khién PID:

R(s)=k, (1 s TDS}
I

Chat lugng hé thong phu thude vao cac tham s6 k, , Ty, Tp. Mudén hé théng c6
duge chat lugng nhu mong mudn thi phai phan tich déi tugng rdi trén cd s d6 chon cac
tham s6 d6 cho phat hgp. Hién ¢6 kha nhiéu cac phuong phéap xac dinh cac tham s8 &,
T; , Tp cho bo diéu khién PID, song tién ich hon ca trong ting dung van la:

—  Phuong phap Ziegler—Nichols

—  Phuong phap Chien-Hrones—Reswick

—  Phuong phép téng T cta Kuhn

—  Phuong phap t6i uu do 16n va phuong phap t6i uu d6i xting
—  Phuong phap t6i uu theo sai léch bam
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Mbt diéu cin noéi thém 1a khéng phai moi trudng hgp ting dung déu phai xac dinh ca
ba tham s6 &, , Ty va Tp. Chéng han, khi ban than d6i tuong da c6 thanh phan tich
phan thi trong bd diéu khién ta khong cn phai cé thém khau tich phan méi lam cho sai
léch tinh bing 0, hay néi cach khéc, khi d6 ta chi can st dung bd diéu khién PD

R(s) = k,(1+Tps)

1a d (T;=). Hoic khi tin hiéu trong hé théng thay ddi tuong d6i cham va ban than b
diéu khién khong cAn phai c6 phan t@ng that nhanh véi su thay déi cia sai 1éch e(z) thi
ta 6 thé chi cAn st dung bo diéu khién PI (Tp=0) c6 ham truyén:

1
R(S) :kp(].‘f'T—s]

1

Hai phuong phép xac dinh tham s PID cla Ziegler-Nichols

Ziegler va Nichols da dua ra hai phuong phdp thuc nghiém dé xac dinh tham s6 bd
diéu khién PID. Trong khi phuong phéap thi nhat st dung dang mé hinh x4p xi quan
tinh bac nhat c6 tré ctia d6i tugng diéu khién:

ke—LS

S =
®) 1+Ts

(2.149)

thi phuong phap thi hai ndi tréi hon & chd hoan toan khong cdn dén mé hinh toan hoc.
Tuy nhién né c6 han ché& 1a chi ap dung dugc cho mét 16p cac d6i tugng nhat dinh.

1) Phuwong phdp Ziegler—Nichols thit nhdt:

Phuong phap thuc nghiém nay cé nhiém vu xac dinh cac tham s6 k,, Tr, Tp cho
bo diéu khién PID trén co sé x&p xi ham truyén S(s) cta d6i tugng thanh dang (2.149),
dé hé kin nhanh chéng trd vé& ché d6 xac lap va d6 qua diéu chinh Ak khéng vuot qua

mot gidi han cho phép, khodng 40% so véi he. = lim A(t) , tic la c6 <0,4 (hinh 2.101).
t—oo0

Ba tham s6 L (hing s6 thdi gian tré), £ (hé s6 khuéch dai) va T (hing s6 thdi gian
quén tinh) ctia m6 hinh x&p xi (2.149) c6 thé dude xac dinh gan dung tit d6 thi ham qua
do h(t) ctua ddi tugng. Néu d6i tugng c6 ham qua do6 dang nhu hinh 2.102a) md ta thi ti
d6 thi ham A (¢) dé ta doc ra dugc ngay

— L 1a khoang thdi gian d4u ra A(f) chua c6 phan ting ngay véi kich thich 1(¢) tai
dau vao,

—  klagia tri giéi han A.=1im A(¢)

t—00

- GoiA la diém két thic khoang thdi gian tré, tic 1a diém trén truc hoanh c¢6 hoanh
d6 bing L. Khi d6 T 1a khodng thdi gian cin thiét sau L dé tiép tuyén cta A(¢) tai
A dat dugc gia tri k.
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a) b)
AR(2)

o PID | = S() |2 1;10%

Hinh 2.101: Nhiém vu clia bé diéu khién PID.

L A

Truong hgp ham qua d6 A(¢) khong c6 dang 1y tudng nhu & hinh 2.102a, song c6
dang gin gidng 14 hinh chii S ctia khau quan tinh bac 2 hoéc bac 7 nhu hinh 2.102b) mé
t4, thi ba tham s6 &, L, T cia m6 hinh (2.149) dugc xac dinh x4p xi nhu sau:

— k13 gi4 tri gi6i han A =lim A(f) .
t—e
—  Ké dudng tiép tuyén cta A (¢) tai diém uén ctia né. Khi d6 L s& 1a hoanh do giao
diém cta tiép tuyén véi truc hoanh va T 1a khoang thoi gian cAn thiét dé dudng
ti&p tuyén di dudc ti gia tri 0 téi duge gia trik.

Nhu vay ta c6 thé thay 1a dé ap dung duge phuong phap x4p xi mé hinh bac nhat ¢6
tré, d61 tugng da phai 6n dinh va it nh&t ham qua dd ctia né phai c6 dang hinh chi S.

Sau khi da cé cac tham s& cho m6 hinh x&p xi (2.149) ctia déi tuong, Ziegler—Nichols
da dé nghi st dung cac tham s6k,, , T;, Tp cho bo diéu khién nhu sau [12]:

~  N&u chi sit dung bo diéu khién khuéch dai R(s)=k, thi chon k,= %

~  Néustt dung by PI1véi R(s)=k, 1+L thi chon k,= 0.97 vaT; = EL
Tys 5 3
~ o , 1 . 1,2T L
- Neu su dung PID CcO R(S):kp (1+E+TDS] thi kp:ﬁ’ T]:2L Py TD:E
a) b)
2 h® . PO
koo ____. koo ___ Ao e mmmmm o .
| |
1 1
1 1
1 1
| J i t
R e m— "
v Lo T Lo T !

Hinh 2.102: Xac dinh tham s8 cho mé hinh x&p xi (2.149) cla d6i tugng.
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2) Phuong phdp Ziegler—-Nichols thi hai:

Phuong phép thuc nghiém tht hai nay c6 dac diém 1a khéng st dung mé hinh toan
hoc ctia d6i tugng, ngay cd md hinh x&p xi gan diing (2.149). Ndi dung ctia phuong phap
thd hai nhu sau [12]:

—  Thay b6 diéu khién PID trong hé kin (hinh 2.103a) bang khau khuéch dai. Sau d6
tang hé s6 khuéch dai t6i gia tri t6i han k,, dé hé kin & ché& d6 bién gidi 6n dinh,
ttic 1a 2 (¢) c6 dang dao dong diéu hoa (hinh 2.103b). Xac dinh chu ky T, cta dao
dong.

- Xac dinh tham s6 cho b6 diéu khién P, PI hay PID tit k,;, va T, nhu sau:

a) Néu sit dung R(s)=k, thi chon &, =% ku

b) Néu st dung R(s)=k, [1+TLJ thi chon &2,=0,45k,;, va T} =0,85T,
IS

¢) Néu sti dung PID thi chon k,=0,6k., , T =0,5T,, va Tp =0,12Ty,

Phuong phap thuc nghiém thé hai nay c6 mét nhude diém 1a chi 4p dung duge cho
nhiing d6i tugng c6 dude ché do bién gisi 6n dinh khi hiéu chinh hing s6 khuéch dai
trong hé kin.

a b h(t)

) ) 2 ] ]

w e u [pa: ¥ 1 l\ i
ko, ;’_gl tugng S VN T 10

iéu khién Y T

- AW A WAL ER
0,5
/ / :
Hinh 2.103: Xéac dinh hang s& khuéch dai t6i han. 1 2 3 5 7 9

Phuong phdp Chien-Hrones—Reswick

DAy 1a phuong phap gan gidng véi phuong phap tht nhat ctia Ziegler-Nichols, song
né khoéng sti dung mé hinh tham sé (2.149) gin ding dang quan tinh bac nhat c6 tré cho
d6i tugng ma thay vao d6 1a tryc tiép dang ham qua d6 A(¢) ctia né.

Hinh 2.104: Ham qué doé déi tuong thich hgp cho
phuong phap Chien—-Hrones—Reswick.
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Phuong phap Chien—-Hrones—Reswick ciing cin gia thiét d6i tuong 6n dinh, ham
qua do h(t) c6 dang hinh chi S (hinh 2.104), tic 14 ludn ¢6 dao ham khéng 4m:
dh(t) _
dt
Tuy nhién phuong phap nay thich {ing véi nhiing d6i tugng bac cao nhu quan tinh bac n
Ss)=—"F
1+sT)"
va c6 ham qua d6 A (¢) thoa man:
b

=>3 (2.150)
a

g#) =0

trong d6 a 14 hoanh d6 giao diém tiép tuyén cta A(f) tai diém ubn U véi truc thdi gian
(hinh 2.104) va b 13 khoang thdi gian cAn thiét dé tiép tuyén d6 di duge tit 0 t6i gia tri
xac lap k= lim A(t) .
t—se0

Tu dang ham qua do A(t) d6i tuong véi hai tham s6 a , b thda méan, Chien—Hrones—
Reswick da dua bon cach xac dinh tham s6 bo diéu khién cho bon yéu ciu chat lugng
khac nhau nhu sau [12]:

-~ T6i uu theo nhiéu (giam anh hudng nhidu) va hé kin khéng c6 d§ qué diéu chinh:
3b

a) Bo diéu khién P: Chon kp=m
a

b) Bb didu khidn PL: Chon k,= —0 va T; =da
10ak
¢) B0 diéu khién PID: Chon k,= 20 T, =122 o p = 21
20ak 5 50

—  T6i vu theo nhidu va hé kin c¢6 d6 qua diéu chinh Ak khéng vugt qua 20% so véi
heo =lim h(¢) :
t—3e0

2) B0 diéu khién P: Chon k= — 2
10ak
b) Bb didu khién PL: Chon k= — 0 va T, =23¢
10ak 10

¢) Bo diéu khién PID: Chon k,= % , Tr=2a va Tp= 25%
a.

—  Téi uu theo tin hiéu dat truée (gidm sai léch bam) va hé kin khéng c6 d6 qua diéu

chinh AA:
N 2 _ 3b
a) B¢ diéu khién P: Chon k,= ——
10ak
b) Bo diéu khién PI: Chon ky,= T vaT;= 6
20ak 5
a3 A R _ 3b _ N _a
¢) Bo diéu khién PID: Chon k,=——, T; =b vaTp=—.
5ak 2
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—  Téi uu theo tin hiéu dat trude (gidm sai léch bam) va hé kin c6 d6 qua diéu chinh
Ah khong vugt qua 20% so v6i A =lim A(2) :
t—o0

a) B diéu khién P: Chon k= %
a

b) B¢ didu khién PI: Chon k,= % vaTr =b
a

¢) B0 diéu khién PID: Chon k,= _2109bk , Ty = —2270b va Tp= —?gg
a.

Phuong phdp t6ng T cGa Kuhn

Cho d6i tugng c6 ham truyén

S(S)Zk (1+T1t8)(1+T2tS) (1+T,ZS) e—sT, (m<n) (2151)
A+Ts)QA+Tys) - 1+TTs)

Gia thiét ring ham qua db A(¢) ctia né c6 dang hinh chi S nhu mé ta ¢ hinh 2.105, vay
thi (2.151) phai théa man dinh 1y 2.29, ttc 1a cic hing s6 thdi gian 6 ti s6 7! phai dugc
gia thiét 14 nho hon hang s6 thdi gian tuong tng véi né 6 mau sé T;" . N6i cach khac,
néu nhu da c6 sy sip xép:

T 2Ty 2T va T =Ty > =T
thi cting phai ¢6 h(t)

T <1, Ti<Ty" , -, T, <TP

Cha y 12 céc chil cai ¢ va m trong T}, "

khong c6 y nghia liiy thitta ma chi 1a ky hiéu
néi ring né thudc vé da thic ti s6 hay mau s

trong ham truyén S(s).

Hinh 2.105: Quan hé gilra dién tich va
tdng cac hang sé thdi gian.

Goi A 1a dién tich bao bdi dudng cong A ()
va k=1lim A(¢) . Vay thi:
e

Pinh ly 2.37: Giiia dién tich A va cac hing s6 thoi gian T}, T/, T cha (2.151) ¢6 moi

quan hé:
A=kTs=k(STP-3T!+T)
j=1 i=1
I -
Ty
Chitng minh:

Theo khai niém vé dién tich A thi

A= T[k —h(t)de.
0
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Chuyén hai v& ding thic trén sang mién phtic nho toan ti Laplace va goi A(s) 1a anh
Laplace cia A cling nhu H(s) 1a anh cua A(t), ta co:
1k
A(s) = =[=-H(s)]
s s

Vi A 12 hiing s6 nén né c6 giéi han A= lim A . Do d6 néu ap dung dinh 1y vé giéi han
t—eo

thi nhat cua toan ti Laplace, sé& di dén:
A =lim [ﬁ—H(s)] = limw
s—0 8 $—0 S

pli QIO TYS) o (4T - A+ T9)A+Tys) - A+ Tps)e”

50 sA+T"s)A+Ty"s) ==+ A+T)"s)
l_e—sT
=klim| (T +T9 + - +T7")—(T{+Ti+ --- +T.L)+
s—0 S
Suy ra
n m n m
A=k(STP-ST +T) =kTy véi Tr=Y TP -YT'+T O
j=1 i=1 Jj=1 =1

Dinh 1y 2.35 chi rdng T's c6 thé d& dang duge xac dinh ti ham qua d6 A(¢) dang
hinh chit S va di tit 0 ctia déi tugng 6n dinh, khéng dao d6ng, bing cach udc wgng dién
tich A cting nhu

kE=lmh@t) , Ts= (2.152)
t—oo

EAES

Trén co sé hai gia tri 2, T's da c6 cia @61 tugng, Kuhn dé ra phuong phap téng T
xac dinh tham s6 &, , T7, Tp cho b6 diéu khién PID sao cho hé héi tiép ¢6 qua trinh qua
d6 ngén hon va d6 qua diéu chinh A2 khéng vudt qua 25%.

Phuong phap téng T ciia Kuhn bao gom hai bude nhu sau [12]:

1) Xac dinh %, T's c6 thé tit ham truyén S(s) cho trong (2.151) nhd dinh 1y 2.35 va cong
thiic (2.152) hoic bang thuc nghiém tit ham qua doé A(¢) di tix 0 va c6 dang hinh chi

S cuia d6i tugng theo (2.152).

2) Xéac dinh tham s&:
- Néu st dung bé diéu khién PL: Chon k,= i vaT;= T—ZE

- Néu sti dung bo diéu khién PID: Chon k, = %, T;= % va Tp =0,167Tg

Phuong phdp t8i uu dd 16n

Yéu cAu chat lugng d6i véi hé thong diéu khién kin & hinh 2.107a) ¢6 d6i tugng S(s)
va bo diéu khién phai tim R (s), mé ta bdi ham truyén tuong duong:
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SR

G(s) =
©) 1+SR

14 hé thong ludn phai cé dude dap tng y(t) giong nhu tin hidu 1énh duge dua d ddu vao
w(¢) tai moi diém t4n s hodc it ra thoi gian qua do dé y(¢) bam dudc vao w(f) cang
ngin cang t8t. N6i cach khac, bo diéu khién 1y tudng R(s) cAn phai mang dén cho hé
théng kha nang

IGG@w)| =1 véimoiw (2.153)

Nhung trong thuc t&, vi nhiéu 1y do ma yéu cadu R(s) thda man (2.153) khé dudc
dap tng, chdng han nhu vi hé théng thuc ludn chia trong né ban chit quan tinh, tinh
"cudng lai 1énh" tac dong ti ngoai vao. Song "tinh x4u" d6 ctia hé théng lai duge giam bét
mot cach tit nhién & ché& d§ 1am viéc c6 tan s§ 16n, nén ngusi ta thudng da théa man véi
b6 diéu khién R(s) khi né6 mang lai dugc cho hé théng tinh chat (2.153) trong mét dai
tan s6 rong 1an thudc can 0 (hinh 2.106b). Ddi tdn s6 nay cang rong, hé sé cang di nhanh
vao ché dé xde lap, tie la qud trink qud dé ctia hé sé cang ngdn.

a) b)

L(w)4 Cangrdng cang tét
e L LI T T

Hinh 2.106: Dai tan s6 ma & dé co -40
bién d6 ham d4c tinh tan bang 1,
cang rong cang tot.

B6 diéu khién R (s) théa mén:

IGGo)| = 1 (2.154)
trong dai tan s6 thap c6 d6 rong 16n duge goi 1a b6 diéu khién t6i wu dé lon. Hinh 2.106b)
12 vi du minh hoa cho nguyén téc diéu khién téi wu d6 16n. B diéu khién R(s) can phai
dude chon sao cho mién tan s6 cia biéu d6 Bode ham truyén hé kin G (s) théa mén:

L(w) = 20lg |G(w)|= 0
14 16n nhat. DAi tAn s6 nay cang 16n, chit lugng hé kin theo nghia (2.154) cang cao.

Mbét diéu cAn néi thém 14 tén goi £6i wu dé lon duge dung & day khéng mang ¥ nghia
chit ché v& mat toan hoc cho mét bai toan téi uu, tiic 1a & day khong c6 phiém ham danh
gia ch4t lugng nao dude st dung do d6 ciing khong xac dinh cu thé 12 v6i bo diéu khién
R(s) phiém ham d6 cé gia tri 16n nhat hay khéng. Thun tiy, tén goi nay chi mang tinh
dinh tinh réng dai tan s6 @, ma & d6 G(s) thoa man (2.154), cang réng cang tot.
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Phuong phap t61 vu do6 16n duge xay dung chit yéu chi phuc vu viéc chon tham s6 bo
diéu khién PID dé& diéu khién céc d6i tugng S(s) ¢6 ham truyén dang

—  Quaén tinh bac nhat: S(s) = k
1+Ts

— Quan tinh bac hai: S(s) = #
A +Tis)1+Tys)

k
A+ Tis)A+Tos)1+Tys)

—  Quéntinh bacba: S(s) =

Tuy nhién, cho 16p cac ddi tugng c6 dang ham truyén phic tap hon, chdng han nhu
(2.151), ta vAn c6 thé st dung dudc phuong phép chon tham s§ PID theo t8i uu d6 lén
bing cach x&p xi ching vé mot trong ba dang cd ban trén nhd phuong phdp téng T clia
Kuhn hoic phuong phdp téng cdc hdng s6'thoi gian nhé sé dude trinh bay dusi day.

1) Piéu khién doi tuong qudn tinh béc nhdt:

Xét hé kin c6 so dd khéi cho trong hinh 2.107a), trong d6:

. ) k
— B diéu khién la khau tich phan: R(s)= T—P (2.155)
s
—  Déi tugng 14 khau quan tinh bac nhat: S(s)= % (2.156)
+Ts
Nhu vay sé co:
N A 1A k . _T;
— Ham truyén hé kin: G(s)=——— v61 Tr=—+
Tps(1+Ts)+k kp
kkp k

- Ham truyén hé hé: G,(s) = R(s)S(s) = (2.157)

T;s(1+Ts) Tys(1+Ts)
Suy ra:

G L
o) =

GGl k% +(TE -2k TRT)0* + TET 00"

k
Jk=TRT @) + (T )?

va @8 diéu kién (2.154) dugc thda man trong mét dai tdn s8 thap c6 do rong 16n, tat

o |G(o)|*=

nhién ngudi ta c6 thé chon T’z sao cho:

Tp-2kTpT =0 < Ty :Z—I:QkT

p

2 L(w)
[T EHm RS 1 IR

Hinh 2.107: Diéu khién khau quan tinh bac nhat




Khi @6 hé kin c6 biéu d6 Bode cho 6 hinh 2.107b) véi ham truyén:

2
k w,

= , va D=
2kTs(1+Ts)+k  s®+2Daw,s+a?

G(s) =

trong d6 w,=

1
NEA
Pinh ly 2.38: Néu di tugng diéu khién 14 khau quan tinh bac nhat (2.156), thi bo diéu

khién tich phan (2.155) véi tham s6 Z—I =2kT sé1a bo diéu khién t6i uu do 16n.
p
Tiép theo ta ban vé trudng hgp d6i tuong S(s) cé dang:
k

S(s) = (2.158)
A+Ts)1+Tys) - (1+T,s)

T4t nhién dé ap dung dude dinh 1y 2.38 v6i bo didu khién t6i uu do 16n 14 khau tich phan
(2.155) thi trude tién ta phai tim cach chuyén mé hinh (2.158) vé dang x4p xi khau quan
tinh bac nhat (2.156).

Phuong phap x4p xi mé hinh (2.158) thanh (2.156) sau day 1a phuwong phdp téng cdc
hang s6'thoi gian nhé. N6 duge st dung chl yéu cho cac ham truyén S(s) kiéu (2.158) ¢6
T,, Ty, .. , T, rit nhd. St dung céng thic khai trién Vieta cho da thtic miu sg trong
(2.158) dugce

k

S(s) = 5
1+(M +Ty+ - +T)s+(MTo+ T\ T+ -+ )s™+

Do d6, & nhiing diém tan s6 thép, ttc 1a khi s nhd, ta c6 thé b qua nhiing thanh phan

n
béc cao cta s va thu duge cong thic x4p xi (2.156) ¢6 T'= > T, . Suy ra:

i=1
Dinh ly 2.39: Né&u déi tugng diéu khién (2.158) ¢6 cac hing s6 thoi gian T, Ty, ... , T,
R4 . g n N
rat nho, thi bo diéu khién tich phan (2.155) v6i tham s6 I 2kY T, séla bo diéu
. - i=1
khién t&i vu d6 16n.
Vi du 2.67: Minh hoa dinh ly 2.39
, 4 h(2)
Gia st d6i tugng diéu khién ¢6 dang 1,5
S(s)=—2 ] / \\
(1+0,15)° / .
Vay thi 0,5
k=2 va T=06. ¢

Do d6 bd didu khién I duge st dung sé c6: 2 4 6 8 101214 16 18

T,=24 = R(s)= 214 Hinh 2.108: Minh hoa vi du 2.67
,4s
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Hinh 2.108 14 d6 thi ham qua d¢ ctia hé kin gdm bo diéu khién I thiét k& duge va doi
tugng quan tinh béc cao da cho. 0

2) Didu khién déi tuong qudn tinh béc hai:

Xét bai toan chon tham 6 bo diéu khién PID cho d6i tudng quan tinh bac hai
S(s) =+ (2.159)
1+ Tys)(1+ Tys)
Khi d6, @8 ham truyén hé hé G, (s) lai c6 dang (2.157), va do d6 s& st dung duge dinh 1y
2.37, ta chon bé diéu khién PI thay vi b§ diéu khién I nhu &4 lam véi d6i tuong quan
tinh bac nhat:

_ 1\ _k,(1+Tys) _ (1+7Tys) _T;
R(s)—kp(1+—TIs) R PR e TR——kp (2.160)
_ _ k1 +Tys)
= Gu(s) = R(s)S(s) Tos(t Ty)(14 Ths) (2.161)

nhim thyc hién viéc bu hing s6 thdi gian T, cta (2.159), theo nghia T; =T;. Véi cach
chon tham s6 T; nay, ham truyén hé hé (2.161) trd thanh:

k
Gp(s) = ——r
Trs(1+Tys)
va n6 hoan toan gidng nhu (2.157), tic 1a ta lai c6 duge T theo dinh 1y 2.37:
Tp=lL=okT, o hy=—t = T
k, 2kT, 2kT,
Vay:
Pinh ly 2.40: Né&u d6i tuong diéu khién 1a khau quan tinh bac hai (2.159), thi bd diéu
khién PI (2.160) t5i uu d6 16n phai c6 cac tham s8 T; =T, k,= 2]?171 .
2

M4 rong ra, néu déi tugng khéng phai 1a khau quan tinh bac hai ma lai c6 ham
truyén S(s) dang (2.158) véi cac hing s6 thdi gian Ty , T , ... , T, rdt nho so véi T},

thi do n6 c6 thé x4p xi bang:

k n
trong d6 T= X T

S() =
A+Tis)1+Ts) i=2

nhd phuong phdp téng cdc hdng sé thoi gian nhé, ta con cé:

Pinh ly 2.41: Néu d6i tugng didu khién (2.158) ¢6 mot hing s6 thoi gian T, 16n vugt troi

va cac hing s6 thoi gian con lai Ty , Ts , ... , T, 1a r&t nhd, thi b diéu khién PI
(2.160) c6 cac tham s6 Ty =T, k,= 7:1 & 12 b diéu khién t61 vu do lén.
w3 T,
i=2
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Vi du 2.68: Minh hoa dinh Iy 2.41

Gia st d6i tugng diéu khién c6 dang 1,5“h(t)
S(s) = ;5 1 5
(1+2s)(1+0,1s)

¢ k=3, T1=2 va T=0,5 0.5
Chon cac tham s6 cho PI 1 2 3 45¢6 8 9 10 f

R(s) = 0,67(1+ 2%) Hinh 2.109: Minh hoa cho vi du 2.68
o T;=2 va k=067
ta s& dugc chat lugng hé kin mé ta béi ham qua d6 cia né 6 hinh 2.109. a

3) Diéu khién doi tuong qudn tinh bdc ba:

Tuong ty nhu da lam véi déi tuong 1a khau quan tinh bac hai, néu d6i tugng la
khau quan tinh bac ba c¢6 ham truyén:
k

S(s) = (2.162)
A+ Tis)A+Tos)(A +T3s)

ta s& st dung bd diéu khién PID:

_ A+T,s)A+Tys) . Tp=-L (2.163)

1
R(s) = k,(1+ —+T
() =y ( Tys ps) Tgs k

véi
TA+TB = TI va TATB = TITD

Khi d6, ham truyén hé hé sé lai tré vé dang (2.157), néu ta chon

TA:TIQ TB:T2 L=t TI:T1+T2 , TD :ﬂ
T +T,
Suy ra
Te=Tl=okTy, o h=_tt =0*D
k, 2kT,  2RT,
Vay:

Pinh Iy 2.42: Néu d6i tuong diéu khién 1a khau quan tinh bac ba (2.162), thi bo diéu

khién PID (2.163) véi cac tham s8 Ty = T1+Ts, T = Ny , kp= h+T,
T, +T, 2k T,

sé 1a bo
diéu khién t6i uu d6 l16n.

Trong trudng hgp déi tugng lai c6 dang ham truyén (2.158), nhung cac hing s6 thoi
gian Ty, T, , ... , T, rat nhd so v6i hai hing s6 con lai Ty, Ty thi khi st dung phuong

phdp téng cdc hdng s6'thoi gian nhd, @8 x&p xi né vé dang quan tinh bac ba:
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k

S(s) =
1 +Tys)(1+ Tys)(1+ Ts)

trong d6 T'= i T;
i=3

ta sé ap dung dugc dinh 1y 2.42 véi

Ty = T\+Ty, Tp=-—22 p =0T

) P n
T+T, %I T.
i=3
Vi du 2.69: Minh hoa dinh ly 2.42 4 h(t)
. 1,5
Gia st d6i tugng diéu khién c6 dang
_ 4 1 f\
S(s) = I (
1+5s)(1+2s)(1+0,1s) }
Vay thi 0,5
t
k=4, T:=5,T,=2,T=0,4 >
P e 1 2 3 4 5 6 7 8
St dung PID (2.163) véi
Hinh 2.110: Minh hoa cho vi du 2.69
Ty=7, Tp=1,43 va k,=22
ta s& dugc chat lugng hé kin mé ta béi ham qué d6 ctia né cho 6 hinh 2.110. a

Phuong phdp 18i uu ddi xiing
C6 thé thdy ngay dugc su han ché ctia phuong phap thiét k& PID t6i uu d6 16n 1a dsi
tugng S(s) phai 6n dinh, ham qué d6 A (¢) cta né phai di tit 0 va c6 dang hinh chit S.
Phuong phap chon tham s6 PID theo nguyén tic t6i uu d6i xing duge xem nhu 1a
mot su bu ddp cho diéu khiém khuyét trén cta t6i vu d6 16n. Trude tién, ta xét hé kin
cho 6 hinh 2.111a). Goi G;,(s)=R(s)S(s) 1a ham truyén ctia hé hd. Khi d6 hé kin c¢6 ham

truyén

Gle=—r9 o g, =S80
1+ G, (s) 1-G(s)
va, gibng nhu & phuong phap t6i uu d¢ 16n, dé c6 |G(j)|=1 trong dai tdn s6 thap thi
phai cé
|GLG@®|>>1 trong daitin @wnhd (2.164)

Hinh 2.111b) 14 biéu dé Bode mong muén ctia ham truyén hé hé G, (s) gébm L, (w)

va @, (). Dai tin s6 wtrong biéu d6 Bode dugc chia ra lam ba ving:
—  Vang 1la vang tdn s6 thdp. Diéu kién (2.164) duge thé hién rd nét § ving I 1a ham
dic tinh tdn hé hd G (jw) phai c6 bién d6 rat 16n, hay L, (w) >> 0. Viing nay dai

dién cho chat lugng hé théng & ché& dd xac 1ap hodc tinh (tdn s6 nhd). Su Anh hudng
clia n6 téi tinh dong hoc ctia hé kin 14 ¢6 thé bé qua.
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- Vang 11 la viing tdn sé'trung binh va cao. Ving nay mang thong tin déc trung cta
tinh d6ng hoc hé kin. Sy 4nh hudng ctia viing nay t6i tinh chat hé kin & dai tin sé
th&p (tinh) hodc rat cao 1a ¢6 thé bd qua. Vung I duge dic trung bdi diém tan s6
cit L, (@,)=0 hay |GG @.)]=1. Mong muén ring hé kin khong c6 cdu trdc phic
tap nén ham G, (j @) ciing dudc gia thiét chi c6 mot tan s cit w,.

Dudng db thi bién do Bode L (@) & thay déi do nghiéng mot gia tri 20db/dec tai
diém tan s6 giy @y cta da thic ti s6 va —20db/dec tai diém tan s§ gy o, cua da
thitc miu s6. Néu khoang cach do nghiéng da dai thi dudng ¢, (w) sé thay d6i mot
gia tri 12 90° tai w; vA —90° tai ;. Ngoai ra, hé kin sé 6n dinh néu tai tAn s6 cit d6
hé hé ¢6 géc pha @, (w,) 16n hon -7 (dinh 1y 2.27). Béi vay, tinh én dinh hé kin
duge dam bao néu trong vung I da c6 |G, (fw)|>>1 va & vung II nay, xung quanh
diém tan sd cét, biéu dé Bode Ly (@) c6 do doc 1a —20dB/dec ciing nhu khodng cach
d6 déc d6 1a da 16n.

—  Vang III la vang tdn sé rdt cao. Ving niy mang it, c6 thé bd qua duge, nhiing
théng tin vé chat lugng ky thuat ctia hé théng. Pé hé khéng khong bi anh hudng
bdi nhiéu tan sb rat cao, tiic 1a khi & tAn s6 rat cao G(s) can cb bién @6 rat nhd, thi

trong viing nay ham G;,(j @) nén c6 gia tri tién dén 0.

a b) | Ly() \ \on (@)
w e y AaEE :
AR 11 .
—0 - it L
)| »|(TIT
TN 0, 1 I 0]
x @y T~ I
Hinh 2.111: Minh hoa tu tudng thiét k& !
bo diéu khién PID t6i uu d6i xiing TN |
//’ QY i \\\
L R\
C6 thé th&y ngay dugc rang, néu ky hiéu:
Ti=op', T=o;', Ti=o
thi hé hé G (s) mong mudn véi biéu db Bode cho trong hinh 2.111b) phai la:
Gu(s) = R(s)S(s) = 220+ T1%) (2.165)
s°(1+sTy)

1) Diéu khién doi tuong tich phén—qudn tinh bic nhdt:

Tt (2.165) thay dude, khi ddi tugng S(s) c¢6 ham truyén dang khau tich phan—quan
tinh bac nhat:
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k

©) = 0+ Ts) (2.166)
thi v6i bo diéu khién PI:
1
R(s) = k,(1+— 2.167
(s) = ky( T ) (2.167)
hé hé sé c6 ham truyén gidng nhu (2.165) la:
k,k(1+Trs)
Gp(s) = R(s)S(s) =L —"— (2.1698)
Tis*(1+Tys)

RG rang 1a trong vang I, ham G, (s) theo (2.168) thoa mén (2.164). D& & vang II,
biéu @6 bién d6 Bode ctia Gj(s) c6 @6 nghiéng —20dB/dec xung quanh diém tan s& cit @,
thi phai cé

1 1
wr T o, T = T;>T, ( )
va
|GLG )] >|GrL(@)|=1 > |G wy)] (2.170)

T m6 hinh (2.168) ctia hé hd, ta c6 géc pha
on(@) = arcG,(jw) = arctan(wT'j)—arctan(wT';)-7

Nham nang cao dé dw triz 6n dinh cho hé kin, cac tham s6 bd diéu khién cin phai duge

chon sao cho tai tan s6 cit w, goc pha ¢,(w,) la lon nhdt. Diéu nay dan dén:

doy(@,) _ 0 = T _ T -0
dw 1+(0Ty)° 1+(0T,)

L = lg(w,) = le(@r) +1g(en) (2.171)

JTT, 2

K&t qua (2.171) nay néi rang trong biéu dé Bode, diém tin s6 cit @, cAn phai ndm giita

= W, =

hai diém tan s gdy @w; va @; (hinh 2.111b). D6 cling 14 1y do tai sao phuong phép c6 tén
14 doi xitng.
Goi khoang cach giita w; va @; do trong hé truc toa d6 biéu dé Bode la a, ta c6

lga=l1gw,— lga; =1gﬂ = a=£ (2.172)
T T

Nhu vay, rd rang sé c6 (2.169) néu c6 a>1. Thay @, cho trong (2.171) vao (2.170), ta sé

6 voi (2.168) va (2.172)

k 1+ (Ty0,)? 1

L= =1 o k,= (2.173)
Ty \1+(Tym, ) kT\a

N6i cach khac néu da c6 a>1 va (2.173) thi cling c6 (2.170).

|GL(w)| =1 &

Q'
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Khoang cach a gifia w; va w; con 1a mot dai lugng déc trung cho d6 quéi diéu chinh

Ah cta hé kin néu hé ¢6 dao dong. Cu thé 1 a cang 16n, d6 quéa diéu chinh Ak cang nhd.

Diéu nay ta thdy dugc nhu sau. Trong vung II, ham truyén hé hé G;,(s) dugc thay thé

gan ding bing (xem lai vi du 2.59):
1

Gr®)=——t  v6i T
W) =i O T

=1

a)C
Khi d6 hé kin sé c¢6 ham truyén:

Gh (S) _ 1 — 1
1+Gy(s) 1+T.s+T.T;s> 1+2DTs+(Ts)

véi T=JT,; va 2D = /E
T

lch_lgT‘l
2

G(s) =

= 1g2D =

Ya

= D=7<1 néu 16>a>1

= ilg a (vitinh chét d6i xtng cla «, )

Vay trong viing II, ham qué d6 hé kin c6 dang dao déng tit dan khi 16 >a>1. Theo
(2.99), d6 qua diéu chinh cia ham qué d6 hé kin sé la:

Ah = exp[%] = exp[—ﬂ' %] (2.174)

Cong thic (2.174) xac nhan diéu khing dinh 12 A4 nghich bién véi 16 >a>1. Khi a>16
mo6 hinh xap xi khong dao dong, song van c6 d6 qua diéu chinh AA phu thudc a, do dé
khoang cach a s& dudc liza chon tit yéu cAu chat lugng hé kin vé d6 qua diéu chinh.

A h(t) A h(t)
1,95-__},\ 1,6""_
1,5 /
1 l / /\\ TN\ 1
/ /[
0,5
0.5 a=2 a=4
[ | t: | j
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8
A h(t)
1,31 77 _75'__
-hlllil—_
Hinh 2.112: Ham qua d6 hé kin véi bd /
diéu khién PI c6 cac tham s6 dugc i
chon theo nguyén tac diéu khién t&i 05 a=9
uu déi xding. Minh hoa vi du 2.70 I I ¢
1 2 3 4 5 6 7 8
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Tém lai, néu déi tugng la khau tich phan—quan tinh bac nhat (2.166) thi b6 diéu
khién t61 vu d6i xitng s& 1a bo diéu khién PI (2.167) véi cac tham s x4c dinh nhu sau:

— Xac dinh a tit 6 qua diéu chinh A4 cin c6 ctia hé kin theo (2.174), hodc tu chon
a>1 tit yéu cau chit lugng dé ra. Gia tri @ duge chon cang 16n, @6 qua diéu chinh
cang nhd. N&u a<1, hé kin sé khéng on dinh.

— Tinh Ty theo (2.172), ttc1a Ty = aT,

1
kTiNa

— Tinhk, theo (2.173), ticla k, =

Q'

Vi du 2.70: Xac dinh tham s6 t6i uu déi xting cho bd diéu khién Pl

Xét déi tugng tich phan—quan tinh bac nhat mé ta béi

S(s)=—2 | k=2, T,=0,3
s(1+0,3s)
Chon b6 diéu khién PI dé diéu khién theo nguyén tic toi uu d6i xiing
k,(1+T,
R(s) = ky(1+ ) = p(1+779)
T;s Tys

ta s c6 cac tham s6 sau duge chon theo (2.172) va (2.173):
- Khia=2: k,=1,18, T;=0,6
- Khia=4: £k, =083, T;=12
- Khia=9: k,=0,56, T;=27
Hinh 2.112 14 d6 thi ham qué d6 hé kin tGng véi cac tham s6 bd diéu khién da duge
chon cho ca ba trudng hgp néu trén. a

2) Diéu khién doi tuong tich phdn—qudn tinh bdc hai:

P& diéu khién d6i tugng 1a khau tich phAn—quan tinh bac hai:

S(s) =+ (2.175)
s(1+Tis)A+Tys)
ta st dung bd diéu khién PID
k,(1+T,s)1+T
R(s) = k,(1+ = +Tps) = p(1+ Tas)A + Tgs) (2.176)
T;s Tys
c6 cac tham s6:
TA+TB = T[ , TATB = T[TD va TA :Tl (2.177)
vi v6i né, hé hé cling sé c6 ham truyén dang (2.165) va (2.168):
k k1+T, ~ ~ kT
G (s)= R(s)S(s)= -2 2( 5) _ PRC Sl )R R (2.178)
Tys*(1+Tys) Tgs”(1+Tys) T,
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Do ham truyén (2.178) giong gan nhu hoan toan so véi (2.168) ctia bai toan diéu
khién d6i tugng tich phan—quan tinh bac nhat (chi c6 mot diém khéc biét duy nhat 1a & »
dugc thay béi l;p ), nén ta ciing c6 ngay dudc cic tham sd t61 uu déi xting ctia b diéu
khién PID (2.176):

N - 1
Tg =aTy va k, = kTZ\/E
Suy ra, cic tham s6 t8i wu déi xting ctia bd diéu khién PID (2.176) sé duge chon nhu sau:
— ChonT,=T,
— Xac dinh 4 >a>1 tit d§ qua diéu chinh Ak can c6 clia hé kin, hodc chon a>1 ti
yéu ciu chit lugng dé ra. Gia tri @ dude chon cang 16n, d§ qua diéu chinh cang
nhd. D& h¢ kin khéng c6 dao dong thi chon a>4. Hé kin s& khong én dinh véi a<1.

- Tinh TB=aT2. Tu d6 suy ra TI:TA+TB va TD:%

T;
-~ . kT,
— Tinh k,= ! roi suy ra k, =~ !
kTya Ty
Vi du 2.71: Thiét k& bo diéu khién PID ti uu doi xiing ] 5“ h(t)
Xét ddi tugng tich phan—quan tinh bac hai T —
] .
S(s) = 2
s(1+3s)(1+5s)
N 0,5
Tu

k=25 T1=3 ; Ty=5 20 40 60 80 100 120

tacovéia=8 Hinh 2.113: Minh hoa cho vi du 2.71
k,=0,04; T;=43; Tp=28

cho bé diéu khién PID. Hinh 2.113 biéu dién ham qua d6 hé kin. a

3) Gidm dé qud diéu chinh bang bé diéu khién tién xi ly:

Quy tu chung lai & phuong phéap thiét k& bo diéu khién PID t6i wu d6i xtng 12 tit
ham truyén S(s) cta déi tugng, bo diéu khién R (s) phai duge chon sao cho ciing véi né,
hé hé ctia hé thong c6 ham truyén

Gy(s) = R(s)S(s) = ;;p%
2

trong do
—  Ne&u déi tugng 1a khau tich phan—quan tinh bac nhat (2.166) thi:
i;p =k, vaT=T;v6ik,, T; la hai tham s6 ctia bo diéu khién PI (2.167).
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—  Néu déi tugng 1a khau tich phan—quan tinh bac hai (2.175) thi:

kT
k, =2

vaT=Tp véik,, Ty la hai tham s& ctia b diéu khién PID (2.176).
I

O c4 hai trudng hdp nay, cac tham s6 ctia bd diéu khién t6i uu déi xing ludn dude
chon dé ham truyén hé hd tré thanh:
1+aTs

G = -Tais
n(s) aJaT?s>(1+Ts)

Tham s6 @ dude chon tit yéu ciu chét lugng cin c6 ctia hé kin. Cu thé la:

—  Hé kin c6 dao dong (tit dan) khi 16>a>1. Néu a>16 hé kin sé khéng c6 dao dong.

- Hé kin sé khéng 6n dinh véia<1.

— Do qua diéu chinh AA cta hé kin va a ty 1é nghich v6i nhau theo (2.174).

—  Khi a dude chon cang 16n, viing I s& cang hep 1lam cho mién tin s6 ma tai d6 chat
lugng hé théng dude danh gia theo bién do ham dic tinh tdn hé kin |G(@)|~1
cang thap.

Vay lam thé nao nang cao dugc chat lugng hé théng theo nghia mé rong mién tan s
ma & d6 ¢6 |G(j ®)|=1 nhung lai khong lam ting d6 qua diéu chinh A% cta hé kin?. Dé
tra 10i ta hdy xac dinh ham truyén hé kin

Gy (s) 1+aTs

1+Gy,(s) B 1+aTs+aJaT?s® + aJaT?s®

G(s) =

sé thidy nguyén nhan lam ting d6 qua diéu

chinh A chinh 14 thanh phan vi phan cé trong w y
da thtic ti s6 cia G(s). Nhan xét nay dua dén Q- Gi(s)

suy nghia 1a d8 gidm d¢ qué diéu chinh nay ta
nén no1 hé kin véi khiu tién xu ly: Hinh 2.114: Giam d6 qua didu

1 chinh bang b tién xtr ly.
1+aTs

dé loai bd thanh phan vi phan nay ra khéi da thuc té s6 (hinh 2.114).

M(s) =

Van dé con lai 1a x4c dinh tham s6 @ d8 hé méi véi ham truyén G(s)=M(s)G(s) c6
dai tan s6 thap thoa mén | G(jw) |=1 1a rong nh4t, giong nhu 6 phuong phap t61 uu do
16n. D& thuc hién duge diéu do, ta di tir:

- 1
G(jw)|* =
|Gl@)] 1+avaT?*(a - 2)a? + a®>JaT*Va - 2)0* + *T8w®

va thay, dé c6 | G(jo) |=1 trong mién tan s6 thap c6 do rong 16n nhat thi:
\/; =2 = a=4

Cuoi ciing, ta di dén két luan:
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—  Néu déi tugng 1a khau tich phan—quan tinh bac nhat (2.166) thi

a) Chon b diéu khién PI (2.167) véi k,= %LT, T,=4T,
1

b) Chon bé tién xit Iy M(s)=———
) Chon b tién xu Iy M(s) 1+4Ts

—  Néu ddi tugng 1a khau tich phan—quan tinh bac hai (2.175) thi:
4T, - 0

Chon bo diéu khién PID (2.176) véi: T; =T +4Ty , Tp=—12—  p =—1_
a) on bo diéu khién ( ) véi: Ty =T, 20 SDT SETY

b) Chon bd tién xt Iy M(s) = ———
) on b¢ y M(s) 1+ aTys
Vi du 2.72: Nang cao chét lugng hé théng diéu khién t6i uu déi xing
Xét lai d61 tugng da cho trong vi du 2.71. V6ia=4 ta c6 cic tham sb tuong ting
T;=23, Tp=26, k,=0,0125

cho b6 diéu khién PID. Hinh 2.115 biéu dién ham qué do A(z) cta hé kin cho hai trusng
hop khéng ¢6 va c6 bo diéu khién tién xt 1y

_ 1
M) =508 =

4+ h(t) 4 h(®)
1,5 1,5
/P\ T

1 / S 1 /
Khong c6 bo tién xir C6 ba tién xir

<
<

0,5 g-ca1g 0,5 /
¢ 4
20 40 60 80 100 120 i 20 40 60 80 100 120

Hinh 2.115: Minh hoa vi du 2.72.

4) Khd ndng ung dung cho déi tuong tich phdn—qudn tinh bdc cao:

Véi noi dung trinh bay & trén thi phuong phap chon tham s6 t8i wu déi xting cho bd
diéu khién PID chi ditng lai 6 hai 16p d6i tugng:
—  Tich phan—quan tinh bac nhat véi ham truyén (2.166)
—  Tich phan—quan tinh bac hai véi ham truyén (2.175)
Tuy nhién, n6 van c6 thé ap dung cho ca 16p d6i tugng tich phan— quan tinh bac cao S(s)
c6 ham truyén
k

S(s) = (2.179)
sQ+Tis)A+T,s) --- 1+T,s)
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nho phuong phdp téng cdc hdng sé thoi gian nhé, da dude 4p dung trong phuong phép
t61 uu do 16n, giup chuyén ham truyén (2.179) vé mot trong hai dang co ban da xét. Cu
thé 1a:

— Néu tat ca cac hing s6 thdi gian Ty, T, ... , T, cta (2.179) 1a rat nhé thi n6 sé
dudc x4p xi vé dang tich phan— quan tinh bac nhat
k n
S(s)=———, trongdd T=>T 2.180
= a+Ts) g gl ' @150

—  Néu chi ¢6 mot hiing s6 thoi gian 16n vugt troi, chdng han 1a T, va cac hing s6
thoi gian con lai Ty, Ty, ..., T, cta (2.179) rat nhd, thi né sé duge x4p xi vé dang
tich phan— quan tinh bac hai

k trong d6 T = i T; (2.181)

S(s) = ——
s(1+T1s)1+Ts) i—2

Song mot diéu can phai chd y khi st dung phuong phap xap xi ham truyén néu trén
14 su x4p xi d6 chi théa mén vé mét bién do (nén né chi yéu dude ap dung cho bd diéu
khién t61 vu d6 16n) cht khong x4p xi dude géc pha, trong khi bd diéu khién t6i wu d6i
xtng lai rét dé y dén goc pha ¢, (®,) ctia hé hé & dAm bao tinh 6n dinh cho hé kin. Viéc
x4p xi cac hing s6 thdi gian T, Ty, ..., T, ciing nhu Ty, T5, ..., T, bdi T nhd (2.180)

hodc (2.181) da vo6 hinh chung x&p xi qua tho su thay déi géc pha tit —n% thanh —%.
Diéu nay rat d& dua dén su vi pham diéu kién vé géc pha ¢, (@,) va lam cho hé kin mdt
on dinh.

Chon tham s8 PID t8i uu theo sai léch bdm

Xét hé SISO, lam viéc theo nguyén 1y héi tiép, gdm d6i tugng S(s) va bo diéu khién
PID (hodc PI) nhu hinh 2.116 m6 ta. Bai toan c6 nhiém vu xac dinh cac tham sé ctia bo
diéu khién PI, gbm ky, Tt trong cong thitc (2.167) hoéc k,, T;, Tp trong (2.176) sao cho
tin hiéu ra y (¢) "bam" dudc vao tin hiéu lénh w(¢) mot cach tot nhit theo nghia
Q= lw®-y®|2=le®]z — min!
Goi E (s) 1a anh Laplace ctia e (¢) véi ciu tric (2.125), tiic 1a

n-1
H(s)= by +b;s+ +b, 18

ay+a;s+ - +a, " +s"

Khi d6, rd rang tat ca cac tham s8 b;, a;, véi
1=0,1,..., m , k=0,1,..., n cua E(s) 1a phu

thuéc vao bo tham s6 k,, T;, Tp can xac Hinh 2.116: Nhiém vu bai toan xac dinh
dinh ctia bo diéu khién. tham s t6i uu cho bd diéu khién PID.
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St dung phuong phap tim @ theo Krasowski hodc theo bang 2.4 da dugc trinh bay &
muc 2.3.3, ta dén dugc @ dudi dang ham tudng minh:

Q2 = f(kp5T11TD) = f(B)v trong do l_):(klpTIsTD)T
va bai toan thiét k& bo diéu khién PID t8i uu tré thanh:

p* = argmin f(p) (2.182)
p PR

Cac phuong phap s6 tim nghiém bai toan t6i uu tinh (2.182), chdng han nhu
phuong phap gradient, phuong phap Gauss—Seidel, phudng phap Newton—Raphson ...,
ban doc c6 thé tim thdy trong tai liéu [15] va [16], hodc phudng phép giai tich, nhu xéc
o _ of

T ) <1
, trong d6 — la k
dp & ap Y

dinh diém cuc tri cia f(p) bing cach giai hé phuong trinh

hiéu chi dao ham Jacobi ctia f(p) va 07 1a vector hang c6 tat ca cac phan ti bing 0.

Vi du 2.73: Xéac dinh tham s6 t6i uu cho b diéu khién Pl

Cho hé kin gom d8i tugng quan tinh bac 3 va bo diéu khién PI (hinh 2.117). Hay xAc
dinh cac tham s6 &, va T; caa bo diéu khién PI theo nguyén ly t6i wu (2.182) tng véi
kich thich w(¢)=1(¢). Hé hé c6 ham truyén:
kpk(1+Tys)

Gl = S A T,5) (1% Tys) 1+ Tys)

Chon T;=T5 d& bt mot hing s6 thdi gian ctia d6i tugng. Khi d6 Gy (s) tré thanh:

k .~ kyk
Gy(s)= 5 5 Vo k=2
s+ (T +Ty)s" + TiTys Ty
2
N B(s) = 1 1 _ 14T +Ty)s+TiTos

1+Gy(s) s k+s+(T)+Ty)s> +T\Tys®
St dung bang tra 2.4 véi

bo=1, by = (Ty+ Ty, by=T,Ts,
aozé, a1=l, a2:(T1+T2) va a2:T1T2
ta duge

,
2o A -BR+A o A7 4T, | B=T,T,
2(A - Bh)k

SN PR k
—)
P
Hinh 2.117: Minh hoa vi du 2.73 } - Trs 1+ Tr9)(1 + 1) +T55)
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St dung phucng phap giai tich dé tim k ta dugc:

~ ~ 2
99 _ T S -
ok A’_B  (A’-B)B
Suy ra (chi 14y nghiém % duong)
—_ 2 [
k= A -1+ 1+A B LT ]
A’*-B B (Ty + Ty)\T\ T, + 1T,y

2.4.2 Phuong phap diéu khién can biing md hinh

Trong nhiéu tai liéu, vi du nhu [10] va [12], phuong phap thiét k& b diéu khién can
bang mé hinh (model matching) con duge goi 1a phuong phéap diéu khién b

Thiét ké bd diéu khién can bdng ham truyén clia hé hé (loop shaping)
Nhu dé 1y luan & phan chon tham s6 t6i wu d6i xtng cho bd diéu khién PID, mot hé
kin (hinh 2.118a) c6 chat lugng t6t 14 hé c6 ham truyén hé hé dang:

k,(1+Ts)

G = R(s)S(s) =—2——"—
He) = RIS = 5

(2.183)
v6i (hinh 2.118b)

T N 9, .~ . g A ~ % 1 ]_
—— nam ¢ gitia hai diém tan s6 gay o= —, @w,=— trong
Jk, . Ty

biéu d6 Bode (xung quanh tin s6 cdt @, c6 do nghiéng —20dB/dec).

- Tansd cdt @, =

—  Khoang cach a giiia hai diém tan s6 giy o;, @, 1a du 16n.

Nhu vay, néu nhu dudng d6 thi Bode mong muén Lj (@) ctia ham truyén hé hé 1a da
c6 (dudc goi 1a desired shape—dudong mong mudn), cing nhu ham truyén cta d6i tugng
S(s) 1a da cho, tic 1 ta ciing da c6 d6 thi Bode Lg(w), thi tit céng thiic (2.183) ta c6 ngay
duge d6 thi Bode Ly(@) ctia b didu khién R (s) bing viéc trit hai db thi

Lr(®) = Ly(®)-Ls(@) (2.184)
Hién nhién khi d& c6 Lg(®) ta ciing ¢6 duge ham truyén R(s) cta bd diéu khién.

Do bd diéu khién phan hdi R(s) trén dugc thist k& tit dusng db thi mong muén
L, (@) cho hé hé (desired shape), nén né con cé tén goi 1a b6 diéu khién loop shaping, ma
ta tam dich 1a b6 diéu khién can bang ham truyén hé hd.

Vi du 2.74: Thiét ké bo diéu khién bl ham truyén hé hé (loop shaping)

Xét @61 tugng c6 ham truyén
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A+ Tys)(1+T,5)(1+ Tys)

S(s)=S(s) =
(6)=5(s) (T15)*(1+Tys)

, trong &6 T,>T5>T,>T5>T,

D6 thi bién d6 Bode Lg(@) ctia ddi tugng cho trong hinh 2.118b). Gia st tit yéu cAu chat
lugng cén c6 cho hé kin ta ¢6 L, (@) ctia hé hd véi diém tan s6 cit o, 1a diém gitia ctia
1

A e x 1
hai tan s6 gy ws= —, w,=— .
T3 Ty

Thuc hién phép trit (2.184) ngay trén d6 thi Bode ta duge Lg(@) cho by diéu khién.
Vé6i @6 thi Lr(w) nay thi:

R(S):A, T4:L,T5:i. D
(1+7T,s)(1+Ts) o, os

a) b)

Hinh 2.118: Thiét k& bo diéu khién can bing
ham truyén clia hé hé.

MG4 rong hon, phuong phap thiét k& loop shaping trén con chu yéu duge ap dung cho
nhitng bai toan diéu khién bén viing khi ma hé bi tadc dong bsi nhidu n(f) va mé hinh
ham truyén S(s) cia d6i tugng co sai lech AS bat dinh theo kiéu bit cong (hinh 2.118a),
tiic 12 ham truyén thuc su ctia doi tudng ldc nay phai la:

S(s) = S(s)+AS
Tai muc 2.3.5 trudc day ta da dugc biét su phu thudc ctia chit lugng hé kin vao nhiéu va
sai léch mo hinh AS dugc danh gia bdi ham nhay:

1

K(s)= —
1+R(s)S(s) 1+Gy(s)

vél Gp(s) = R(s)S(s)

theo nghia khi K(s) c6 gia tri cang nhd, hé cang it bi anh hudng bdi nhiéu va bdi AS.
Néu viét lai ham nhay nay duéi dang uéc lugng:

|K(jo)| < e |Wi(o)| < |1+GL(0) (2.185)

1
W, (jo)
thi |W,(j @)| chinh la dai lugng do tinh bén viing cta hé. Gia tri |[W,(jw)| cang 16n, kha

nang bén viing cua hé véi tac dong cia nhidu n(¢) va sai léch md hinh AS cua d6i tudng
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cang cao. Hinh 2.119a) minh hoa diéu kién bén viing (2.185) nay. N6 chi ring hé sé cé d6
do bén viing W, (j @) néu tai moi diém 0<@w<eo ¢d dinh cho trude, diém G, (jw) caa db thi
bién pha clia ham truyén hé hd G, (s) luén nim ngoai dudng tron cé tAm la —1+j0 va
ban kinh 1a |[W,(j @)|. D6 do bén viing |W,(j @] 12 ham phu thufc @va tit hinh minh hoa
2.119a) ngudi ta hoan toan c6 thé gia thiét né 1a ham don diéu gidm theo w.

o Oy p o UL )

Gl G-

[1+G (o)

Hinh 2.119: Xay dung d6 thi Bode mong mudn cho hé vira 8n dinh bén viing, vita ¢6 dd nhay nhd

Tiép tuc, néu ta udc lugng sai léch tuong doi ctia md hinh déi tuong la:

S
AS(jo)
S(jw)

<|Wy(jo) , Vo (2.186)

thi v6i ky hiéu ham bu nhay:

_ Gy(s) _
T(s) _—1+Gh(s) & K(s)+T(s) =1
va

Gy, (jo) = R(jo)S(jw) = R(jo)[ S(jw)+AS(jo)]
=G, (jo)+ R(jw)AS(jw)

s& thdy, da dé duong d6 thi bién pha é(ja)) khéng bao diém —1+j0 (hinh 2.119a), ciing
1 diéu kién dé hé kin 6n dinh bén viing, néu c6 bt ddng thic sau:

Gy(jo) |, |R(jo)AS(jo)|
1+G,(jo)| | 1+Gy(jo) |’

12 |Wy(jo)T(jo)| = |Wy(jw) Yo (2.187)

Ngoai ra, vi sai 1éch tuyét d6i AS luén bi chin theo @ nén hoan toan ta c6 thé gia thiét
ham udc lugng sai léch tuong d6i |Wo(j w)| trong (2.186) 1a don diéu ting theo w.
Nhu vay, s& du dé hé kin vita ¢6 d6 nhay nhd, vita ¢6 tinh 6n dinh bén viing, néu:
W, (J@)| +|Wo(Jo)Gy, (jo)| = W, (joo)| +|R(jo)AS(jo)| < |1+ G, (jo)|
<1+|G, (o) (2.188)
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vi khi d6 ta cting sé c6 ca hai bt ding thic (2.185) va (2.187). Hon niia, néu ta chon hai
ham |W,(jw)| don diéu giam theo @ va [W,(j @)| don diéu ting theo @ thoa man thém:

[Wy|<1< |W;| &tin s6thip va |W;|<1<|W,| & tin s6 cao (2.189)
thi tir diéu kién (2.188) s& con c6 dude:

W, (j) -1
1-[Wy(j)|

1-|W,(jo)

W 6 téin Séf cao
2\J )| —

|G, ()| > & tan s6 thip va |Gy, (jo)| <

Suy ra, bo diéu khién loop shaping bén viing dugc thiét k& qua cac bude nhu sau:

1) Ti yéu cAu bén viing ctia hg, xac dinh ham |W,(j )| don diéu gidm theo @ dé do do
nhay va |Wy(jw)| don diéu tang theo w dé do sai léch mé hinh, théa mén (2.189).
W,(o)-1  ,  1-|[W,(jo)

2) Xay dung dudng do thi Bode cia ~————— vacia ————
1-[Wy(jo)| W, (jw)| -1

3) Xac dinh dudng db thi Bode mau (desired shape) cho ham truyén hé hé
quy téc (hinh 2.119b):

G, (j w)| theo

W, (jo)| -1
1-[W,(jo)|

1—|W1(ja))| 5

& tan s6 thap va ndm dudi dusng — -1
|W2 G 0))| -1

a) Nam trén dudng

tan sd cao.

b) O dai tan s6 cao, dudng dd thi Bode ca |G @)| nén c6 d6 doc cang nhé cang
tot, thuong 1a nhé hon —40db/dec. O dai tin s6 trung binh, dudng d6 thi Bode
cta |G,(jw)| phai chia diém tin s8 @, cit truc hoanh, tic 1a tai d6 co
|G1,(j @,)]=1. Xung quanh diém cét nay, db thi Bode ctia |G, (j®)| cin c6 do déc
am va khong nho hon —20db/dec.

Gu(s)

4) Xéc dinh Gy (s) tit dé thi Bode |G, (j )| va véi n6 1a bp diéu khién R(s) = )
S

Thiét ké bd diéu khién can bdng ham truyén clia hé kin

Phuong phéap nay c6 nhiém vu xac dinh bd diéu khién R(s) trén co sé da bist trude
ham truyén S(s)ctia déi tugng va ham truyén cin c6 G(s) ctia hé théng kin (hinh 2.120),
trong d6 ham truyén G(s) ctia hé kin dugdc gia thiét 1a da c6 ti nhiing yéu cau chat lugng
dé ra clia bai toan thiét k& bd diéu khién.

Néu goi n n
By(s
S(s) = s(s) Y o Res) = Bg(s) % S(s) = Bg(s) i Y
Ag(s) _ Ap(s) Ag(s)
va G(s) = B(s)
A(s)
Hinh 2.120: Minh hoa phudng phap can bang ham truyén
thi tu cia hé kin.
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sy - _SORG)
1+ S(s)R(s)
ta s& c¢6 ham truyén ctia bd diéu khién
G(s) 1 G(s) _Ag(s)  B(s)

R(s) = = =
S(s)-S(s)G(s) S(s) 1-G(s) Bg(s) A(s)-B(s)

(2.190)

Cong thiic (2.190) cho thdy bd diéu khién R(s) chinh 1a su méc néi tiép cta khau
nghich dao déi tugng % véi khau héi tiép phan hoi duong c6 ham truyén hé hé 1a
s
G(s) - hinh 2.121. Do d6 diéu kién diu tién d8 c6 duge bd difu khién 6n dinh 14 tat ca
cac diém khong ctia S(s) phai ndm bén trai truc do.
Mat khéc, t& mong muén ring hé kin 6n dinh néi, ttc 14 t4t ca cac ham truyén tinh
tl nhiing tin hiéu tac déng vao hé, gdm c6 tin hidu dit trudc w(z), tin hiéu nhidu n,(¢),

n,(t), cho téi cac tin higu ra, gbm cé e(t), v (¢)

Tu w(t) t61y(¢) 1a G(s)
1
N . s 1 G -
- Tun,()t t) 1 Q

. o . S
Tun,(t) téiy(t) la 7SR Hinh 2.121: Céiu tric bo diéu
khién can bang hé kin.

— Tuow() téie(t) vatun,(t) téiy() la

1+SR
phai 1a nhiing ham bén, thi d6i tugng phai én dinh. K&t hop véi két qua trude ta cé duge
diéu kién diu tién:
1) Muén c6 duge b6 diéu khién R(s) én dinh va cung vdi né hé kin 6n dinh néi thi doi
tuong S(s) phdi la moét khdu pha cuc tidu.
Tiép tuc, néu S(s) 1a pha cuc tiéu thi tit s d6 cdu tric & hinh 2.121 cho bd diéu
GG phai én dinh thi bo

khién, phan héi tiép phan héi duong véi G(s) c¢6 ham truyén N

diéu khién méi 6n dinh. Béi vay:

2) PE bé didu khién R(s) on dinh khi déi tuong la pha cuc tidu thi n
bén, hay hiéu A(s)-B(s) phdi la da thiic Hurwitz.

G ).
hai la ha
Gp ai la ham

Muén st dung b diéu khién R(s) xéc dinh theo céng thic (2.190) thi né phai tich
hop dudc trén cac thiét bi thuc té&, néi cach khac R(s) phai la ham hop thiic. Diéu nay
dan dén bac ctaa tich Ag(s)B(s) khong dudc 16n hon bac ctia Bg(s)[A(s)-B(s)]. Néu goi

ny, la bac cuaa Ag(s), np 1a bac caa B(s), np, 1a bac cua Bg(s), ny 1a bac cta A(s) thi

do ns2np nén diéu kién trén duge biéu dién thanh:
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nAS nB_nBs na nAS nBS Sny—npg
Suy ra

3) Muébn tich hop duge b didu khién can bdng mé hinh thi bac tuong doéi ciia hé kin
khoéng duge nhé hon bdc tuong déi ciia doi tuong.

Trong khi hai tinh ch&t 1 va 2 1a thi yéu, chi ¢6 tac dung dé bo didu khién R(s)
duge 6n dinh thi tinh ch4t thi 3 ¢6 vai trd quyét dinh gidp cho ngudi thiét k&, ngoai cac
chi tiéu chat lugng mong muén ctua hé, c6 thém thong tin vé bac tuong doi gitp xac dinh
duge ding cAu tric ham truyén G(s) cAn phai cé. Ta xét mot vi du minh hoa:

Vi du 2.75: Thiét k& bo diéu khién bu ham truyén hé kin
Cho d6i tugng:

S(s)=—22
1+3s+2s

Do d6i tugng c6 bac tuong ddi 14 hai nén bac tucng d6i ctia ham truyén hé kin 1a G(s)
cting phai it nhét 1a hai. Cdu trdc G(s) don gian nhat c6 bac tuong d6i bang hai va lam
cho hé kin &n dinh, khong c6 sai léch tinh khi duge kich thich bdi 1(¢), 1a:

G =— i a,b>0
(s+a)(s+b)
Tu day ta suy ra dugc theo (2.190):
2 2
R(S):1+33+2s . ab _ 2ab(1+3s+2s”) 1

05  2+(a+db)s  sls+(a+b)]

K&t qua cta vi du 2.81 cho thdy b diéu khién R(s) c¢6 chtia thanh phan tich phan
va diéu nay 1a phi hop véi ndi dung dinh 1y 2.28 dé hé c6 sai léch tinh bing 0. Mét cach
téng quat, néu ta gia su:

_B(s) by+bs+ - +b,s"

A(s) apg+as+ 0 +a,s”

thi dé hé c6 sai léch tinh bang 0, ham G(s) phai ¢6 G(0)=1 va do d6 ao=bq. Ttc la da
thitc A(s)-B(s) phai c6 mét nghiém 0. Néu Ag(s) khéng c6 nghiém 0, bd diéu khién
R(s) xéc dinh theo (2.190) s& c6 diém cuc 1a gdc toa do. Nguge lai néu Ag(s) c6 nghiém 0,
tiic 1a d61 tugng da c6 thanh phan tich phan, thi nghiém 0 d6 duge gian uéc véi nghiém 0
ctia A(s)-B(s) lam cho R(s) khoéng con chtia thanh phan tich phan. Vay:

4) DE hé kin c6 sai léch tinh bang thi b6 didu khién (2.190) thiét ké theo phuong phdp
can bdng mé hinh phdi chita thanh phdn tich phdn néu déi tuong khong cé thanh
phén do. Nguoc lai khi déi tuong dd cé sdn thanh phdn tich phdn trong né thi bo
diéu khién sé khong can cé thanh phén nay.
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Piéu khién theo nguyén Iy mé hinh néi (IMC)

Xét mot d6i tuong diéu khién tuyén tinh nhu 6 trong hinh 2.122a). Gia thiét ring
d6i tugng d6 mo ta duge béi ham truyén S,(s). Hién nhién ring néu st dung bd didu
khién can biing mé hinh, mé ta béi:

1
S,(s)
thi hé diéu khién hé trong hinh 2.122a) s& ¢6 ham truyén:
G =1 & y@®)=w(t), Vt=0

R(s) = (2.191)

dam bao nhiing chét lugng cé ban mong muén nhu én dinh, sai léch tinh bing 0 .... Tuy
nhién, vi nhiéu 1y do, bé diéu khién R(s) 14 khéng thé thuc thi cing nhu khéng st dung
duge, chdng han nhu vi né 1a khéng nhan qua, hé bi nhiéu n(f) tac déng thém & d4u ra

hay m6 hinh ham truyén S,(s) ctia doi tugng 1a khong chinh xac.

a)
n
U | Paitugng Dai tugng l Y
diéu khién diu khién >
S,(s) -0
F(s z
(s)
c) n d)
n
e y
f])'gl o W “ | D8 tug Y
o] ] 2 wone

Hinh 2.122: C4u trdc diéu khién theo nguyén ly mé hinh ndi (IMC).

Tit nhiing 1§ do thuc t& néu trén, ngudi ta danh phai chuyén sang mét ciu tric diéu
khién khac c¢6 kha nang thuc thi hon, mé ta & hinh 2.122b). C&u tric diéu khién nay c6
tén goi 1a cdu tric diéu khién mé hinh néi (internal model control — IMC). Trong c&u
tric diéu khién nay ngusi ta van st dung m6 hinh ham truyén x4p xi cta déi tuong 1a
S,(s). Néu ky hiéu S(s) 1a m6 hinh chinh xac ctia né, cing nhu bg loc céc tin hiéu nhiéu
tan s6 cao 1a F(s), thi c6 thé thdy ngay dude ring véi ciu tric difu khién IMC & hinh
2.122b), quan hé vao-ra ctia hé kin sé la:

199



Y=N+SU=N+SR(W-FZ)=N+SR[W-F(Y-S,U)]
=N+SR{W—F(Y—SPMH
S

_ R(s)S(s)W(s)+ [1 - R(s)sp(s)F(s)] N(s)
1+ [S(s) - Sp(s)J R(s)F(s)

trong d6 W=W(s), Y=Y(s), N=N(s), Z=Z(s) lan lugt 1a ky hiéu anh Laplace ctia cac tin
hiéu w(t), y(t), n(t) va z(¢). Do d6, trong trudng hop ly tudng n(¢)=0 va S,(s)=S(s) ta
van s& c6 v6i moi bd loc F(s):

1 1

y(t)=w(t), V=0 khi R(s)z%zsp(s)

giéng nhu 6 (2.191).
Tiép tuc, néu hé c6 cac tin hiéu dat w(¢) chi lam viéc ¢ dai tan s6 thap thi khi su

dung b loc tan s6 cao:

F(s)= _r véi T hing s6 thoi gian va m 1a bac ca bd loc (2.192)
(1+Ts)™

ta c6 thé ghép chung b diéu khién R(s) xac dinh theo (2.191) va bo loc F(s) lai véi nhau
thanh (hinh 2.122c):

R, (s) = R(s)F(s)
Suy ra, b6 diéu khién mé hinh néi 1 (hinh 2.122d):

R.(s) _ F(s)R(s)
1-R,(5)S,(s) 1-F(s)R(s)S,(s)

RIMC(S) = (2.193)

Tém lai, bé diéu khién IMC véi ham truyén Rpyq(s) trong so dd céu tric & hinh
2.122d) c6 nhiéu tan sb cao n(¢) taic dong 6 dau ra, duge thiét k& theo cac buée nhu sau:

1) Xac dinh ham truyén S,(s) ciia déi tugng diéu khién.
2) Xac dinh bo diéu khién R(s) theo cong thiic nghich ddo (2.191). Trong trudng hop
khéng nghich ddo duge, ngudi ta c6 thé viét tach S,(s) thanh hai phén:
St ()S
S, (5) = S5()S,(5)
v6i S;(s) la thanh phan nghich ddo dugc, S,(s) la thanh phan khong nghich dao

dugc théa man ‘S;(ja))‘ =1, Vo, chdng han nhu thanh phéan tré. Khi d6 (2.191) s&

dudc thay bdi:
1
R(s)=
S, (s)
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3) Chon bé loc (2.192) v6i hiing s6 thoi gian T thich hgp (theo tan s6 tin hiéu dudc loc)
va bac m sao cho bd diéu khién Rjc(s) thu dude sau nay theo (2.193) 1a nhan qua
(causal). Cha y: Bac m cang Ién, tin hidu nhiéu s& dudc loc cang t6t v& mat bién do,
song sai léch pha & ch& @6 xac lap khi tin hiéu vao w(¢) c¢6 dang diéu hoa sé cang cao.

4) Xéc dinh bd didu khidn mb hinh ndi Rj0(s) theo (2.193).

Thiét k& bd diéu khién du bdo Smith cho ddi tuong cé tré

Phuong phap can bing mé hinh néi riéng va nhiing phuong phap thiét k& bo diéu
khién da dugc gisi thiéu trén day néi chung déu c6 gia thiét ring d6i tugng khoéng cé
thanh phén tré e . Trong khi & cac phuong phap st dung b PID truc tiép (xac dinh
tham s PID theo Ziegler—Nichols, theo tong T cta Kuhn, ... ) hay thiét ké& theo t6i uu do
16m, ta c6 thé thay x&p xi thanh phan tré d6 bing khau quan tinh bac cao (2.105), hoic
theo cong thtic Padé (2.106) thi v6i phuong phap toi uu d6i xiing hodc cin bing mé hinh
12 khong thé duge. N6 thudng dua dén ham truyén d6i tugng c6 bac qua cao 1am cho mé
hinh x4p x1 c6 sai léch goc pha 16n hodc dan dén trudng hop khong tich hop dude bo diéu
khién do vi pham tinh nhan qua.

@ b)
1 DG tugng diéu khién!
w | vy w Y
‘,Tﬁ Gr(s) -] S6) f—f ™™ 1 _)T—{ RG) |- 86 e

Hinh 2.123: C4u tric bd diéu
khién theo nguyén Iy du
bao Smith.

D& van st dung duge cac phuong phap thiét k& da gii thiéu cho nhiing d61 tuong cé
thanh phan tré e ™, Smith da dua ra nguyén tdc du bao (Smith—predictor) kha don
gian song lai c6 mot § nghia ting dung 16n.

Nguyén tic du bao Smith nhu sau. D& thiét k& bs diéu khién Gg(s) cho d6i tugng

Gg(s) = e ™®S(s)

(hinh 2.123a), Smith dé nghi thiét k& bo diéu khién R(s) riéng cho d8i tugng S(s) khong
c6 thanh phan tré (hinh 2.123b). Viéc thiét k& R(s) dudc thuc hién mot cach don gian
theo nhiing phuong phap phé thong (muc 2.4.1, 2.4.2 trudc day va 2.4.3, 2.4.4 sau day).
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Do ham truyén G(s) 6 hinh 2.123a) va R(s) 6 hinh 2.123b) c6 dang

GsGrp _ GpSe™ _ RS _g

G(s) = = = e
1+GSGR ]_+GRSe_Ts 1+ RS

nén gitia R(s) da tim dugc va Gg(s) phai di tim c6 méi quan hé
R

G = -
R®) = RS ™

M6i quan hé trén duge thé hién trong hinh 2.123¢). Nhu vay cong viée thiét k& bo
diéu khién du bao Smith cho d6i tugng ¢ tré:

Gg(s) = e ®S(s)
sé gbm cac budc sau:
—  Thiét k& b didu khién R(s) cho riéng phin S(s) cliia d6i tugng theo cac phuong
phap da biét (vi du theo t8i wu déi xting hay can bing mé hinh).
- Xay dung bd diéu khién
R

Gp(s) = —— %
R 1+RS(1—¢ %)
v6i cdu tric cho trong hinh 2.123c).

Chua ¥ ring do bd diéu khién Gg(s) tim dugc ¢6 chtia mé hinh d6i tugng ¢ mach héi
tiép nén né kha nhay cAm véi nhiing sai léch mo6 hinh d6i tugng. Béi vay yéu cAu st
dung dudc mét cach c6 hidu qua phuong phdp du bdo Smith 13 ham truyén cta déi tudng
phai ¢ chinh xéac.

2.43 Thiét k& bd diéu khién theo mé hinh mau

Xét bai toan thist k& hai bo diéu khién:

o C(s) _C _B
—  Tién xit Iy T(s) = —fr=< s=B
ién xu ly T'(s) EG) z - A
— Phén hdi ddu ra R(s) = 2 r=L
E(s) E
dé diéu khién d6i tugng c6 ham truyén i
Hinh 2.124: Bai toan thiét k& bo diéu
S(s) = Bes) khién theo mé hinh mau.
A(s)
cho truéc, sao cho hé kin (hinh 2.124) c¢6 dugc ham truyén mau mong muén
G ()= 2l
A, (s)

trong @6 A(s), B(s), C(s), D(s), E(s) 1a cac da thiic va A(s), B(s) dugc gia thiét 1a
nguyén t6 cing nhau.
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Nhu vay nhiém vu ctia bai toan thiét k& nay 1a phai tim ba da thic C, D, E thoa
méan phuong trinh:

G(S) = TS = BC = Gm(S) :B_m
1+RS AE+BD A,
AE+BD A,

tit bén da thic da chola A, B, A,, va B,,. Vi cac ham truyén déu hop thic nén dé c6
dugc (2.194) thi trudc hét phai cé:

degA,,— degB,, > degA-degB > 0 (2.195)
trong d6 deg 1a ky hiéu chi bac cta da thic (viét tit cia degree).
Vi 12 m6 hinh mAu, ¢6 bac cuc tidu, nén hai da thic B,,, A,, cia ham truyén G,,(s)

phéi nguyén t6 cing nhau. Bdi vay, theo (2.194), néu nhu BC va AE+BD khong nguyén
td cting nhau, thi chiing phai c6 chung mot da thtc thiia s6 F:

BC=FB,, va AE+BD=FA,, (2.196)
Nhin vao (2.196) thi ré rang mot nghiém s, nao d6 cha F(s) cling phai 12 nghiém

ctia B(s) ho#c ctia C(s). N&u mong mudén F(s) 1la da thic Hurwitz, chia tat ca cac
nghiém ndm bén trai truc 4o caa B(s), thi khi phan tich B(s) thanh

B=B B" (2.197)
v6i B™ 1a da thtc Hurwitz, B¥ 1a da thiic phan Hurwitz (khong ¢6 nghiém nio ndm bén
trai truc do), ta sé c6

F=HB~ va B,=B'B,

Ngoai ra, tit quan hé (2.196) ta con cé thém:

AE+BD= HB A,,

Suy ra da thtic E ciing phai chiia thita s6 B, ttic 1a

E=B E (2.198)
va nhu vay thi

AE+B*'D=HA,, (2.199)

C=HB,, (2.200)

Phuong trinh (2.199) c6 tén goi 1a phwong trinh Diophantine v6i ba &n s6 1a cac da
thic E, D,H ma thuc chat 1a mot dang tdng quat ctia phuong trinh Euclid

AX+B'Y=H
(2.201)

AU+B'V =0

203



Hién nhién khi d4 ¢6 cac nghiém X,Y,U,V,H cta phuong trinh Euclid (2.201), ta cling
¢6 ludn nghiém E vaD cho phuong trinh Diophantine (2.199) nhu sau:

{E = XA, +UQ (2.202)

D=YA, +VQ

v6i @ 1a mot da thiic bat ky. Nhu vay phuong trinh Diophantine (2.199) ¢6 v6 s6 nghiém.
DPé duge nghiém véi bac thap nhat, ta chon

Q =-(YA,) divV (2.203)
trong d6 “div” 1a ky hiéu chi phép chia 14y phan nguyén ctia hai da thtc. Khi d6 sé c6

D = (YA,) modV
véi “mod” 14 ky hiéu phép tinh 14y phan du.

Khi da c6 nghiém (2.202) ciia phuong trinh Diophantine (2.199), ta ciing c6 ludn hai
b6 diéu khién T'(s), R(s) nhd cac cong thic (2.198) va (2.200).

Nhu vay van dé con lai chi 14 tim nghiém phuong trinh Euclid (2.201).

Thudt todn tim nghiém phuong trinh Euclid

Trong chuong trinh phé thong ta da dugde biét t6i thuat toan Euclid nhim x4c dinh
uéc s chung 16n nhat clia hai s8 nguyén a va b, ky hidu 124 USCLN(a,b"). Dic biét
thuat toan vira 1a 16i ching minh, vita 14 cong cu dé xac dinh thém hai s6 nguyén x, y
khéc thda man:

ax+b y=USCLN(a,b")=h
Thuat toan Euclid bao gébm céc budc sau day:
1) Pitro=a var,=b"
2) Patxy=1, x;=0 va y4=0, y;=1
3) Chiar, chor; dudc thuong g, va s dury ticlary=riq,;+ry
4) Thitc hién 14n lugt cac buée sau vé6i k=2,3, ...
a) Néur,=0 thiding v6i dap s6x=x,_; , y=ypr—; va USCLN(n,m)=r,_,
b) Chiar,_; chor;, duge thuong q, vas6dury,, ticlar, ;=r,qp+rp+1
¢) Tinh x,=xp_2-%4-1q%-1

d) Tinh yp=yr-9-yr-19%-1

Khi da c¢6 USCLN(a,b")=h ta ciing c6 ludn bdi s& chung nhé nhit cta ching, ky
hiéu bing BSCNN(a,b+) theo cong thic
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.\
BSCNN(a,b") = X

ttic 14 ciing c6 hai s6 nguyén u,v khac théa man
u=—v=BSCNN(a,b+) = au+b v =0
Thuat toan trén hoan toan chuyén thé duge sang cho céc da thic A va B vi trong
khéng gian ham s8, da thiic cé vai trd giong nhu s6 nguyén trong trudng s thuc.

Pé thuan 1¢i hon trong tGng dung, thuat toan trén con duge chuyén déi thanh dang
tuong duong khac nhu sau:

1) B&t ddu ti ma tran:

A 10
M.=
1[3*01}

ta tinh @ ;=A div B”". Nhu vay @, ciing sé 1a mot da thic VéAle—QlBJr 14 phan
du ctia phép chia d6. Tiép theo ta thay hang thi nhat ciia M bing hiéu cta né véi
tich cia hang thi hai va Q. Khi d6 M tré thanh:
o=@
(BT |o]| 1
2) Thuc hién lai buéc trén, nhung hoan ddi vai tro cta hai hang cho nhau, tic 14 tinh
Q,=B" div A, sau d6 thay hang thit hai bing hiéu clia né véi tich ctia hang thi

nhit va @,:

A 1 -
M3=( 1| | -@ ] trongdé B, =B -Q;A; =B mod A,
B, |—Q2 |1+Q1Q2

3) Ct thyc hién 14n lugt hai budc trén xen ké nhau cho téi khi thu duge ma tran c6 mét
phan ti cia cot du tién bing 0 thi ding. Khi d6 két qua sé 1a:

H X Y ) 0 UV
hodc
[ 0 U VJ (H X Yj
Néu hai da thtc A, BY 1a nguyén t& cing nhau thi H 13 hing 6.

Thudt todn thiét k& hai bd diéu khién theo mé hinh méu

Téong két lai, ta c6 thuat toan thiét k& hai bo diéu khién T'(s) va R(s) dé diéu khién
d61 tugng c6 ham truyén S(s) cho trude, sao cho hé kin véi cau tric 6 hinh 2.124 c6 duge
ham truyén miu G,,(s) ciing cho trudc, bao gém cac budc sau:

- Kiém tra diéu kién (2.195).
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—  Phén tich da thtic B theo (2.197) thanh B=B B* v6i B~ 1a da thiic Hurwitz, B*
14 da thiic phan Hurwitz.

—  Phan tich da thic B,,=B* B,
- (iai phuong trinh Euclid (2.201) dé ¢6 cac nghiém X,Y,U,V,H tit A va B*
—  Tim da thtc @ theo (2.203)

—  Tinh cac da thtic E va D theo (2.202)
—  Tinh da thtc E theo (2.198) va da thitc C theo (2.200).

Vi du 2.76: Thiét ké bd diéu khién theo mé hinh mau
Cho d6i tugng c6 ham truyén:

B(s) _ 2
A(s) (s+2)(s-1)

S(s) =

va m6 hinh miu
B, (s) _ 1

G,,(s) =
(s) A, (8) (s+2)(s+1)?

Truéc hét ta thay diéu kién (2.195) 1a duge thoa man. Tiép theo, khi phan tich:
B=B"B", véi B'=2va B'=1
thi duge
B,=B*B, ¢ B,=1

Bay gid ta ap dung thuat toan Euclid mé rong dé tim cac da thac H, X,Y,U,V thoa
man (2.201):

o Ea 2 R () I 0]1]-(s*+s-2)
1 01 1]0] 1

=  H=1, X=0, Y=1, U=1, V=—(s'+s-2).
Tu day suy ra dugc theo (2.203)
YA,= (s+2)® va Q= —(YA,) divV = s+3
cting nhu theo (2.202) , (2.198) va (2.200):
E=s+3, E=2(s+3), D=4(s+2) va C=1
Vay céc bd diéu khién R(s),T(s) can tim la:

D(s) _2(s+2)
E(s) s+3

C(s) _ 1
E(s) 2(s+3)

R(s)= , T(s)=
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2.44 Tap cac bd diéu khién lam 6n dinh déi tugng va khai niém &n dinh
manh, &n dinh song hanh
Xét hé kin c6 cac khau SISO véi cau tric cho & hinh 2.125. Ham truyén cta doi
tugng 14 S(s). Bai toan dit ra 1a x4c dinh tap hop O gdm cac bd diéu khién R (s) lam hé

kin 6n dinh ndi, tic 1a tdt ca cac ham truyén ti w(z), v(¢) t6i cac tin hiéu ndi e(t), w(t)
va tin hiéu ra y(¢) 1a nhiing ham bén (hinh 2.125). Day 1a céng viéc nén tang ctia bai

toan thiét k& b6 diéu khién bén vitng RH., sau nay (xem thém [20]).

Mét s6 khdi niém co bdn v A Sl
Dinh nghia 2.5: Cac khai niém co ban cta Y oS Res) é “lss) =2

khéng gian RH.., gom cé: ' -

a) Khong gian RH. 14 khong gian

Hinh 2.125: Nhiém vu bai toan tham

tuyén tinh ctia cic ham phic G(s) e Y
s6 hbéa bd diéu khién cla Youla.

thuc—hitu ty, hop thiic va bén.
b) Mbt ham G(s)e RH.., hop thitc khong chdt (bac ti s6 bing bac mau so) va pha
cue tidu s& duge goi 1a phdn ti don vi (v6i phép nhan) ctia RH... Cac phan ti

don vi G(s)e RH... déu thoa man —— e RH...
G(s)
¢) Ham Te RH.. dugc goi 1a nhdn t chia Ge RH., néu tén tai Se RH.. théa min

TS=G.
d) Hai ham G;e RH.. vd Goe RH.. dugc goi 12 nguyén t6 ciung nhau néu tat ca cac
nhan ti chung ctia chiing déu 14 phan ti don vi cia RH.. .
Nhu vay, mot hé théng sé 6n dinh khi va chi khi né c¢6 ham truyén G(s) thudc
khéng gian RH.. . Ngoai ra, néu da c¢6 G, RH., va Gy RH., thi cling cé:
G.(s)+Gs(s)eRH., va Gi(s)Gs(s)e RH.

Vi du 2.77: Phan t{r don vi cla RH.,
Cac ham sau déu 14 phén tu don vi cia RH.,
G(s) = hang s6 thuc,
s+1 _(s+1)(s+2) m

G(s)=——, G(s)
s+2 s2+3s+5

Vi du 2.78: Nhimg ham nguyén t6 cung nhau

Hai ham
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s2-1 _s—1 s+1 N _ s?-s5-2 _ s§—2 s+1
3 = va Go(s)= 5 =
s“+bs+6 S+3 s+2 (s+2)%(s+3) (s+2)(s+3) s+2

Gi(s)=

14 nguyén t6 cing nhau, vi ¢6 nhan ti chung

_ s+1
s+2
14 phan ti don vi cia RH.. )

N&i dung phuong phép tham s& hda Youla

Quay lai bai toan thiét k& bo diéu khién R(s) dé hé kin 6n dinh néi, tic 1a moi ham
truyén tif cic tin hiéu vao w(¢), v(#) t6i cac tin hidu ndi e(¢), u(¢) déu la nhitng ham
bén. Ky hidu W(s), V(s), E(s), U(s) la anh Laplace cta w(t), v(t), e(t), u(¢). Khi d6, tu

hinh 2.125 sé c6
Vy (1 -R\(U
w S 1 E

5 -G 6
o G600

Trude tién ta chiing minh diéu kién can va du sau:

Pinh ly 2.43: Néu viét lai ham truyén S(s), R(s) thanh
=Nr
MR
trong d6 Ng, Mge RH.. vd Np, Mpe RH.. 1a nhiing cip ham nguyén t6 cung
nhau. Khi d6, dé hé kin cho & hinh 2.125 6n dinh néi thi cAn va du la:
1

F=————— cRH.,
NSNR + MSMR
Chitng minh:
Véi (2.204), ma tran ham truyén ctia hé véi hai vao w(#), v(¢) va hai ra e(t), u(t) la:
1 Ne
G(s) = 1 1 R)_ MMy My
1+RS{-S 1 NgNp+MgMp| Ng 1
Mg
MM, NM
PN G(S) _ 1 SR SR
NgNp+McMp\-MgNp MMy
T day ta c6 duge diéu phai ching minh. O

Bay gid ta di vao ndi dung phuong phap tham s6 héa Youla:
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Pinh ly 2.44 (Youla): Néu viét lai ham truyén S(s) ctia déi tugng thanh

S(s) = % trong d6  Ng, Mge RH.., nguyén té cing nhau
S

thi tap hop O gbm tat ca cac bo diéu khién R(s) 1am hé kin ¢6 ciu trdc cho § hinh
2.125, duge 6n dinh noi la:
X+MqQ
Y -Ng@Q
trong d6 @€ RH.. 14 tham s6 tu do. Chl ¥ rdng do c6 NgX+MY=1 nén X, Ye RH..

cling phai nguyén t6 cing nhau.

o0 ={R= | X,¥,QeRH.. va NgX+MgY=1} (2.205)

Chitng minh:

Trude tién ta thay hé kin én dinh véi R cho trong (2.205) vi né c¢6 ham truyén
RS

G(s) = = Ng(X+M RH..
(s) 1+ RS s sQ)e
Nguge lai, néu bd didu khién R = % v6i N, Mrpe RH.. nguyén t6 cung nhau da lam
R
6n dinh d6i tugng thi do ¢6 (dinh 1y 2.43)
1
F=——— eRH., = F(NgNp+McMp) = 1
NSNR+MSMR€ (NsNp+tMgsMp)

= NgFNr+MgFMp = 1
nén khi so sanh véi
NgX+MgY=1 &  NgX+Mg@)+Mg(Y-NgQ) = 1
trong d6 @ 1a tuy ¥, ta dudge
FNp=X+MgsQ va FMp=Y-NgQ

Suy ra
Nr _ FNp _ X+MgQ
Mp FMp Y -NgQ

R=
Chon

Q = (NsX+MsY)Q = X(Y+FMz)+Y(FNp-X) e RH..
ta dugc diéu phai chiing minh. a

Theo dinh 1y 2.43 thi viéc xac dinh tap O gdm cac bd diéu khién R(s) 1am hé kin &
hinh 2.125 én dinh ndi chi con la:

1) Phén tich S(s) thanh S = % v6i Ng, Mge RH.. nguyén té cing nhau.
S

2) Tim nghiém X,Ye RH.. ti phuwong trinh Bezout NgX+MgY=1.
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Trude tién ta thuc hién budc thit nhat. C6 thé thdy ngay, néu S(s) ¢6 dang

2 m

+ + + e+
B(S) bO bls bz.S‘ _ bmS <
A(S) Qg +aS+ayss™ + -+ ans"

, m<

S(s) =

thi v6i moi da thic Hurwitz
C(s)=(s—a)"

trong d6 s6 thuc a<0 khong phai 1a diém khong ciing nhu diém cuc ciia S(s), tic 1a
B(a)#0 va A(a)#0

ta sé duge S = & véi
Mg
B(s) N A(s)
Ng(s)= RH.. Mg(s)= RH.. 2.206
s(s) ) € va s(s) CGs) € ( )

Coéng thtc (2.206) cho thdy viéc phan tich S(s) thanh S = % c¢6 Ng,Mge RH., sé
N

dugc thuc hién qua hai buée nhu sau:

+al < e
a cua A= va tinh

— St dung 4nh xa ngudc s = !
s—a

S(s)zS(l-HMJ: n(A)

A m(A)
v6i a<0 khong phdi la diém cuc cing nhu diém khéng cia S(s).
1

s—a

—  Chuyén ngudgc hai da thtic n(4) va m(4) vé bién s nhd anh xa 1=
1 1
Ng(s)=n(——), Mg(s)= m(—)
s—a s—a

BAy gio ta sé& thuc hién budc thit hai 1a tim nghiém phuong trinh Bezout
NgX+MgY = 1 (hing so6)
Néu so sanh véi phuong trinh Euclid (2.201) da dugc dé cap thi su khac biét duy
nhit 6 day 1a Ng,M g,X,Y khong phai 12 c4c da thiic ma lai 1a ham thuc-héiu ty va & 1a
hang s6 thuc. Song su khac biét nay hoan toan khéng han ché viéc ta st dung thuat toan

Euclid, vi v6i anh xa A= ta dd chuyén dude cac ham thuc-hiiu ty Ng,Mg,X,Y

s—a
thanh cac da thic n(4), m(41), (1), y(1). Néi cach khac, ta sé 4p dung thuat toan
Euclid cho phuong trinh

n(A)x(A) + mA) y(A)=h (2.207)
dé ¢6 hai da thic (1), 5(1) va hing s6 A tit hai da thic da ¢6 1a n(1) va m(1). T day

ta sé suy ra dugc:
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_X(A) Y _yA (2.208)

x(A) 5 va Y

Phuong trinh (2.207) luén ¢6 A=héng s8 néu n(4), m(1) 1a nguyén t§ cing nhau va
diéu nay sé dugc thoa mén véi gia thist ham truyén S=§ da cho ctia d6i tugng c6 hai
da thtic B(s), A(s) nguyén t& cung nhau. Hién nhién ring khi d6 cting c6 hai da thiic
x(4), y(4) nguyén t6 ciing nhau.

Cubi ciing, téng két lai, ta c6 thuat toan xac dinh O gdm cac bd diéu khién R(s) lam
hé kin & hinh 2.125 6n dinh néi, gém céc bude nhu sau:

1) Bién d6i S(s) da cho thanh:

1+al)  n(d)
A m(A)
v6i hing s6 a<0 14 tiy y va khéng phai 1a diém cuc ciing nhu diém khéng cta S(s).

S(s) = s(

2) St dung thuat toan Euclid dé tim (1), y(1) va A thda mén (2.207).
3) Xac dinh x(1) vay(A) tu Xx(4), y(1) theo (2.208).
4) Chuyén nguge n(4), m(Ad), x(1), y(1) thanh cic ham Ng(s), Mg(s), X(s), Y(s)
thuoéc RH.. bang cach:
1 1
Ns(s)=n(——) , Mg(s)= m(—)
s—a s—a

1
s—a

X(s)= x(

) L Y(s)= y(—)
S—a

Vi du 2.79: Minh hoa phuong phap tham sé héa Youla

Cho d6i tugng v6i ham truyén:
S(sy =571 _>Tﬂ R(s) Hé_)sw

- s(s—-2)

St dung 4nh xa s = % dugc

§(/1) _s( 1-1 = —92+2 _ n(2) Hinh 2.126: Minh hoa vi du 2.79
A7 3% -44+1 m()

Vay n(A)=—242+1 va m()=312—4)+1.

Ap dung thuat toan Euclid, ta c6

3142 |42 B2l |2
3 3 3 = ST s
2
—4i+100|1 2 2, 22018, o
3 -42+1]0] 25 ‘5 25 1157 25
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0 ‘ 7522 + ——5‘ A2+
T

=
S 9w
25 5 25
va v61 n6 thi
3
h=_ -—/1—— =18, 3
25 @) 25 yA) 15 25
- (/1)—“"(/1)— 15a+14 (z)—y()‘)— 104+1
Chuyén ngugc sang mién s v6i &nh xa A= 1 dude
s+
-1 1 -2
No)=n(——)=—"L  Mye)= m(—)=26=2
s+l (s+1) s+1° (s+1)
1 14s-1 -9
X(s)= 2(—)= —— ,¥(s)= y(—)—
s+1 s+1 s+1

Do d6 tap cac bd diéu khién lam hé kin cho 6 hinh 2.126 6n dinh la:
X+MQ _ (14s-1)(s+1)+s(s—-2)Q
Y-NQ@Q (s=9(s+1)-(s-1)Q

0={ R= | @erm.} 0

Khé néing diéu khién &n dinh manh (strongly stable)

Dinh 1y 2.44 ctia Youla cho th&y sé c6 rat nhiu bd diéu khién lam d6i tugng S(s) 6n
dinh noi, tham chi 12 v6 s6, va mot bd diéu khién R(s) 1am 6n dinh d6i tuong S(s) khong
bét bude ban than né phai 6n dinh. Mong muén cé dude mét b diéu khién én dinh dé
lam én dinh néi d6i tudng S(s) ngudi ta da dua ra khai niém b diéu khién én dinh
manh (strongly stable) nhu sau: Mot déi tugng S(s) dude goi 1a 6n dinh manh duge, néu
ton tai it nhat mot bo diéu khién 6n dinh R(s) 1am hé kin én dink néi.

Xét @61 tugng c6 ham truyén:

m
by+bs+ - +b,s

S(s) =

(m<n)

ap+a;s+ - +a,s"
C6 thé thay néu d6i tugng c6 bac tuong d6i r=n—m>0 thi né sé c6 diém khoéng s=- bdi r
vi tai d6 c6 S(e)=0. Gia st rdng trén truc thue duwong ké cd diém 0, d6i tugng ¢ hai
diém khong s, s, va gitta ching c6 s6'1é cde diém cuwe. T4t nhién cac diém cuc nay 1a cac
s6 thuc duong.

Néu ham truyén cta d6i tugng dudc viét lai thanh S= % v6i Ng,Mge RH.,
S
nguyén t& cing nhau, thi theo ndi dung dinh 1y 2.44, b6 diéu khién R(s) lam né én dinh

Al R 2 A -
noi phai ¢6 ciu tric:
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_Np _ X+M4Q

, X,Y,QeRH.. va NgX+MgY=1
M, Y-NgQ

Do d6i tudng c6 hai diém khéng s;, s, 1a s6 thuc khéng 4m va gitia ching c6 s6 18
cac diém cuc, nén M s(s1) va Mg(sy) phai trai ddu v6i nhau. Ngoai ra, tit phuong trinh
Bezout ta con co

Ms(s1))Y(s1)=1 va Mg(s9)Y(sp)=1
Suy ra

sgnY(s;) = —sgnY(sy) = sgn [Y(sl) —NS(sl)Q(sl)] =sgnY(s;)=—-sgnY(sy)

= —sgn[Y(s,) - Ng(5,)Q5,)]

Diéu nay chi riing tais;va so, miu s6

Mg(s) = Y(s)-Ngs(s)Q(s)
cta bd didu khién c6 gia tri trai ddu nhau. Do dé, tit tinh lién tuc ctia Mgz(s), né phai c6
nghiém thuc duong (va d6 ciing 14 diém cuc ctia bd diéu khién) thudc khodng hd (s, s3)
nén khéng thé 1a mét by diéu khién én dinh.

Mot cach tong quat, ngudi ta con chi ra duge rang:

Binh ly 2.45: D6i tugng S(s) 1a khong diéu khién manh dwge khi va chi khi né c6 hai
diém khéng ndm trén nta truc thuc duong (ké ca diém 0 va diém +e) va gitta ching
¢6 s6'18 cac diém cuc (tinh ca s6 14n boi clia ching).

Ch y: Dinh 1y trén mdéi chi khdng dinh su tdn tai cia bd diéu khién 6n dinh manh cha
chua chi ra dugc phuong phap xac dinh né.

Vi du 2.80: Minh hoa dinh Iy 2.45
Déi tugng

S(s) =

s
(s+1)(s—2)
¢6 hai diém khéng s=0, s=e v mot diém cuc s=2 ndm gitia ching nén khong thé 6n
dinh manh dugc. Ngugc lai, d61 tugng

s

S =
(s) 5_2)

v6i hai diém khéng s=0, s=e va hai diém cuc s=2 (diém cuc boi hai) ndm gitia ching

nén né sé on dinh manh duoc. a

B& diéu khién 8n dinh song hdnh (simultane stable)

Trong diéu khién bén viing, ngudi ta thudng gip phai bai toan 14 mét d6i tugng
duge md ta khong phai chi bing mét mé hinh (ham truyén) ma bang nhiéu mé hinh
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(nhiéu ham truyén). Chdng han mot d6i tugng phi tuyén, qua viéc tuyén tinh héa né
xung quanh diém lam viéc, ngudi ta c6 duge mot mo hinh tuyén tinh tuong duong mé ta
x4p xi d6i tugng trong 14n can diém lam viée dé. Ung v6i cac diém lam viée khac nhau,
ngudi ta s& c6 nhiing ham truyén khac nhau. Bai toan diéu khién 6n dinh duge dat ra &
day 12 phai tim mot bo diéu khién chung R, (s) dé diéu khién 6n dinh noi cho déi tuong
duge mé ta bing hai ham truyén khac nhau S;(s), Sy(s). B6 diéu khién R, (s) khi d6
dudc goi 1a bo diéu khién 6n dinh song hanh (simultane stable).
Xét d6i tugng dude mob ta bing hai ham truyén (tai hai diém lam viéc khac nhau):

Vs 80 =)
Mg (s) Mg, (s)

Sq(s) = (2.209)

trong do tat cd Ng,Mg ,Ng , Mg, déu 1a phan ti cua RH., (hgp thtc, bén) va ting cip
tudng tng NS1 ,MS1 va NSZ,MS2 1a nguyén t6 cing nhau. Goi:
X, +QM X, +Q,M
Rl(s):1—1sl va R2(s):2—282
Y, -@Ng, Y; -@,Ng,

14 tap cac bd diéu khién lam ching 6n dinh néi (theo phuong phap tham s8 héa Youla —
dinh 1y 2.44), ttc 1a co:

X;Ng +Y1Mg =1,  X,Ng +YoMg =1 (2.210)
X, Yy, Xy, YseRH. va @4, @;€RH. tuyy

Khi d6 ta sé dudgc:

Pinh ly 2.46: Cho hai md hinh S(s), S,(s) xac dinh theo (2.209). Ky hiéu:

S(s) = Ns(©)
Mg (s)
véi
]\7‘5<=M81]\752—]\,SlMS2 va MS:XINSZ+Y1M82 (2211)

a) DES,(s), Sy(s) 6n dinh song hanh thi cAn va dt 12 S(s) 6n dinh manh dudec.
b) Néu R(s)e RH., 1a b diéu khién manh cho S(s) thi bd diéu khién song hanh
cho S;(s), Sy(s) sé la:

X, +RM s,

R =
sh(s) Y1 _RNSI

(2.212)

Chitng minh:

Trudc tién ta chiing minh diéu kién cén, tic 1a khi S;(s), Sy(s) 6n dinh song hanh
dudc thi S(s) ciing 6n dinh manh duge. Do S;(s), So(s) 14 én dinh song hanh dudc nén
phai tén tai @, @, € RH.., d& co:
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X, +Q Mg, _ Xy +@; Mg,
Y, -@Ng Yy -@yNg,

Nhung vi ti s6 vA mau s6 cia mbi v& déu tao thanh cac cip nguyén t6 cung nhau trong
RH.. nén phai ton tai mét phan ti don vi U cia RH.., ttc 1a U 'e RH.., sao cho:

X +Q Mg = U(Xy+QMg,) va Y -@QNg = U(Y;-Q;Ng,)
Xy Mg (1 Xy Mg, | (1
= wla) 7l wele)?
Y, -Ng | (@ Y, -Ng, ) (@
o Ng, Mg\ (X1 Mg (1j _(Ns, Mg, (X2 Mg, (1 JU
Y2 _XZ Y1 -N, S, Ql YZ —X2 Y2 -N, Sy QZ
K&t hop véi (2.211), ma cu thé 1a:

Ng, Mg\ (X1 Mg | (Ng,X,+MgY, Ng Mg -MgNg
Y, -X,)| Y -Ng Y, X, -XoY;  YyMg +X,Ng

_ Mg Ng
YoX; - XY, YoMg +X,Ng
va véi (2.210), tic la:
[st MSZJ[X2 Mg, ]_[stxz +Mg, Y, Ng,Mg, —Msstz] ~ (1 0]

Y, -X,)|Y; -Ng, Y, X;-XYy  YyMg +X,Ng, 0 1
ta dugc:
e v s o) = o )02
YoX, -XoY, YoMg +XoNg )| @ 0 1)@
& (MU '+NgQ,U '=1 (2.213)
{[ (VX - X,Y))+ (Y, Mg + X,Ng )@ JU ™" = @, (2.214)

Cong thtc thi nhat (2.213) chi ring S = % sé dugc diéu khién 6n dinh noéi bing
S
b6 diéu khién:
U-!
R= Qllj_l =Q, € RH.,

nén né 1a én dinh manh duge.

Chuyén sang diéu kién du. Gia st S = Ns dude diéu khién 6n dinh manh bing bo
S

diéu khién Re RH... Khi d6, véi cach chon @=R va @, dudc xac dinh tit @ bing cong
thtc (2.214) ta s€ c6 ngay R1=R,.

Cuéi cung, ta c6 thé thay thém ring khing dinh b) chi 1a hé qua truc tiép cla
khéng dinh a). a
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2.4.5 Diéu khién tach kénh

Ngoai phuong phap tham s8 héa Youla 14 con mé roéng duge cho hé MIMO, cac
phuong phap thiét k& bo diéu khién vita trinh bay trén cht yéu chi ap dung cho déi
tugng SISO. P& b8 sung thém trudng hop con thidu 14 didu khién hé MIMO, muc niy sé
gi6i thiéu phuong phép tach kénh hé MIMO, tic 14 phuong phap thiét k& bo diéu khién
)

R(s) cho d6i tugng c6 m tin hiéu vao-ra u =(u1,u2,...,um)T, y=(,¥9,--,¥y) sao cho

v6i né hé duge tach thanh m kénh riéng biét, tic 1a tach dude thanh m hé SISO con, nhu
minh hoa ¢ hinh 2.127 cho d6i tugng 2 tin hiéu véo, 2 tin hiéu ra. Hién nhién rdng khi
da tach dugc thanh cac hé SISO nhu vay, ta lai 4p dung dudc cic phuong phap thiét ké
b6 didu khién da trinh bay & trén cho tiing kénh dé toan b hé théng dat dugde nhiing chi
tiéu chat lugng dat ra.

@) | Bodiéukhién !
wy

b)

wq Y1
Wa Y2

Hinh 2.127: Diéu khién tach kénh

Téch kénh trong todin bd mién théi gian

Ky hiéu ma tran ham truyén gém m hang, m cot (mxm) cia déi tuong diéu khién
S(s) va ctia bd diéu khién R(s) ¢6 cung kiéu mxm la:

S11(8)  Spp(8) o Spp(s) Ri1(8) Ryy(s) - Ry,,(s)
S(s) = SZI:(S) 822:(3) 82”:1 (s) . R(s)= RZI;(S) Rzz:(s) RZW:L (s)
S,,1(8) S,0(8) - S,(8) R, (s) R,3(s) - R, (s)

thi nhiém vu tach kénh ctia R(s) chinh 1a lam cho toan b6 hé thu dugc c6 ma tran ham
truyén G(s) dang duong chéo:

G,(s) 0 0
Y(5) = S(6)U(s) = SOREW () =Gow@=| o & 70w
6 O Gm. (s)
trong d6 W(s) 1a anh Laplace ctia vector cac tin hiéu ddu vao w = (w;,ws,...,w,,)’ cia

hé va U(s),Y(s) 1a anh Laplace cua u(t), y(t) . Tt quan he:
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S(s)R(s) = G(s)

ta thiy ngay riing néu ma tran S(s) khéng suy bién véi moi s thi bd diéu khién R(s) can

tim sé la:
R(s) = S(s) 'G(s)

Vi du 2.81: Tach kénh ddi tugng 2 vao 2 ra

D61 tugng véi 2 tin hidu vao, 2 tin hiéu ra c6 ma tran ham truyén:

S(S) — (Sll(s) SIZ(S)J PN S(s)—l — 1 ( S22 _SIZJ
Sg1(s)  Sg9(s) 511820 = 851815 (=Se1 Sy
Chon truéc ma tran ham truyén cho hé da duge tach kénh 14 khau khéch dai:
kO
G =
(®) [ 0k
ta s& c6 bo diéu khién xac dinh theo (2.215):
Sy =S \(k O
R(S):S(S)_IG(S):;( 22 12]( 1 ]:
811805 = 81815 (=Sa1 11 )L O &y
_ ;[ Sooky —S12k2}
511805 = 851812 (—Sarkr  Siiky

Téch kénh trong ché dé xdc Iap

(2.215)

Vi nhiéu 1y do, chdng han nhu ma tran S(s) bi suy bién § nhiing dai tdn s6 lam
viée, hay thuc t&€ khong cho phép hoic khong du diéu kién dé ta thuc thi duge bd didu
khién R(s) thu dugc theo (2.215), nén bét budc ta phai chuyén sang bai toan tach kénh
gin dung, tic 1a chi diéu khién tach kénh trong nhiing dai tin s6 dude quan tAm dic
biét, vi du nhu chi téch kénh & ché d6 xac 1ap khi f—>e, ttic 1 khi s—0. Khi d6, tit cong

thtic thiét k& (2.215) ta dugc:
R(s) = S(0) 'G(s)

(2.216)

Ap dung riéng cho d6i tugng 2 vao 2 ra va ma tran ham truyén ciia hé sau khi tach:

G(s) = [G1(3) 0 j

0 Gy(s)
thi véi két qua cta vi du 2.81 ta cé:

_ 1 ( S92 (0)G; (s) —S12(0)G2(s)}
5,1(0)8S55(0) = S5, (0)S,5(0) | =551 (0)G;(s)  S;;(0)G,(s)

R(s)

217



Cau hoi on tap va bai tap

1.

218

Xéac dinh 4nh Fourier ctia c4c tin hiéu sau:

a) x(t) =at khi 0<¢<T b) x@) = at® khi 0<t<T
c) x()=|u| véiu = U,sinwt d) x() =M
xlt—to)

e) x(t) ={1—2%Jx0 khi 0<t<% va x(t+T) = x(¢)

Cho hai tin hiéu x(£)=¢[1(t)-1(-b)| va x,(t) =t °1(t-d), trong d6 0<b<eo,
%<a=c<1 va 0<d. Hay chi ring x(f) c¢6 céng sust P hiiu han (chuén bac 1 hitu
han), E v6 han (chuén béac 2 v6 han) va x,(¢) ¢6 P v6 han nhung lai ¢6 E hitu han.
Cho mét tin hiéu tuan hoan x(¢) chu ky 7. Goi x(¢) la phan tin hiéu 1ay tu x(¢)
trong mét chu ky, tic la:
h x(t) khi 0<¢t<T
x(¢) = .

0 khi ¢¢ (0,T]
Chiing minh rang x(z) = x(t) *s(¢) , trong d6 s(¢) 1a ham trich mAu véi tan s6 trich
mau T.

Hay xac dinh chudi Fourier ctia tin hiéu tudn hoan x(¢) véi chu ky T=27 va

a) x(t)=sgn(t-z), 0<t<2r b)  x(t) =|sin¢|
t—rm 2
¢) x(¢)=sat [—j , O<t<2rm d) x(f)=cos”t
V4
. . w32 . & 2 17T 2
Chtng minh bat dang thic Bessel: > |ck| < T | |x(t)| dt .
- 0

n . —_—

Goiy: Dat z,(t) =x(@t)— > ckejk“’t vadita 0< |zn(t)|2 =2,(8)-2,(t)
k=—n

Cho mot tin hiéu tudn hoan x(¢) chu ky 7. Tin hiéu nay dugc x4p xi bdi ham diéu

hoa biéu dién dudi dang téng hitu han:

N oot B
x(t) = Y a,e/™ véi a,=a,va ol =27
n=-—N
bing cach xac dinh nhiing hé sd a,, sao cho binh phuodng sai léch:
2
o N .

[ @~ 3 a,e™™| dt
— n=—N
¢6 gia tri nhoé nhat. Hay chi ring khi d6 a,, chinh 1a hé s6 chubi Fourier cta x(2):

1T :
a, =— j' x(t)e " dt
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7. Chiing minh ring anh Fourier ctia mét ham x(¢) ¢6 mién xac dinh giéi ndi [a,b], tic
1a x(¢)=0 khite [a,b], x4c dinh trén toan bo truc s6 —co<@w<oo.

8. Cho x@®)=1¢+T)-1(-T). Tim anh X(j w) va
a) kiém tra tinh chét ctia né néu trong dinh 1y Riemann-Lebesgue,
b) kiém tra quan hé Parseval.

9. Tim tin hiéu x(¢) c6 anh Laplace

2 3 2
a) X(s)= 252+135+17 b) X(s)=s +58“+9s+7
s +4s+3 (s+1)(s+2)
5s2 +19s+ 20 7s% —20s-175
O X(s)= o T Q) X(s)=o ZF0
s*+78°+17s" +17s+6 s? +6s” +25s

10. Tim anh Laplace ctia cac tin hiéu 6 hinh 2.128

a |, x(t) B, x(t)
1hoo__ N
¢ |
x2=2T-)*1t-T)-1t-2T)) 2T T 2T 3T 4T
x(t)=xI+x2 Hinh 2.128: Cho bai tap s6 10 x()=(tong)x’(+-k2T)
xI=t*(1(1)-1(t-T)) k=0,1,2,3,...

dx(+0)  d%x(+0)

11. Xac dinh cac gia tri dau x(+0), cta tin hiéu causal x(¢) c6 anh

dt dt?
Laplace
a)  X(s)= ! by X(s)=— T
sT;(1+sT))(1+sTy) 1+sT))A+sTy)
0 Xe)=—L d) X(s)=——, n=0,1,2, ...
2s“ +3s+4 Q+sT)"

12. Xac dinh diéu kién dé tin hiéu x(¢) véi 4nh Laplace:
m
X(s) = 208+t by x(0)=lims.X(s)
ay+a;s+...+a,s khi s—> vé ciing

L(x’(®)=s.X(s)
X’(0)=lims.(s.X(s))

thdéa man
a) limx(z)#0 b) lim x(¢) #0
t—0 t—>o0

13. Giai cic phuong trinh vi phan sau

3 2 2
g &Y ,O{V+5—d ;V+6ﬂ=0 véi y(+0) =5, DEO - g, YE0) y(;—O) =98
dt dt dt dt dt
2
by LY 3D oy 90cos2t véi y+0)=1va LED _5
dt? dt dt
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2
c) u+3d—y+2y:0 véi y(+0) =a va

dy(+0) _,
dt? dt dt

14.

Cho mét hé gom 115 xo c6 hé s6 dan hdi ¢ va mét vat khéi lugng m nhu hinh 2.129a)
mb ta. Tai thoi diém #=0 vat bi mot luc tac dong tiic thoi 1am bat ra khéi vi tri can

bang y(+0)=0 va c6 van toc ban dau la @ =v,. Bd qua luc ma sat, hay xac dinh

phuong trinh dao dong sau d6 clia vat xung quanh diém can bing. Bién do dao dong
16n nhat caa vat 1a bao nhiéu?.

15.

16.

17.

18.
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Hinh 2.129: Cho bai tap 14 J\/\/\/LE
ul
é y

b) R, R,

va 15.

| oT e b

Hinh 2.129b) mé ta mdt mach dién gom hai dién tré R, R, va hai tu dién C,, C,.
Hay xac dinh dién ap diu ra y(¢) clia mach dién néu tai dau vao cé u(t) = uyl(?),
biét ring tai thoi diém ¢=0 ca hai tu ciing chua dugc nap dién.

Cho hé gdm moét 16 xo c6 hé s6 dan hoi ¢, mot vat ¢ khoi lugng m nhu hinh 2.130a)
mb ta. Xac dinh phuong trinh moé ta chuyén déng cta vat dudi tac dong cta luc u(¢)
vao vat c6 dé ¥ dén luc ma sat tinh véi hé s6 % Hé ¢6 tuyén tinh khong va tai sao?

@ c _7 b) c 1 c 2 4
w10
y > — —

Y1 Y2

Hinh 2.130: Cho bai tap 16 va bai tap 17.

Hinh 2.130b) mé ta hé gém ba 16 xo ¢6 ciing hé s6 dan héi ¢ va hai vat véi cing khéi
lugng m dang & vi tri cAn bing. Tai thdi diém £=+0 vat tha hai bi mét luc tic thoi
danh bat ra khéi vi tri cAn bing véi van téc vo. Bo qua luc ma sat, hiy xac dinh

phuong trinh chuyén déng ctia vat thi nhat. Hé ¢6 tuyén tinh khong va tai sao?

Xac dinh xem nhiing hé nao trong s6 cac hé sau la tuyén tinh, tuyén tinh khéng
diing va tuyén tinh tham s6 rai
2
a) u+2Q+3y=ﬂ+5u b) t4ﬂ+cos(t2)y:5ﬂ+2u
dt? dt dt dt dt
2
C) u + QyQ + Qy =u
dt? dt
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19. Hay x4c dinh ham trong lugng g(#) va ham qua do6 A(¢) ctia nhiing hé tuyén tinh c6

ham truyén G(s) nhu sau

s+1 1+2s 1
a)————— b) ————— ) —(/————————
92s2 +3s+4 (1+3s)(1+5s) 0,25(1 +5)(1+ 3s)
20. Xac dinh ham truyén cta hé théng c6 so d6 diém .
cuc (duge danh dau bdi x) va diém khong (duge 2
danh d4u bdi O) cho trong hinh 2.131, biét ring = - o thgc
G(0)=2. Tim va v& db thi ham trong lugng, ham -3 =il | 1

qua d6. C6 nhan xét gi vé hé thong qua cac d6 thi

ds.

Hinh 2.131: Cho bai tép 20

21. Cho hé théng c6 so d6 khoi nhu hinh 2.132. Hé c6 tin hiéu vao u(t), goi la tin hidu
cht dao va ra y(t). Tin hiéu n(¢) 1a nhiéu tac dong vao hé. Tin hiéu e(¢) 1a sai léch

gifia tin hiéu chu dao u(¢) so véi thuc t& hé cé duge y(¢). Ky hiéu anh Laplace caa
u(t) 1a U(s), caay(t) 1aY(s), cuan(t) 1a N(s) vactuae(t) 1a E(s). Hay

a)

b)

c)

d)

Y(s)

Xac dinh ham truyén G(s) =
U(s)

ctia hé khi khong c¢6 nhiéu.
n(¢)=0

Y(s)
N(s)

tac dung do thanh phan nhi&u c6 1an trong tin hiéu ra).

(ham nhay c¢6
u(t)=0

X4c dinh ham nhay ctaa hé (sensivity function) S(s)=

E(s)
U(s)
E(s)
N(s)

Xac dinh ham truyén biéu dién sai léch theo dau vao E,(s) =

n(t)=0

Xac dinh ham truyén biéu dién sai léch theo nhidu Ey(s)=

u(t)=0

Hinh 2.132: Cho bai tap 21

22. St dung céng thtic dinh nghia ham dic tinh tin, hay xac dinh ham trong lugng g(¢)
cho cac hé c6 ham dic tinh tan nhu sau:

o RS S
a) G(jmw)= 1+ o b Glje)= 1+ jo)1+2jw)
1 1
O Gl ) GUO) = v eia)
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23. Hay vé& db thi diic tinh tin bién—pha va db thi Bode cho cic hé c6 ham dic tinh tin
cho trong bai 22. Vé dot | BODE

24. St dung két qua bai 23, hay xac dinh dap tng dau ra cta nhiing hé d6, khi du vao
14 tin hiéu diéu hoa:
a) u(t)=sin(t) b) w(t)=sin(t)+sin(2t)

[1-¢ khi [f<1

va s(t) 1a ham trich miu chu ky 1.
0 khi [f>1

c) u()=x(t)*s(t) voéi x(t)= {
25. Hay vé dudng dic tinh tan bién—pha, dudng dic tinh tin logarith (biéu dé Bode) cia
nhiing hé théng c6 ham truyén cho nhu sau
) Gs)=— b G- L
1+sT 1+sT))A+sTy) Vé d‘é thl BOde
Q) Gs)= k[l +%+STDJ

k
 s(1+8T)(1+5Ty) sT,

c) G(s)

26. Hay xac dinh ham truyén ciing nhu cic thanh phan khuéch dai, tich phan, vi phan
cta cac hé cho ¢ hinh sau:

O O
()
L7l
u I y
O O
d)

Hinh 2.133: Cho bai tap 26

27. Chiing minh rang dudng dic tinh tn s6 bién—pha ctia hé c6 ham truyén:

by +bys+bys®

ay +a;s+0ay8

ay a
G(s) c6d apgay>0, a %0 va det( 0 2]=0

0b2

12 mot dudng tron. Hay x4c dinh tAm va ban kinh ctia dudng tron.

28. Cho hé thong SISO mo ta bdi:
4

G =
(®) (s+3)%(s+2)(s+1)
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Hay xac dinh tin hiéu u(¢) sao cho khi kich thich hé tit trang thai 0 bang () &
dau vao thi sau mot khoang thdi gian du 16n hé sé& c6 dap ting y(¢) c6 géc léch pha
v6i u(t) 1a £90°.

29. Tim ham truyén ctia nhiing hé théng cé so d6 khéi sau

a)

Hinh 2.134: Cho bai tap 29

30. Xac dinh ham truyén cta nhiing hé théng c6 s do tin hiéu cho trong hinh 2.135

a)

» |~

%

Hinh 2.135: Cho bai tap 24

—ay

31. Hay tim ham truyén G(s) hgp thiic va bén cho hé tuyén tinh, biét rang phan thuc
T(w) ctaham dic tinh tin G(j w) cta hé la:

2 4 2
a) T(a))=ReG(jw)=% b) T(a) = ReG(im)=—2 22"
1+170° +16@

o' +50% +4
32. Hay tim ham truyén G(s) hgp thtic va bén cho hé tuyén tinh, néulim G(s)=0 va
§—ro0
phén 40 A(® ctia ham dic tinh tin G(j w) clia hé 1a
- 3 —
250 b) A(w) = ImG(jw)zu

a) Al(w) = ImG(jw)=ﬁ 1 3
1+17w° +16w " +5w° +4
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33. Cho hé thong phan héi tin hiéu ra c6 so d6 khoi mo ta 6 hinh 2.136a). Hay tim ham
truyén ctia hé théng khi G(s) c6 ciu tric cho trong cac hinh 2.136b) va 2.132c).
Trong trudng hop nao thi hé sé 1a hé pha cuc tiéu?.

Hinh 2.136: Cho bai tap 33

a)

X y x kl
1+ STl
ky ko k
| ] | .

1+ST1 1+ST2
b) C> 1+ST2

34. Kiém tra xem ham dic tinh tin ctia khau IT; c6 théa méan dinh 1y 2.11 vé toan ti
Hilbert khong va giai thich tai sao?.

35. Xac dinh ham truyén G(s) cho cic hé c6 ham trong lugng sau:
a) g(t)=2+t+3t2 b) g(¢)=t>sint 0) g(t)=(t+t>)cost

36. Khong tim nghiém, hay chi ra rang tat ca nghiém cta da thiic sau déu c6 phan thuc
nhé hon -1
a) A(s) = s° + 857 + 225 + 20 b) A(s) = s* +10s> + 3857 + 64s + 40

37. St dung tiéu chuéin Routh, hosic Hurwitz dé kiém tra tinh én dinh hé théng c6 da
thic déc tinh sau
a) A(s) = 1,155° + 7,255" + 18,60s" + 24,84s" + 18,20s” + 6,695 + 1,08
b) A(s) = bs” + 47s* + 140,55s" + 168,67s” + 82,635 + 13,8
o) A(s) = 255° + 87,55" + 80s” + 5,55 — 8,645 + 0,72
Cé bao nhiéu diém cyc s, ctia h¢ théa man 0<Re(sj)<lva —1<Re(s};)<O0.

38. St dung tiéu chudn Michailov dé kiém tra tinh 6n dinh hé théng c6 phuong trinh
déc tinh
a) A(s) = s>+t +20s% + 105> + 645 + 9
b) A(s) = s° +5* +255° + Bs? + 1445 + 4

39. X4c dinh c6 ton tai hay khéng tham s6 a>0 dé ham qua do cta nhiing hé théng c6
ham truyén G(s) nhu sau khéng c6 d6 qua diéu chinh:

(1+as)? (1+0,55)(1+ as) . (1+5)(1+25)(1+3s)
(1+5)(1+0,8s) (1+0,758)(1+a>s) (1+0,568)(1+a?s)(1+as)?
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40.

41.

42.

43.

44.

45.

46.

Cho hé tuyén tinh tham s hang. Goi g(¢), A(¢) 14n lugt 13 ham trong lugng va ham
qué d6 ctia hé. Ching minh ring:
dh(t)

——=+h(@®)o(t) = g(t
at (#)o(t) = g(2)
Cho hé c6 ham truyén G(s)z%, 0<D<1
1+2DTs+(Ts)

a) Giii T cd dinh, hay xéc dinh D @é @ = [[A(t)~h..’dt — min, trong d6 h(¢) la
0

ham qua dd cia hé va h., = lim A(t)
t—o0

b) Tai sao d6i véi viée t61 tu @ — min thi tham s6 7' lai khong cé ¥ nghia.
¢) Xac dinh d6 qua diéu chinh AA = A0 (6) — heo .
d) Tinh cacgiatri Tw, T,

max V& T5% .

Hay chi ring hé kin ¢6 ham truyén hé hd G, (s) = Eefsf sé 6n dinh néu 7 < % )
s
Xét hé hoi tiép véi hé hd c¢6 ham truyén

Gy(s) = by+bs+ - +b,s

ap+a;s+ - +a,s”
Gia st ring hé héi tiép 13 6n dinh. Chiing minh ring khi dugc kich thich béi tin

hiéu 1(f) 6 dau vao, hé sé c6 sai léch tinh e.. 1a

e. = lime(t) = ! -_%
t—oo 1+ Gh(O) aO + kbo

Tit d6 rat ra duge diéu kién cdn phai c6 nhu thé nio clia Gy(s) dé sai léch tinh e..

ctia hé hdi tiép bing khong.

Cho hé kin c6 ham truyén ctia hé hé 1a G,(s)=
s(s+2)

a) V& dd thi dudng dic tinh tdn bién pha cia he hd 3 d‘('j thi BODE
b) V& db thi Nyquist cta hé hé va tit d6 két luan vé tinh 6n dinh ctia hé kin

¢) Hai d6 thi trén khac nhau & diém nao?

Hay st dung tiéu chuén Nyquist dé bién luan tinh 6n dinh hé kin ¢6 ham truyén cta
hé hd G, (s) 1a

R(1+25) by G, s = FE=DE+2)

a) Gh(s)Zm (s=1D(s+1)(s+3)

k

Cho hé kin ¢6 ham truyén cua hé hd 1a Gy (s) = 3 I
1+3s+28° 465" +2s
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a) C6bao nhiéu diém cuc ctia hé hé G, (s) khong nidm bén trai truc ao?

b) Vé db thi Nyquist cia hé hé G,(s) tng véik=1.

¢) Hay st dung tiéu chudn Nyquist dé xac dinh hing s6 % 1am hé kin 6n dinh.
d) Hay kiém tra lai két qua ctia ciu c) nhd tiéu chudn Routh.

47. Hay xay dung quy dao nghiém s cho hé kin c6 ham truyén ctia hé hd cho sau day va
bién luan chat lugng hé kin tit dang qu§ dao nghiém s6 thu duge

a) k(s+2) b k(s+1)(s+3)
(s+1)(s+3) s(s+2)(s+4)(s+5)
o k(1+0,25) @ k(1+0,25)
6s(1+0,5s)(1+0,33s) 6s(1+0,5s)(1+0,33s)
k(s+17) b k
s? +6s+18 s(s+20)(s2 +20s + 200)
o) (1+3s)(1+5s) h) k
(1+ks)(1+25)(1+4s) (1+0,58)(1+1,32s +(0,33s)?)
. 2,7
i)

(1+0,58)(1+0,66ks +(0,33s)%)

48. Xét hé kin cho & hinh 2.137a), trong d6 d6i tugng S(s) c6 chita thanh phan b4t dinh
khéng cau tric AS théa man |AS(j @)|<A nqx (@) v6i moi . Gia thiét rang hé c6 ham
truyén hé hé R(s)[S(s),AS] bén véi moi AS.

a)

LT_e{R(s)HS(s),AS }_y_>

Hinh 2.137: Cho bai tap 48 va 49

Chting minh ring hé kin sé én dinh bén viing khi va chi khi
a) || TApax]l < 1 néu kiéu sai léch md hinh d6i tugng 1a bt nhan (hinh 2.137b),

1a ky hiéu cia ham bu nhay.

trong d6 T'(s)=

1+ RS
3 [RSApax]| = < 1 néu kiéu sai léch md hinh d6i tugng 1a bu phéi hgp (hinh

2.137c).
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49. Xét hé cho & hinh 2.137a) véi kiéu bat dinh AS clia d6i tugng cho & hinh 2.136b)

50.

51.

52.

53.

54.
55.

théa man |AS( @)|<Au(@) v6i moi . Gia thiét ring hé c6 ham truyén hé hd

R(s)[S(s),AS] bén véi moi AS. Chiing minh ring dé hé vita én dinh bén viing, vita

¢6 d0 nhay K(s)=

: L < théa man |K(a)|<e thi cin thiét phii c6
+

.01 L .
min{ 2 At <1 v6imoi @

St dung tiéu chudn Kharitonov dé kiém tra tinh Hurwitz chat cia cac da thic sau:
a) A(s) = s4+a333+a282+a13+a0

vl 6<a(<30, 20<a,<100, 20<a9<70, 7<a3<16
b) A(s) = a3s3+a232+als+a0

v6l 0=a(<30, 30<a<50, 20<a43<60, 10<a3<15

Hay x4c dinh céc tham s6 bd diéu khién I hodc PI hodc PID néu déi tugng c6 ham
truyén:

a) 1 b) ;
1+4s (1+0,2s)(1+3s)

0 2 Q) 2
(1+3s)(1+2s)(1+5) (1+3s)(1+5s)(1+0,3s)°

Gidhg nhu bai tap 51) nhung cho trudng hop déi tuong c6 thém khau giit tré e .
Hay xac dinh tham s6 t61 vu d61 xting cho bd diéu khién PID (ting véi a=2, a=4 va
a=9) dé diéu khién cac d6i tugng c6 ham truyén nhu sau

2 3 2
a) . b) ————— c) ———MM—M —
s(1+1,5s) 2s(1+s)(1+3s) s(1+2s)(1+6s)
Hay udc luong do qua diéu chinh A4 ctia hé véi nhiing bo diéu khién tim duge, ddng
thoi so sanh véi @6 qua diéu chinh ctia hé cho trudng hgp a=4 va hé duge néi thém
bo tién xt 1y dé gidm d6 qua diéu chinh.

S

Gidng nhu bai tap 53) nhung cho trudng hdp déi tuong c6 thém khau giii tré e .

Hay thiét k& bo diéu khién cho nhiing d6i tugng c6 ham truyén:

2(s-2) 2 s+2
a) S(s)= b) S(s)= c) S(s)=
s?-1 s?-4 s(s-1)
sao cho hé kin ctia ching c6 ham truyén giong nhu ham mau:
Gls) = — 5
(s+2)
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56.

57.

58.

Hinh 2.138: Cho bai tap 58

228

Hay xéc dinh tap O gdm nhiing bo diéu khién lam 6n dinh ndi cho d6i tugng c¢6 ham
truyén sau:
s+1 s+1 s—-1

a) S(s)= s(s+2) b S(s)= s(s—2) o S(e)= s(s+2)

Cho d6i tugng mé ta bang hai ham truyén S;, S, (tai hai diém lam viéc khac nhau),
trong d6 S; 1a ham bén. Chting minh ring S;, S, sé 6n dinh song hanh duge khi va
chi khi S=8,-S; 14 6n dinh manh dugc.

Cho hé c6 so db khoi § hinh 2.138.

a) Hay xac dinh ham truyén tuong duong cia hé.

b) Blé’t GI:G4:G6:1, G3:G5:G7:0, ngk va G2 = GS = 1;.8 3 7 Hgly
1+s+25°+5° +s
x4c dinh hing s6 & dé hé 6n dinh.
2
C) Blét G1:G4:G5:G6:1, GQ:G7:O, G3:k1, ngkz va G8 = 1+s 3 . Héy

1+2s+s%+s° +s
x4c dinh hai hdng s§ k,, ky dé hé 6n dinh va c6 sai léch tinh bing 0, ttc 1a c6

tlim (y(t) - u(t)) =0, khi hé dugc kich thich bang tin hiéu hing 6 dau vao.
oo

d) Véi cac diéu kién nhu & cAu c) va hai hing s6 k4, ks tim dude 6 d6, hay xac dinh
sai léch tinh (& ché& d6 x4c lap) khi tin hiéu vao 1a u=sin2¢.



3 PIEU KHIEN LIEN TUC TRONG MIEN THOI GIAN

3.1 Cong cu toan hoc
3.1.1  Nhirng ciu tric dai sé co ban
Nhém

Nhém bao gdm mét tap hop V va anh xa *: V2=V, théa mén céc tinh ch4t sau:

— Néugx, yeVthiz=x* y ciing thuodc V, tiic 1a V kin (hay déng) véi *.

— Véimoix, y,z eV bao gio cling ¢6 (x* y)*z =x*(y*z), ndi cach khac * ¢6 tinh

két hop.

dudc goi 1a phdn t don vi cia V.
—  V6i moi xeV bao gid ciing ton tai mot phan ti 3&71 cting thudc V sao cho

x "*x=x*x '=e. Phin tix ' dudc goi 1a phdn t& nghich ddo cua x.

Phan ti don vi e 1a duy nhat. That vay, néu cb x*e;=e;*x=x va x*eq,=ey*x=x
ding v6i moi xe€ V thi cling phai c6 e, =¢ey vi:
_ * _
€] =€17€3 =€

Ciing tuong tu nhu viy, néu c6 hai phan ti nghich ddox ', 3_71 cta x thi do cé:

£—1 =§_1*e_=§_1*(&*§_1) _ (é—l*@* é—lz g*é—l =§—1

1

ticlax ' =x"' nén phén ti nghich ddo x ' cling phai 1a duy nhat.

Néu tap hop V va anh xa *: V25V chi théa man c6 hai tinh chat 1H)va2)thiv
dugc goi 1a nia nhém. Ntia nhém cé chita phan ti don vi e dude goi 14 Monoid.

D& nhan manh anh xa * tao véi tap V thanh duge mot nhém, ta sé st dung ky hiéu
(V,*). Tay thudc vao ban chit ciia * ma nhém (V,*) con cé cac tén khac nhau. Vi du
nhu nhém céng, néu anh xa * 1a phép cong +, hodc nhém nhdn néu * 1a phép nhan e.

Riéng ddi v6i nhém nhan, thay vi xe y ta sé& viét don gian hon 14 x y . Phan tti don vi e
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trong nhém cong cé tén goi 1a phdn ti khéng, con trong nhém nhan thi né 1a phdn ti
mét. Néu anh xa * trong (V,*) con cé tinh giao hoan x* y= Z*& v6i moi x, ye V thi
(V,*) dudc goi la nhom giao hodan hay nhom Abel.
Mot tap con W cuaa V sé1a mot nhém con trong (V,*) néu:
— W chiia phéan tti don vi e ctua (V,*).

—  N&u c6 x, y € W thi cling ¢6 x* 2_1 eW.

Vi du 3.1: M6t s& nhém thudng gap
—  Tap tat ca cac s6 nguyén Z v6i phép cong 13 mdt nhém Abel.
—  Téap tat ca cac s6 hitu ty Q v6i phép cong trén né tao thanh nhém Abel.

—  Tap céac s6 hiiu ty khac 0 cing phép nhan tao thanh nhém Abel.

Tap cac da thiic cing bac ctia bién x véi phép cong da thiic 14 mot nhém Abel.

Tap céc s6 thuc khac 0 v6i phép nhan 14 mot nhém Abel. a

Vanh
Vanh 1a tap hgp V v6i hai anh xa +, e: V> V, thoa méan:
—  Véi + thi V1a mét nhom (V,+).
-~ Goi phéan ti don vi ctia (V,+) 12 0 thi cing vé6i e tap V \ {0} tao thanh niia nhém.

Vi du 3.2: Mét s6 vanh thudng gap
—  Téap cac s6 nguyén Z hay hiitu ty Q véi phép cong va nhan tao thanh vanh.
—  Tap céac s6 thuc R v6i phép cong va nhan 12 mot vanh.
— Tap cac vector cung phép tinh cdng vector va phép nhén c6 huéng tao thanh mot
vanh.
—  Tap t4t ci cac ma tran vudng cung s6 hang/cot véi phép cong va nhan ma tran tao
thanh mét vanh. 0
Trudng
Trudng (field) 1a mot tap hop F véi hai anh xa +, « : F2 F, thda mén:
— V6i + thi F 1a mot nhém Abel (F,+).
—  Goi phan t don vi cia (F,+) 14 0 thi cing véi e tap F \{0} ciing tao thanh nhém
Abel (F \{0}, ). Phan ti don vi cta (F \{0}, ) thuong dugc viét 1 1.
- Véimoig, b,ceF coae(b+c)=aectasc.

Ta sé& ky hiéu trudng gém tap hop F va hai 4nh xa +, ¢ 14 (F,+,e). Hai phéan ti 0 va
1 dugc goi 1a cac phdn t khong, phdn tiz moét cta truong (F,+,). Tuy nhién, khi hai
phép tinh +,e d& x4c dinh ma khéng sg bi nhdm 14n thi c6 thé ky hiéu ngén gon 14 F.
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Vi du 3.3: M6t s6 trudng thudng gap
—  Tap cac s8 hitu ty Q v6i phép cong va nhan tao thanh mot truong.
—  Téap cac sb thyc R ciing phép cong va nhan tao thanh mét trusng.

— Tap céac s6 phtic C ciing phép cong va nhan tao thanh mot trudng. a

Khéng gian vector
Cho mot nhém Abel (V,+) va mot truong (F,+,e). Néu c6 anh xa ° dude dinh nghia
cho FxV—V, tiic 1a gitia mdt phén ti x cia V v6i mot phan ti @ cia F, thda man:

— a°xeVvéimoixeVvaaekF.

a°(b°x) = (aeb)°x véimoixe V vaa, belF.

—  lox =x v6imoixe V.

(a+b)ox =a°x+bex v6imoixe Vvaa,beF.

a°(x+ Z) = a°x +b° Y v6i moi x, ye V vaaekF.
thi (V,+) dudc goi 1a khong gian vector trén truong (F,+,e).

Ta sé stt dung ky hiéu (V,+,F) dé chi khéng gian vector V trén trudng F. Khong
gian vector (V,+,F) c6 tinh kin véi cdc phép bién d6i tuyén tinh, tic 1a néu x, yeVva
a,beF thiax+b yeV. Bdi vay no con cb tén goi 1a khong gian tuyén tinh. Phan ti cta
V dudgc goi 14 vector. Phan té khong ctia V duge ky hiéu bang 0.

O nhiéu trudng hdp, va ciing dé don gidn trong cach viét, khi ma truong F cling cac
phép tinh +, e, © d& xac dinh va khéng s¢ bi nham 14n thi thay cho ky hiéu (V,+,F) dé

chi khéng gian vector V trén trudng F ta sé viét ngén gon1a V.

Mot tap cac vector x; , X3 , ... , x, thudc khong gian vector V trén truong F duge

goi 1a déc ldp tuyén tinh néu:

a1x1tagsxst+ - +ta,x,= 0, trongdd aq,ay,...,a,eF
chi ddng khi va chi khi a; =ay =... =a,=0, v6i 0 12 phan tt khéng cta trudng F.
Chotap x; , %9 , ... , X, l& n vector tiy ¥ ctia V (chua can phai la doc lap tuyén

tinh). M6t vector y tao bdi:

Yy = aix1tasxet - taux, V6 ai, Qg ,y ... , A €F
ciing thude V va goi 14 mot t6 hop tuyén tinh chax; , xg , ... , X, .
Tap hop tat ca cac t8 hop tuyén tinh cla x; , x5 , ... , &, khiag, ay, ... , a,

chay khép trén F 1a mot khong gian vector dinh nghia trén cling trudng F (gidhg nhu V)
va dudc ky hiéu bdi:
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span(xy , Xg , ==+, X,).

N6 duge goi 1a bao tuyén tinh cha x; , Xg , ... , %,. Do c6 thé bao tuyén tinh khéng

chiia t4t ca cac phan ti cia V nén né chi 1a mot khong gian vector con nim trong V.

Néux; , x5, ... , X, 12 n cac vector doc 1ap tuyén tinh thudc V va théa man:
span(x; , Xa , =, £,)=V
thitapx; , x5, ... , x,dudc goi 1a mét co sé ctia V. 86 cac vector x , X9 , ... , X, trong

mdt co sd cia V dude goi 1a s6 chiéu (dimension) cia V va ky hiéu bang:

dim V =n.
Nhu vay, bat c n vector doc lap tuyén tinh nio cia mot khong gian vector V véi s&
chiéu n déu c6 thé 14 mot so s caa V.

Cfing tit day ta thay s6 chiéu ctia mdt bao tuyén tinh tao béi n vector x; , x5 , ... ,

x, (khéng bit budc phai ddc lap tuyén tinh) sé bang s cac vector doc 1ap tuyén tinh
trongx; , X9 , ... , £, va do dé:

dim span(x; , X9, -, X,)<n.

Mot tap con W cta khong gian vector V xac dinh trén truong F sé 1a mot khong
gian vector con trong V néu:

— 0eW vanéucéx, ye Wthiciingcox+ yeW.
- NéucéaeF vaxe W thicingcé axe W.

Khong gian vector con cé tén goi khac 1a khéng gian tuyén tinh.

Khdéng gian vector con

Mot tap con W cta khong gian vector V xac dinh trén truong F sé 1a mot khong
gian vector con trong V néu:

a) 0eW.
b) Néucéx, ye W thicling cox+tyeW.
c¢) NéucéaecF vaxe W thiciling cé axe W.
Cho mot khong gian vector V xac dinh trén truong F va hai khong gian vector con
W, , W, cta né. Vay thi:
1) ¢a0=0x=0, trong d6 0 1a phan t& khéng ctia V va 0 1a phan t khéng ctua F.
2) (-1)x=—x, trong d6 —1 la phan ti don vi ctia F va —x 14 phan tit nghich ddo caa x.

3) T ax=0 suy ra hoéic a=0 hodc x=0 , trong dé 0 1a phan ti khoéng cta V va 0 1a
phén ti 0 caa F.
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4) Téng S=W1+W2={&1+&2| w,e W, va wee Wy} 1a khéng gian vector con nhd
nhit cia V chia ca hai khong gian con W, va W,

5) Néu c6 S=W,+W, va W, nW,={0} thi S dugc goi 1a tong truc tiep caa W, va W,
Téng truc tiép duge ky hicu 1a S=W,®W,. Néu S 1a téng truc tiép cia W, va W,
thi moi phan ti se S déu phan tich dugc thanh s=w ;+w, véi wie Wi , woe Ws.
Cach phan tich d6 cling 1a duy nhat. Khi dé w dudc goi 1a hinh chiéu cia s 1én W,
va wg 14 hinh chiéu cua s 1én W .

6) dim(W,+Ws,) = dim(W,)+dim(W,)—dim(W,AW,).

7) NéuS=W,®W, thi dim(S)=dim(W,)+dim(W.,).

Da tap tuyén tinh

Xét khong gian vector V x4c dinh trén truong F va mot khong gian vector con W caa
V. Ky hiéu v 1a mot phan ti cia V (khéng bit budc phai thude W). Khi dé tap D:

D={v+w | we W}
dudc goi 14 da tap dude sinh ra tit W. Nhu vay da tap tuyén tinh D c6 thé khong chiia
phén ti 0 (méu v#0) va c6 dang song song véi khéng gian vector con W.
Daqi s6
Cho mot khong gian vector (V,+,F) trén truong (F,+, ¢) va ° 1a anh xa gitia mot
phan t x cia V véi moét phan ti a ctia F. Néu:
—  Ngoai phép tinh +, con c6 phép tinh x trén V 1am cho tap V tré thanh mot vanh.
- a°(xxy)=(a°x)xy v6imoix, yeV vaaekF.
thi (V,+,F) dudgc goi 1a dai s6'V xac dinh trén truong F.
Ngoai ra, néu phép tinh x trén V con 1a giao hoan:
XXy = yXx v6imoix, yeV
thi dai s6 V dudc goi 1a dai s6'giao hodn.
Néu dai s6 V chitta phén tli don vi ctia phép tinh x thi né dugc goi 1a dai s6'cé phdan
iz don vi. T4t nhién néu ton tai thi phan ti don vi nay 1a duy nhat.
Ideale
Cho moét dai s6 giao hodn V x4c dinh trén trudng F véi hai phép + va x trén V. Mot
Ideale dugc hiu 1a mot khéng gian vector con M cia V théa méan: “Néu cé xe V va ye M

thi ciing c6 xx y=yxxe M”.
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3.1.2 Paisdé matran

Ma tran 1a mot tap hop A gébm hitu han mxn cac s6 thuc (R), hodc phtc (C) ky hiéu

laa;;, i=1,2, ..., m;j=1,2, ... , n , dudc sép xép theo hang/cot nhu sau:
ap; @2 a4
A=| %21 @22 7 Qo hang thi 2
An1 Am2 Qg

(- cot than
Theo cach sip xép nhu vay thi phan ti g; ; clia A s& ndm 6 hang thi i va cot thi .

Do A c6 mxn phén ti thude R (hodic C) nhu vay ma nhiéu khi ngudi ta con dung ky
hitu Ae R™*" (hosic Ae ™*™) dé chi mét ma tran A c6 m hang, n cot (c6 kidu mxn).

Né&u nhu cach biéu dién hang/cot & trén d4 duge théng nhat va khéng s¢ bi nham ta
6 thé viét mot ma tran A ngén gon hon:

A=(a;), i=1,2,..,m va j=1,2, .., n.

Mot ma tran A=(a,;) c6 s6 hang béng s6 cot duge goi 1a ma trdn vudng. Pusng chéo
noi cac phan tl a;; (chi s6 hang bing chi s6 cot) trong ma tran vudéng duge goi 1a dudng
chéo chinh. Pudng chéo con lai duge goi 1a duong chéo phu.

Mot ma tran vudng A=(a;;) ¢6 a;;=0 khi i#j , tic 1a cac phan ti khong niam trén
dudng chéo chinh déu bang 0, dudc goi 1a ma trén duong chéo. Ma tran dudng chéo duge
ky hiéu bdi A = diag(a;;).

Ma tran duong chéo I= diag(1) dudc goi 1a ma trdn don vi.

Mot vector c6 n phan ti:

X

Xn

dugc xem 14 ma tran c6 n hang va 1 cot. Néu ghép chung cac phan ti trén cot thi j cia

ma tran A=(a;;), i=1,2, ... , m ; j=1,2, ..., n lai v6i nhau dé thanh vector:
alj
=1 s
amj

goi 1a vector cét, thi A sé c6 dang:

A :(Qla Co, *** Qn)
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Cac phép tinh véi ma trén

1) Phép céng / tri: Cho hai ma tran A=(a;;) va B=(b;;) cung c6 m hang n cot. Téng hay
hiéu ctia ching dugc dinh nghia la A+B=(a;; + b;)).

R6 rang 12 phép cong/trit chi thuc hién duge véi nhiing ma tran cé cling s6 hang va
cling 6 cot. Nhiing ma tran nhu vay dude goi 14 ma tran cung kiéu.

2) Phép nhan vdi s6 thuc (phitc): Cho ma tran A=(a,;) c¢6 m hang, n cot va mot s6 vo
huéng thuc (phiic) x tity §. Tich xA duge hidu 1a ma tran xA=(xa; /) va Ax duge hiéu
la Ax=(a;jx). Hién nhién c6 xA=Ax.

3) Phép chuyén vi: Ma tran chuyén vi cia ma tran A=(a;;) v6i m hang, n cft 1a ma
tran AT:(aji) ¢6 n hang, m cot, duge tao tit A qua viéc hoan chuyén hang thanh cot
va ngudc lai c¢dt thanh hang. Nhu vy ta ludn c¢6 (A T) T=4.

Mot ma tran A théa man A=A dudc goi 14 ma trdn déi xing. Mot ma tran doi

xting phai 14 ma tran vudng.

Néu ghép chung cac phan ti trén hang thd i cla ma tran A=(q;;) lai v6i nhau

thanh vector @lT =(a;1, Qj9, ... , @;,), g0i 12 vector hang, thi ma tran A sé viét dugc
T
y
thanhA=| : | hay A" =(hky, hy, =, k).
T
b,

T
2 . . (A B
Phép chuyén vi cua ma tran khoi: (C j = [

AT T
D ]

BT DT
4) Phép nhdn: Cho ma tran A=(a;;) c6 m hang p cot va ma tran B=(b;;) c6 p hangn

cot. Tich AB=C=(c;;) cua ching 1a mot ma tran c6 m hang, n cot véi cac phan ti

L T
Cij = kZ apby =a; b;
=1

trong d6 g; 1a vector hang thi i cia A va b; la vector cot thit j cia B (hang thit i caa
A nhan véi cot thi j cia B). Hai ma tran A, B chi ¢6 thé dude nhan véi nhau thanh
AB néu s6 cot cia ma tran A bang s6 hang ctia ma tran B.

C6 thé thdy ngay dudc tap cac ma tran, két hgp véi phép cong / nhan ma tran va
phép nhan véi s6 thuc (phiic) tao thanh mot dai s6. D6 ciing 1a 1y do tai sao ngudi ta
goi la dai sé'ma trdn.

Mot ma tran vuéng Ae R™" dugc goi la ma trén truc giao néu ATA=AAT=]. Hai

vector g va b dudc goi 14 truc giao véi nhau néu a TQ =0. Vector e; chi c6 phan ti
thit i bing 1, cAc phan ti khac bing 0, dudc goi 1a vector don vi.
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Phép nhan ma tran thuong khong giao hoan (AB#BA). N6 c6 tinh chat:
a) (AB)T = BTAT.

b) A(B+C) = AB+AC va (A+B)C = AC+BC.

c) A=AI=IA, v6illa ma tran don vi.

d) e Ae; = a;; , tlc1a bang phin tii thitij cha A.
e) Ae; = ¢; , tiic 1a béng vector cot thi j cua A.
f) ngA= QLT , ttc 1a bing vector hang thi i ciia A.

| (A B\(E F\_(AE+BG AF+BH
& \c p)\¢ BH) \CE+DG CF+DH

Chi y: Véi hai ma tran A, B giao hoan, tiic 1a thoa man AB=BA s& con c6:
a) A™MTT=ATA"

b) (AB)"=A"B"

c) A™B"=B"A™

n !
d) (A+B)y' =Y CtA*B"* vsi Cck=— 1" __
) (ArBY =2 C, YO T =k
e) A’-B*=(A-B)(A+B)
Pinh thic ctua ma trdn
Cho ma tran vuéng A=(a;;), i,j=1,2, ... , n kiéu (nxn). Gia tri thuc (phtc):

det(4) = ayydet(A;)) - ajpdet(Ayy) + -+ + (-1)"ay,det(dy,)
L i+j z i+j
= Zl(—l) Ta; det(Ay) = Z‘i(—l) Ta;; det(4;;)
Jj= i=
dugc goi 1a dinh thifc cia ma tran A, trong d6 A; ;12 ma trén kiéu (n-1xn-1) thu duge ti
A béng cach bé di hang thi i va cot thit j, ttic 1a bo di hang va cot chita phan ti a;;. Vi
du:

an | Qg " Qip Qgg Qg3 °°* Oz,

a a v a a a e a
A=t |0 T G g o2 % O

An1 [Qp2 " Qpp Ana Qp3z " Qg

Cong thiic tinh dinh thtc trén dude goi 1a cong thic téng qudt. Chi c6 ma tran
vudng méi c6 dinh thiic. Theo cong thiic tong quat thi dinh thic ciia ma tran vuéng cé n
hang va cot duge xac dinh truy hdi tit dinh thitc cAc ma tran cé s6 hang cot it hon 1a n—1.
B4t d4u tit ma tran kiu (1x1) ta c6:
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det(aq1) = a1;

Dinh thiic cia mot ma tran vuéng A=(a;;) thuoc kiéu (nxn) c6 cac tinh chat sau:

— A la ma tran suy bién khi va chi khi det(4) = 0. Nhu vay, néu A c¢6 hai hang hoéc
hai c6t phu thudc tuyén tinh (vi du giong nhau) thi det(4) = 0. T day va cung véi
cong thic tinh dinh thic téng quat, ta cé:

{det(A) néu k=i

n PO
-1)"a,. det(4;;) =
2. (D™ ay; det(4y) 0 néu k=i

j=1

- Mot ma tran vuong A=(a;;), i,j=1,2, ... , n ¢ a;; = 0 khi i>j (hodc i<j) dudgc
goi 12 ma tran tam giac, vi c¢6 cac phan ti ndm duéi (hoéc trén) dudng chéo chinh
déu bang 0. Pinh thtc ctia ma tran tam gidc bang tich cic phin ti trén dudng
chéo chinh.

—  GoiA"la ma tran thu dudc tit A bang cach nhan cac phan ti cia mét cot hodc mot
hang véi sd thuc (hodc phtic) A thi det(A") = Adet(A).

—  Cho ma tran vuéng A c6 kiéu (nxn) va mot s6 thuc (phtic) A. Vay thi:
det(1A) = A" det(A).

—  Dinh thtic cia ma tran khéong bi thay d6i khi ta thay mét cot (hang) bing téng cia
né v6i mot cot (hay hang) bat ky khac:

et A1 A2)_ g [AEAe A\ (AixAy AyxA,
Ay A, Ay +A, A, Aq A,

—  (Cong thic clia Schur): N&u A4, Ay, Ag, Ay 12 cac ma tran 12 nhiing ma tran c6 kiéu
phtt hop va © 1a ma tran cé cac phén ti 0, thi:

Ap Ay Ay Ay -1
det =det =det(A)detA,— A5 A7 A,),
) (A:a AJ : (@ Ay - A3AT Ay Studetam 45 417 Ao)

~ det(A) =det@a )
— det(AB) = det(A)-det(B)
—  GoiA'la ma tran thu dugc tit A bing cach d8i chd hai vector hang hodc hai vector

cot thi det(A) = —det(A").

Vé y nghia hinh hoc thi dinh thiic cia ma tran 2x2:
A= (pl pz] , thc la det(A)=p192-q1ps
4 4y

91

chinh 14 phén dién tich tam giac c6 ba dinh 14 diém P = [plj, Q =(
92

j va goc toa do 0,
by

trong d6 chiéu quay ctia vector tit P t6i @ 1a ngugc kim ddng ho.
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Hang cua ma trén

Xét ma tran A=(a;;), i=1,2, ... , m; j=1,2, ... , n bat ky (c6 kidu mxn) va goi
h;, i=1,2, ..., m la cac vector hang cing nhu ¢;, j=1,2, ... , n 1a clc vector cot cua

A. Né&u trong s6 m vector hang A; c6 nhiéu nhit p<m vector ddc lap tuyén tinh va trong
s0 n vector cot ¢; c¢6 nhiéu nhét g<n vector doc lap tuyén tinh thi hang ciia ma trdn
duge hiéu 1a:

Rank(A) = min {p,q}.

Mot ma tran vudng A kiéu (nxn) sé duge goi 1a khong suy bién néu Rank(A)=n.
Nguogc lai néu Rank(A)<n thi A dudc néi la ma trén suy bién.

Hang ctia ma tran cé cac tinh chit sau:

—  Rank(A)=min {p,q} =p = q.
— Rank(AB) <Rank(A) va Rank(AB) < Rank(B).
— Rank(A+B) <Rank(A) + Rank(B).
— Néu A khong suy bién thi Rank(AB) = Rank(B).
—  Néu A thuoc kiu (mxn) véi m<n va Rank(A)=m thi tich AAT 1a ma tran vuéng
kiéu (mxm) khong suy bién véi Rank(AAT)=m.
Ma trdn nghich ddo

Cho ma tran A=(a;)), i=1,2, ... , m ; j=1,2, ..., n, trong d6 a;; 14 nhiing s6 thuc
(ho#ic phiic), néi cach khac Ae R™" (hosic Ae c™*"). N&u tdn tai mot ma tran B thoa
man:

AB =BA =1 (ma tran don vi),
thi ma tran B dudc goi 12 ma trén nghich ddo cia A vaky higulaB=A"".

Do phéi tén tai ca hai phép nhan AA™ va A™'A cho ra két qua c6 ciing kiéu nén ma
tran A phai 12 mot ma tran vudng, ttc 1a phai c6 m=n. Hon niia do det(I)=1#0 nén A
phai 12 ma tran khéng suy bién.

Ma tran nghich ddo A" ctia A ¢6 cac tinh chét sau:

A"'1a phén ti nghich ddo duy nhét ctia A
- @AB)'=B"A" va A HT =@

_ -1 _ Aadj
det(A

va Aj; 1a ma tran thu duge tit A bing cach bd di hang tht j va nhu cét thi i (phan

, v6i ma tran bit A,g; 12 ma tran c6 cic phan ti a;= (-1)'det(A ;)

ti ¢ vi tri doi xting véi ;).

238



— NéuA = diag(a;) va khong suy bién thi Al= diag [LJ

a;
Véi E;; 1a ma tran 14y tit I sau khi d6i chd hai hang i vaj thi Ei;l = Eij
Ky hiéu Ej(a) 1a ma tran 18y ti I sau khi nhan hang tht & ctia I v6i a. Khi d6 sé&
c6 E;'(a) = E(~a)

A A .
—  (Cong thic Frobenius) Cho ma tran vudong A :(Al Azj khong suy bién, trong d6
3 Ay

A, Ay Ag, A, cling la cac ma tran. Khi d6 sé co:

a) Né&uA, khong suy bién va B=A,— A3 A7 A, ciing khong suy bién thi

(A AT (AT +AT'ABT AATY — AT ABT
Ay A, ~B A AT B!

b) Néu A, khong suy bién va C = A, — A, A1 A, ciing khong suy bién thi

PRI A R -C7 A, A7
A Ay —AlAC! Al + ATTACTIAALY

-1 1y T 4-1
5) (Céng thic Sherman—Morrison) (A +@T) =A" —%
+c

_ -1
6) (Cong thitc Sherman-Morrison-Woodbury) (A+BC) =A™~ A™'B(I+CA™'B) €A™

. . —14\! -1 -1 B
7) (Céng thiic Hemes) (A+Bc D) —Al_A B(C+DA B) DA

Ma tran vuéng Ae R™" khong suy bién duge goi la truc giao néu AT=A"'. O ma
tran truc giao, cac vector cOt vuéng gbéc v6i nhau va cing nhu vay, cac vector hang la

vudng géc vl nhau.

Vét clia ma trén
Cho ma tran vuéng A=(a;;), i,j=1,2, ... , n kiéu (nxn). Vét cia A duge hiéu la
téng gia tri cac phan ti trén dudng chéo chinh ctia A va dude ky hiéu bang trace(A):

trace(A) = iaii
i=1

Vét cia ma tran cé cac tinh chat:

bja; = trace(BA)

n
=1

—  trace(AB) = i i a;ib;; =2
i=1j=1

j=1i

trace(S"'AS) = trace(A), v6i S 1a ma tran vudng khong suy bién bat ky.
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Ma tréin 1& mdt anh xa tuyén finh

Xét hé phuong trinh tuyén tinh gdm m phuong trinh va n 4n:

a11X1 T @pXg + o T a1pX, =Y
Qg1 %11 Qoo Xg + =+ + AgX, = Y2
Am1X1 T Qo X+ -+ apuXx, =Yy

St dung ky hiéu:

x=|:lerR"”, y=| i |erR”,
n Ym

hé phuong trinh trén viét dugce thanh:

A Qg "t Ay
e xl yl

Qg1 Qg Qan PR T o Ax=y
X Y
n m

a a A S

ml m2 mn X 2

A

Nhu vy ma tran A chinh 1a mét 4nh xa y=f(x) =Ax va anh xa f:R"—>R™ nay thdéa
man tinh chat tuyén tinh:

f(algl ta,x,+ - +ap§p)=a1£(§1)+a2£(§2)+ +ap£(§p)
trong déay, ay, ... , a, la nhiing s6 thuc/phiic (hodc phan tii cia mét trusng F) nén nd
dugc goi 1a Anh xa tuyén tinh.
Phép bién ddi tuong duong

Ta da duge bift ma tran Ae R™" 1a mot hinh thtc biéu dién anh xa tuyén

tinh £ :R" > R". Tuy nhién cach biéu dién d6 phu thudc vio bod cac vector co sd ey , ey, ...

, e, dugc chon. Gid stis; , S5, ... , S, 12 mdt co s6 khac cia R” ngoaie; , ey , ... , €,.
x. ., 2 L% ~
Mai vector s; lai c6 dang biéu bién theocdséciie; , e, ... , e, nhu sau:
S11 S12 Sin
S1 = s S9 = s ) $p=
Sn1 Sn2 Snn
Vis;, 83, ... , 8, la n vector doc lap tuyén tinh trong R" nén moi vector x trong R"

déu c6 dang phu thudc tuyén tinh theo ching, ttc la:
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X1 n

=] P F st raset e+, = (s s, 0 os,)
N/
xn S rn
Bo s6 thucry , rq, ... , r, dugdc goi 1a toa d6 ctia x theo co sd méi sy , Sg, ... , S,. VAY

mudn biéu dién x theo toa 6 mdi ta c6 phép bién ddi:

n X1

V6i cach biu dién x theo co s6 méi nay, 4nh xa f: R* — R™ cling ¢6 dang méi:

X1 n
y =(fle)) fley) - fley))| i |=AS| |,
néi cach khac AS ciing 13 ma tran mé ta f: R — R” nhung theo co s6 s, , 89, ... , S,
trong R” cho x .

Tuy x da duge biéu dién theo co s6 méi s; , 85, ... , 5, nhung anh y cta né lai van
theocdsdciie; , e, ... , e,. D& chuyén y theo co s6 s, Sg, ... , S, ta lai lam gidhg nhu
dd 1am véi x va di dén dang tuong duong cho f: R — R” theo cd s6 méi s;, 89, ... , S,
nhu sau:

ST'AS.

Céc phép bién ddi ma tran A thanh S"'AS, trong d6 S 12 mot ma tran vudng khong
suy bién bat ky, dudc goi 14 phép bién déi tuong duong.

Khdéng gian nhén vé khdng gian dnh cGa ma tréin
Cho ma tran Ae R™*" biéu dién anh xa:
y=Ax v6i xe R"” va ye RrR™
Khi dé:
~ Taphop Ker{A} = {xeX | y=Ax=0eR™ } dugc goila nhdn clia ma tran A.
— Tap hogp Im{f} = {ze Yy | Jxe X : 2=Ax_} dudc goi 1a tdp dnh cta A.

—  Im(A) 1a mdt khéng gian vector con trong R™. Néi cach khac néu c6 Y, € Im(A)
va y, € Im(A) thi cting phai c6 ay, +b22€ Im(A), véia, b1a hai s6 thuc bat ky.

— Rank(A) =dim Im(A).

—  dim Im(A) + dim Ker(A) =n.
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—  Vé6i ma tran vuéng A kiu (nxn), thi Im(A) va Ker(A) sé 12 hai khong gian con
ctia R”. Moi phan té x € R" déu phan tich duge thanh téng x = x; + x4, trong d6
x;€Im(A) vaxye Ker(A). Hon niia viéec phan tich d6 1a duy nhat.

— Né&u ma tran vuéng A c¢6 kiéu (nxn) 1a d6i xtng thi Im(A) va Ker(A) 1a hai
khong gian truc giao véi nhau, tiic 1a v6i moi phan ti ye Im(A), xe Ker(A) ta

ludén co yTa_c =xT y=0.

Gid tri riéng va vector riéng
Cho ma tran A. Mot s6 thuc (phiic) A dugc goi 1a gid tri riéng va vector x dudgc goi 1a
vector riéng bén phdi ting véi gia tri riéng A ctia A, néu ching théa mén:
Ax = Ax ding v6i moi x = (AUI-A)x = 0
Dé cho phuong trinh trén c6 nghiém x#0 thi (AI-A) phaila ma tran suy bién, tic la 1
phai lam cho dinh thiic cia ma tran (1I-A) bang 0. Dinh thic
det(AI-A)
clia ma tran (A[-A) dudgc goi 1a da thifc ddc tinh cia ma tran A.
Gia tri riéng va vector riéng ctia ma tran A c6 nhiing tinh chat sau:
- (Cayley-Hamilton) N&u da thic dic tinh cia ma tran A c6 dang:
det(AI- A) =pA) =A"+a, A" "+ ... +a, A +a
thi cting c6
p(A) = A"+a, A" '+ . +a,A+al = O,
trong d6 © 1a ky hiéu chi ma tran cé tit ca cac phan ti bang 0.
—  Néu khai trién da thic dic tinh thanh:
det(AI- A)=A"+a, 1 A" '+ - +a,
thi
ap=(-1)"det(A) va  a, ,=-trace(d).
Diéu nay ciing néi ring det(4) va trace(A) 1a hai dai lugng bat bién vé6i viéc chon
cd s6 nén ching 1a nhiing dai lugng dic trung cho 4nh xa f: R" — R".
— Hai ma tran tuong duong A va S™'AS luén 6 cling cac gia tri riéng, néi cach
khéc gia tri riéng ctia ma tran bat bién véi phép bién d6i tuong duong.
—  Céc gia tri riéng cia ma tran bt bién véi phép chuyén vi.
det(A — AI) = det(A” - D).
—  Vector riéng ting véi cac gia tri riéng khac nhau thi déc lap tuyén tinh véi nhau.

— Néu A khoéng suy bién thi AB va BA c6 cung cac gia tri riéng.
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Néu A 1a ma tran d6i xting (AT= A) thi cac vector riéng dng véi nhiing gia tri

riéng khac nhau sé truc giao v6i nhau.

Goia; , @y, ... , @, la cac vector riéng bén phai ciia ma tran vuong Ae R"™"
Gng véi cac gia tri riéng 41, Ay , ... , 4,, tdc la:
(A I-A)ay = 0, k=1,2, ... .n

Khi d6 ma tran:
M:(a_laa_Za---!a_n)
dudc goi 1a ma trdgn modal.
Gia stt ma tran modal M ctia A khong suy bién. Vay thi cac vector hang cia ma
tran nghich dado M~ :
T
b
M=
T
b,
sé 1a cac vector riéng bén trai cia A, ttic 12 cling c6:
by (4I-A) = 07, k=1,2, ... ,n
Cho ma tran vudéng Ae ¢"™". Gia thiét ring A c6 n gia tri riéng A1, Ay , ... , A,
khac nhau dé6i mot. Khi d6 cac vector riéng bén phaia; , ay , ... , a, sé doc lap
tuyén tinh véi nhau va ma tran modal M ctia n6 khong suy bién. Khi d6 sé cé:
M~ 'AM = diag(4;)
Do ting v6i mét gia tri riéng A; c¢6 nhiéu vector riéng bén phai a; (chiing phu thuéc
tuyén tinh véi nhau) nén ciing sé c6 nhiéu ma tran modal va mot trong cac ma
tran modal M d6 la:

M=l n A

//Lln—l //lzn—l . ﬂ"rLL—l
Cho ma tran vudéng Ae c™*". Khi d6 cac phat biéu sau 14 tuong duong:

a) A=A va cacgi4 tririéng A,, k=1, ... n cta A la nhiing s6 thuc duong (goi 1a
ma tran xdc dinh dwong), trong d6 H 1 phép tinh chuyén vi va 18y lién hgp.
b) gHAoi >0 v6i moix#0.

O 0 < Ao < 27 A% < A o Vi £ 0, trong 06 gy = max Ay Ay = min

va cc gia tri rieng A, k=1, ... n cia A 1a nhiing s6 thuc.
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- MatranAe c™*" v6i AT=A dugc goi bdn xdc dinh duong néu cac gia tri rieng A,

k=1, ... n clia A 1a nhiing s6 thuc khong am.

Chudn cla vector vé ma trén

D& so sanh (16n hon, nhé hon) hay danh gia sai léch giita cac vector hoic gitta anh
xa tuyén tinh (ma tran), ngusi ta dua thém vao khong gian vector phép tinh xac dinh
chuéin. Chuén cta vector

X

T _| %2

X =%, %9, e 5%,) =] .
x

n

dudge hi€u 12 mét s6 thuc khong Am, ky hiéu bdi ||§||, théa man céc tinh chat sau:
- |x|=0 khivachikhi x=0=(0,0, ... ,0)"
- ||a§|| = |a| ||§|| v6i moi ae R
= [eealslel+ [

Céc chuin ||§|| khéac nhau ctua vector x = (x;, %5, ... ,xn)T thudng duge dung la:

I, =3k p=12

Khi p=2, thi ||§||2 chinh 12 modun |x| cta vector x va dudc goi la chuéin Euclid, ky hiéu

béi ||£||E . N&u p —oo thi ||£|Lo dude goi 1a chudn vé cung va

.. = maxlx|
—llee 1<i<n

Trong khéng gian vector hitu han chiéu thi cac chuén vector ||§||p va ||g||q ludén tuong
duong v6i nhau, ttc 12 ludn ton tai hai s6 thuc duong a,b d8 cé:

alla, <=l <®lx,
Ngoai ra, ching con thda méan bat ddng thic Hoder:

<l o], v Seo=1 = el <l <lel <nlel.

Chuén cta ma tran A=(a;))e R™" tiic 1a cia anh xa: y = Ax , dugc hiéu la:

|+ A
"A" = sup_p = sup—p
) R

—p —'p
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va cac chuén nay trong khong gian hitu han chiéu 1a tuong duong, chdng han nhu:

<|a], s/n]A],
<[], <m |4].

max |a <+mn max|q;
1<i<m 1<i<m i
1<j<n 1<j<n

Véi ma tran vuong A=(a;;)e R™" ta con co:

||A||1:max[§ j v ||A||m—max(§‘,

1<j<n ;51 1<i<n j=1

a::

ij a::

Y

|

Né&u ky hiéu 4,(A), £=1,2, ... ,n 1a cac gia tri riéng ctia ma tran Ae R thi:

Al = Ve (ATA) | trong d6 Aye(ATA) = max 4 (AT A)

va cac gia tri 0, =4, (ATA), k=1,2, ... ,n nay con dugc goi 1a cac gid tri suy bién cha

ma tran A.

Ma trén cé céc phdn ti phu thudce thai gian

Néu ma tran vuéng A(¢) = (aij(t))e R™™ v6i cac phan tli a;;(¢) 1a nhiing ham phu
thudc thai gian, c¢6 det(A)=0 tai 1an can ¢ thi trong 14n can d6 cling ¢6 ma tran nghich
dao A(¢)”". Khi d6 tit A(#) "A(t)=1, ta con co:
dA(t)

(A(t) TA®) = A +A@™ %

= dA(t) — —A(t)_l dA(t) A(t)_l
dt dt

trong d6 dao ham ctia ma tran ham A(¢) duge hiéu 1a

dA(t) ([ da;(t)
dt | dt |

3.2 Xay dung mo hinh toan hoc
3.21 Phuong trinh trang thai

Cdu trac chung

Ngay 6 muc 2.2, khi n6i v& mé hinh toén hoc (cia diéu khién trong mién phic),
hinh 2.16 d& cho ta mét khai niém khac v& mé hinh toan hoc. D4y 14 loai mé hinh ma
tinh déng hoc ctia né dude thé hién qua cac bién trang thai x;(¢), x5(f), ... , x,(¢) nim

bén trong hé thong.
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Nhung trang thai caa hé thong 1a gi va tai sao ta phai quan tam. LAy vi du vé diéu
khién d6ng co. Bén canh tin hiéu ra cta dong co 1a toc d6 quay con ¢6 nhiéu nhiing théng
s6 thay déi khac cta dong co cAn phai duge quan tAm trong khi thiét k& bo diéu khién
nhu gia téc dong co, su tén hao ning ludng ... , hodic nhu diéu khién cin ciu thi bén
canh quing dudng ma hang dudc cu da di duge ta con phai quan tdm t6i téc do van
chuyén, d6 l4c ctia hang trong qua trinh van chuyén ....

Néu khai niém trang thai hé théng duge miéu ta nhu vay thi cé su khac biét gi giiia
trang thai véi tin hiéu ddu ra va tai sao khong xem luén trang thai nhu nhiing tin hiéu
ra dude bé sung thém. CAu tra 151 12 khai niém bién trang thai phai duge hiéu rong hon
khai niém tin hiéu ra. Néu da 1a tin hiéu ra thi ngudi ta phai truc tié€p do dudc né (nho
cac bd cam bién) con § bién trang thai thi khéng nhu vay. Cé6 thé ngudi ta chi xac dinh
dugc mot s& bién trang thai théng qua céc tin hiéu do duge khac.

Xét mot hé théng véi cAu tric cho 6 hinh 2.16 va:

- mtin hiéu vao u(?), ... , u,,(t), dugc viét chung lai thanh vector u(¢t)e R™
— rtinhiéuray,(¢), ... , y,(¢), viét chung lai thanh vector y(t)e R"
— nbién trang thaix,(¢), ..., x,(¢), viét chung lai thanh x(¢)e R"

Mob hinh trang thdi ma ta quan tAm & day 14 loai mé hinh toan hoc c6 dang:

dx = Ax+ Bu
dt - - (3.1)
y=Cx+Du

trong d6:

-  Matran Ae R™" 1a ma trén hé théng.
—  Ma tran Be R™™ 1a ma tran diéu khién.

. N X < X N . A N
—  Haimatran Ce R"™" va DeR""™ la cdc ma trdn ddu ra.

Truong hgp md hinh (3.1) ¢é cdc ma tran A, B, C, D déu la nhiing ma tran hing (cac
phén tt 14 hdng s6 thuc) thi né duge goi 14 mé hinhk trang tham sé hdng. Ngugce lai, né
dudc goi 1a mo hinh trang thdi tham sé bién déi. M6 hinh trang thai c6 tham s§ bién ddi
duge ding dé mo6 ta hé ¢6 tham s6 thay ddi theo thoi gian (hé khong diing) hoic thay déi
theo khong gian (hé tham s6 rai).

C6 thé théy dudc ngay uu diém néi bat cia loai mé hinh (3.1) nay so véi ham truyén
4 chuong 2 1a né dung duge cho ca nhiing hé c¢é nhiéu tin hiéu vao va ra (hé MIMO,
Multi Input — Multi Output) ma khéng phai thay d6i c&u tric, ciing nhu khong can phai
c6 gia thiét rang hé cb tit ca cac trang thai dau bang 0. Ngoai ra, mé hinh trang thai
(3.1) con gidp ta kha ning khao sat truc tiép dudc trang thai bén trong ctia hé théng
x(¢), do d6 hiéu k§, hiu sau hon ban chat dong hoc cia hé théng, diéu ma véi mo hinh
ham truyén, ta chi c6 thé thuc hién gian tiép théng qua viéc quan sat cac tin hiéu vao ra.
Tuy nhién bing viéc roi bé ham truyén va st dung mé hinh trang thai, ta ciing da roi bo
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mot moéi trudng toan hoc don gian véi cac phép tinh toan dai s6 dé ch&p nhan st dung
mot moi trudng khéc phtic tap hon véi cac phép tinh vi phan va tich phan.

Mot cach téng quat, sau khi dua thém n bién trang thai x,(¢), ... , x,(f) vio md
hinh hé tuyén tinh MIMO c6 m tin hiéu vao u(¢), ... , u,,(t), var tin hieu ra y,(¢), ... ,

v,(2), thi bao gio hé tuyén tinh ciing mo ta dugc bing phuong trinh trang thai & mot
trong ba dang co ban sau:
1) Tham s6 hang (3.1) ¢6 phan ti cdc ma tran A,B,C,D 14 hing s6
2) Hoac tham sé phu thudc t, c6 phan ti cac ma tran A,B,C,D 14 ham s phu thudc
thoi gian:
dx

S~ AWz + Bl (3.2)

y=C@®)x+D@)u
3) Hoac tham s6 rdi, c6 phan ti cac ma tran A,B,C,D 14 ham s6 phu thudc bién khong
gian (phu thudc vector tham s6 v)

dx _
E;—A@E+B@M

(3.3)
y=Cx+Du
trong d6:
Uy N X1 U
wu=|: |, y=| |, x=| 1], vector tham s6 v =| ! (3.4)
u,, y, x, Uy

Vi du 3.4: Xay dung mé hinh trang thai t&r phuong trinh vi phan mé ta quan hé vao-ra

Xét mot hé thong tuyén tinh SISO c6 mot tin hidu vao 1a u(¢) va mot tin hiéu ra
y(t). Gia st hé dugc md ta béi phuong trinh vi phan gifia tin hiéu vao-ra nhu sau:

apy+ayV +a,y®+ . +a, YV +y™ =bu+buV+ ... +bu™ (3.5

. (q) dqy s o (q) du NETR TN 5 . . N ~ N A
trong d6 y'? = F va u'? = W 1a ky hiéu cua phép tinh dao ham. Néu nhu rang bén
canh tin hiéu ra y(¢), bai toan thiét k& diéu khién ctia ta con cAn phai dé y dén nhiing su
thay d6i ctia y(¢) nhuyY, ..., y® P va nhat 1a su Anh hudng cla cic gia tri ban dau caa

chiing t6i dap ting y(¢) ctia hé thi cic md hinh da biét nhu ham truyén, ham qua d6 ...
khéng con dudc phi hgp. Ta cin téi mot md hinh mé ta dude khéng riéng quan hé vao/ra
ma ca nhitng su thay déi d6 cta trang thai.
k
Ky hiéu phép tinh dao ham la pk = % thi mé hinh (3.5) viét lai dudc thanh:
t
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G(py=2 = by+bp+ ... +b,p" _B(p)
u ay+tap+ ... +a, p"t+p"  A(p)

Dit bién trang thai

n-1_U

o= % =p (3.6)

Ap) P

B
A(p) A(p)
ta cé:

DX1=Xg , evo , PXp—1=X, VA& A(P)x1=aox1ta X9t ... ta,_1X,+px,=U 3.7

dx, x % x, va dx, Xy — QX a, _x +u
— =Xy, e, — = = 0pX — X — O,
dt T dt " dt non

Vay mo6 hinh trang thai (3.1) tuong duong ctia né la:
0 1 0 - 0

dx . . .. . : . x
i : : - ¢ lx+| |u=Ax+Bu véi x=|"2

_ulby+bp+ ... +b,p")
A(p)
=(by —apb, )x; + (b —a;b,)xg +---+(b,_; —a,_1b,)x, +b,u

=byx; +bxy +---+b,_x, +b,px,,

=(by—agb, ,by—ab, , -, b, ;1 —a, 1b,)x+bu=Cx+Du
trong dé, néu so sanh véi vé dang (3.1) thi:
0 1 o - 0 0
0 0 o - 1
-ay —-a; -ay ‘- -a

C = (bo _aobn . bl _alb

.

- by1—-a,4b,) va D=b, 0

Vi du 3.5: Xay dung mé hinh trang thai
Cho hé c6 gdm mot 10 xo ¢6 hé s6 ¢, mot vat v6i khoi Fe By, % b

5 . . .. u(t
lugng m va bd suy giam toc c6 hé sé d duge né1 v6i nhau ®) l T
nhu hinh 3.1 mé ta. Goi u(¢) 1a tin hiéu vao duge dinh m
-1 A st o4z A A AL N 1z ‘A y(#) F
nghia la luc bén ngoai tac déng lén vat va tin hiéu ra |
y(¢) 12 quang duong ma vat di dudc. a

Ky hiéu: |

x1@®)=y() va xy(t)= % = % Hinh 3.1: Cho vi du 3.5.
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12 hai bién trang thai ctia hé, cting nhu F., F,,, F,;, 1a nhiing lyc caa 10 xo, vat va bo
suy giam téc sinh ra khi vat chuyén dong. Khi d6 ta duge:
d’y() _  dx dy(®)
F.=by@l®)=bx,, F, =m—2"=m—2 va F;=a-2" =ax
c y( ) 1 m dt2 dt d dt 2
Suy ra:

F.+F,,+F,; = bx;tm ﬁﬂmz —u & % - —ixl—ixz +iu
dt dt m m m
va ti d6 1a mé hinh trang thai:
dx 0 1 0
d_;z[—m_lb -m7! Jz-{m_l]u
y=x=(1,0)x a

Quan hé gilia mé hinh trang thdi vé haim truyén
Mot hé théng tuyén tinh SISO ciing duge mé ta béi phuong trinh trang thai (3.1) va
ham truyén G(s). Vay thi gitia hai mé hinh nay phai c6 nhiing méi lién hé véi nhau.
Sau day chung ta sé ban vé cac méi quan hé d6, ma cu thé la:
—  Xac dinh ham truyén tit mé hinh trang thai.
-~ Xac dinh mo hinh trang thai ti ham truyén.
—  Xac dinh bac tuong d6i cia ham truyén tit mo hinh trang thai.

1) Xdc dinh ham truyén tw moé hinh trang thdi:

Do ham truyén truéc hét chi dinh nghia cho hé tuyén tinh SISO nén dau tién, ta sé
xét hé SISO tham s6 hing v6i md hinh trang thai dang (3.1), dudc viét lai cho phu hgp
vé6i tinh chat SISO, ttc 1a v6i m=r=1 nhu sau:

dx _ Ax+bu
dt - (3.8)
y=c'x+du

No6i cach khéac, do c6 m=r=1 nén ma tran B tré thanh vector 4, ma tran C thanh vector
hang ¢ va ma tran D tré thanh s6 thuc d.
Pinh ly 3.1: Hé SISO tuyén tinh, v6i mé hinh trang thai (3.8), c6 ham truyén
a) G(s)=c" (sI-A) 'b+d (3.9)
b) Goi A(s) 1a da thtic dic tinh cta hé (da thiic mAu s6) va B(s) 1a da thiic tit s6
cua G(s), tic la G(s)=%. Khi @6, néu mé hinh trang thai (3.8) khéng cé
bién trang thai thiuta (loai bién trang thai hoan toan suy ra dudc bing céng

thic dai s6 tit nhiing bién trang thai con lai), thi:
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A(s) = apta s+ - +a,s" = det(sI-A)
B(s) = bytbis+ --- +b,,s" = cTAade + ddet(sI-A)

v6i Aadj 14 ma tran b ciia ma tran (sI-A).
c¢) Ham truyén G(s) luén hop thic va néu md hinh trang thai (3.8) c6 d=0 thi
G(s) con 1a hop thiic chit (bac clia da thic tii s6 nhé hon bac da thiic mau s6).
Chitng minh:
Chuyén hai vé& ctia phuong trinh th@ nh4t cta (3.8) sang mién phtic nhd toan ti
Laplace va @& y ring cac gia tri ddu x;(0), i=1,2, ... ,n déu bing 0, s& c6:
sX(s) = AX(s)+bU(s) & X(s) = (sI-A)'bU(s)
Tuong tu, anh Laplace ctia phuong trinh thi hai la:
Y(s) = ¢ X(s)+dU(s)
Véi hai két qua trén ta suy ra dudc diéu phai chting minh tht nhat:
Y(s) = [/ (s1-4)"b+d] U s)

Tiép tuc, do:

A
(sI-A) ' = —4__
det(s] —A)

v6i Aadj 14 ma tran cé cac phan ti &ij =(=1)""/ det Aﬁ , trong d6 ma tran Aji thu dugc tu
(sI-A) bing cach bo di hang tht j va cot thi i (bd di hang va c6t chiia phan ti d6i xtng

vli a;;), nén:

-
Gs) = B9 — To1a) T p+g = & Dati®
A(s) det(sI — A)

va d6 diéu phai chting minh thi hai.

(3.10)

Cudi cung, do Aadj c6 cac phan ti 1a dinh thtic cia ma tran (n—1) hang (n—1) cot
l1ay tu (sI-A), ttic 1a da thtic c¢6 bac khéng qua n—1, nén gTAadjl_) c6 bac cao nhat cling
chila n-1. Béi vay ti (3.10) ta thu ngay dugc diéu phai chiing minh thi ba. a

Chi y: Néu tuong tu nhu ham truyén cho hé SISO, ta dinh nghia ma trdn ham
truyén G(s) cho cho hé MIMO 1la loai ma tran phiic théa mén:

Y(s) = G(s)U(s)
trong d6 U(s) 1a ky hiéu chi anh Laplace ctia vector tin hiéu vao u(¢) va Y(s) 1a anh
Laplace ctia vector tin hiéu ra y(¢) khi hé c6 t4t ca cac trang thai ddu bing 0, thi ma

tran G(s) cling dugc xac dinh ti md hinh trang thai (3.1) cia n6 nhu sau:
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G(s) = C(sI-A)"'B+D (3.11)

2) Xdc dinh mé hinh trang thdi chuén didu khién ti ham truyén:
Xét hé SISO c6 ham truyén:

by+bs+ -+ +bs" B(s
Gle) = a, +aos+1 - ta sr’L‘_1+s” B AES;
0 1 n-1

(3.12)

Goi U(s) 1a anh Laplace ctia u(¢), Y(s) 1a anh ctia y(¢) thi tit ham truyén da cho ta cé:

PRy n n
Y(s) = by +bis+ +b,s U(s) = by U(s) b, sU(s) T— s"U(s)
A(s) A(s) A(s) A(s)
X
Dit n bién trang thaix,(¢), ... , x,(¢), ghép chung lai thanh x =| ! | c6 anh Laplace:
xﬂ
n-1
X9 =28y, = x5 =W
A(s) A(s) A(s)
sé dugc:
Xi(s) = Xo(s) = oy
1 2 dt 2
— dxy _
sX5(s) = Xs(s) = —== X3
dt
dx,_
§X,-1(8) = X,(s) = d—ntl: n
cling nhu:
U(s)
X = =2/
1(s) Als)
(=4 a0X1+(118X1+ +an_13n_1X1+SnX1: U
(=4 a0X1+a1X2+ +an_1Xn+an =U
= aoX1ta X9+ 0 ta,_1x,+ d;t” =u
dx, = —QoX1—Q1Xg— -+ —Qu_1Xp,tU
dt 0or1 142 n—1%n
Suy ra:
0 1 0 0 0
ﬂ = 0 0 1 0 x+ : u
dt : : 0
-ay —a; —ay -a,_q 1
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Mit khac, tir:

Y= bOX1+b1X2+ +bn*1Xn*1+bn8Xn

con co:

y =box,+bxg+ o +b,_1x,+b, dxg(t)
y = (bO_aobn)x1+(b1_a1bn)x2+ +(bn—1_an—lbn)xn+bnu
Va ta di dén:

Pinh ly 3.2: Hé SISO véi ham truyén (3.12) c6 md hinh trang thai dang chudn didu
khién nhu sau:

0 1 0 0 0
dx 0 0 1 - 0 :
—=| . . . . . + u
t : : : .. : 0
-ay —a; —0y -a,_; 1
A [
y= (bO - aObn > > bn—l - an—lbn)£+ bnu
el

3) Xdc dinh mé hinh trang thdi chuén quan sdt i ham truyén:

Tuong tu nhu dinh 1y 3.2, § day ta cling cé:

Pinh ly 3.3: Hé SISO v6i ham truyén (3.12) c¢6 mé hinh trang thai chudn quan sdt:

00 - 0 =-qa
1 0 R 0 —al bo —aobn
dx .
—;z 01 0 -ay |x+ : u
: . bn—l_ n—lbn
00 -1 -a,,4
y=(0 , 0,0, 1)§+bnu
| S —
ET

Chitng minh: (Bai tap 6n luyén).

4) Xdc dinh bic tuong doi ctia ham truyén ti mé hinh trang thdi:

Xét hé SISO c6 ham truyén hop thiic chét:

G(8)=b0+b18+ o +bs . (m<n) (3.13)
ag+a;s+ - +a,s”

Bac tudng d6i ctia né duge hiéu 1a hiéu r=n-m>1. Bai toan dudc dit ra & day 1a 1am thé
nao dé xac dinh duge bac tuong déi r ctia né tit mé hinh trang thai hop thic chit tuong
tung la:
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Trudc hét ta di ti (3.9) v6id=0:

o T sk
lmsGs) =22 & lims [ T(sI - A) 1b}—b & lim 2%:1’—'”
s—>e0 a, 5—ve0 a, sy 8T a
Nhung vi:

lim—— =0 khi k>r1
+1-r

soyem gh 1

nén chudi trén trd thanh téng cta hitu han » phin ti dau tién

1Tk Tk

ARy i Taky b,
lim 7 lim k—__
s_)°°k03+1r s_)°°k03+1r a

n

T day, dé vé trai bang gia tri hitu han b—m thi cAn va du la

an

cTA®b =0  khi Ogk<r-1
{QTAr_lg;& 0

va ta di dén:

(3.14)

Pinh ly 3.4: Bac tuong d6i r=n-m cta hé SISO c¢6 ham truyén (3.13) duge xac dinh ti

mo hinh trang thai (3.14) tudng ting ciia né bing cong thic sau

=0 khi 0<k<r-2
QTAkb _ 1 k<r
#0 khi k=r-1

Vi du 3.6: Xac dinh bac tuong doi

Cho hé SISO véi hai bién trang thai dugc mo ta béi

A YR H R
y=2.1)x = ¢'=(2.1)

Theo dinh 1y 3.1 hé c6 ham truyén:

— -1 -1
G(s) = c(sIA) b+d= [0 . 3] [2J

1 s—
55 ! ( LG
(s—2)(s-3) s=2 s> -5s+6

Nhu vay, ta th&y hé c6 bac tuong d6i 1a r=2. Gia tri nay ciing c6 thé truc tiép tinh duge
tt mo hinh trang thai nhu sau:
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ticla r—1=1, hay r=2. a

M4 rong ra, sau day ta sé xét bai toan tuong tu cho hé MIMO cé m tin hiéu vao

ui(t), ... , u,,(t) vam tin hiéu ray(t), ... , ¥,,(¢) v6i mo6 hinh (3.1) hgp thtc chét:
dx

—==Ax+Bu
a T % (3.16)

y=Cx

Nhu vay thi theo (3.11), hé c6 ma tran ham truyén:
Gi1(5) Gip(s) - Gypu(9)

Gs)=C(sT Ay B =| Gn® Gu® - Gon(®)

3.17)
Gml(s) Gm2(s) Gmm(s)

Ting phan ti G;,(s) cia ma tran G(s) chinh 13 ham truyén gifia tin hiéu vao u,(f) va

tin hiéu ra y;(¢). N6 duge xac dinh nhé cong thic (8.9) nhu sau:
Gy(s)=c! (sI-A) b,

trong d6 giT 1a vector hang thti i cia C va b, 1a vector cot thi & cta B.

“1 Hé MISO v

U : H,
Hé MISO Vs

H,

Hinh 3.2: Xem hé MIMO nhu cac hé MISO T
ndi song song v4i nhau. Hé MISO y

H " —s Jm

: H

Viét lai hé (3.16) trén thanh m hé MISO con (nhiéu dau vao, mot ddu ra) véi mo
hinh trang thai cua tiing hé con 14 (hinh 3.2):

254



dx
—==Ax+Bu

H;: {dt — ~ (3.18)
Yi=c X

Khi d6, trong mién phiic, cac hé nay ciing c6 ma tran ham truyén dang vector hang:

Ui(s)
YL(S) = (GLI(S) s T Glm(s))
U, (s)
Néu ky hiéu r;q, ... , r;,, 1a cac bac tuong d6i cta cidc ham truyén G;;(s), ... ,

G;,(s) cta hé con H;, xac dinh theo (3.15) va goi:
r;=min{r;, ..., Timt

1 bdc twong doi t6i thiéu cua H;, ta c6 thé thiy ngay ring r; dude xéac dinh tit mé hinh
trang thai (3.18) cua H; nhu sau:

r e |07 khi 0<k<r-2
fARB=1"" (3.19)
07 khi k=r-1
Suy ra:
Pinh ly 3.5: Tiing phan ti cta vector hang (rq, ... , r,,), goi la vector bdc tuong déi téi
thiéu ctia hé MIMO (3.16) c6 m tin hiéu vao u(¢), ... , u,(¢) va m tin hiéu ra
y1(t), ... , ¥ (t), mb ta b6i ma tran ham truyén (3.17), sé dugc x4c dinh tit mo

hinh trang thai (3.16) ctia né bang céng thic (3.19), trong d6 ng la vector hang thi

i cia ma tran C.

3.2.2 Quy dao trang thai

Quy dao trang thdi duge hiéu 14 nghiém ctia hé phuong trinh vi phén:

dx _ Ax+Bu (3.20)
dt

trong mo6 hinh trang thai (3.1), hodc (3.2), hodc (3.3), ing v6i mét kich thich u(¢) va
trang thai ddu x(0)=x, cho truéc. Tap hop ctia tit cd cac quy dao trang thai ctua hé
théng dudc goi 1a khéng gian trang thdi. Vi qu§ dao trang thai 1a tap diém trong R” nén
tén goi "khong gian" 1a ¢6 nghia (khong chi 14 mot tap hgp binh thudng).

Quay lai ky hiéu (3.4) vé vector trang thai x(¢). Tai mot thoi diém ¢, c§ dinh, vector

trang thai x(¢,) sé& c6 cac phan ti x,(¢y), x5(¢g), ... , x,(¢¢) 12 nhiing s8 thuc, bdi vay
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x(ty) ciing 1a mot phan t thudc khéng gian Euclid R” quen thudc. Khi cho t, chay tit 0
dén o, diém x(t,) s& vé 1én mot dudng cong phu thudc tham s6 trong R”. Pudng cong
nay phai c6 chiéu chi chiéu ting theo ¢ va c6 tén goi 1a do thi quy dao trang thdi.

Hinh 3.3 mé t& mot qu§ dao trang thai cho mét hé thong c6 ba bién trang thai. Quy
dao trang thai mang ddy di tinh chdt déng hoc clia hé théng, bdi vay dé phan tich hé
théng, nguoi ta thuong phai khao sat dang quy dao trang thai cia né. Bai toan dit ra ¢
muc nay la xac dinh nghiém x(#) cta (3.20) khi da biét trudc kich thich u(¢) va trang

thai dau x(0)=x,.

0 nhiing diéu kién dau x, nhu nhau thi v6i mét ham u(#) cho trudc, ta c6 mot
nghiém x(¢) clia phuong trinh vi phan (3.20). Vi vay, dé chi ré tinh phu thudc u(t) caa
nghiém x(¢) d6i khi ngudi ta con viét thanh x(¢,u).

Ma trdn hdm mi va cach xdc dinh

Do viéc x4c dinh nghiém x(¢) cta hé
phuong trinh vi phan bac nhat (3.20) st dung
dén ma tran ham mit E(¢)=e”’ nén trudc
tién, ta cAn phai biét dén cong thic dinh
nghia va cac phudng phap xac dinh né. Trude

tién da dugc biét ring:
k

8

oy X
e = o k! Hinh 3.3: Quy dao trang thai.
Tuong tu nhu vay, d day ta xét chudi:
= (A k
E@t) =t = 5 (40 (3.21)
k=0 k!
trong d6 A=(a;;)e R i,j=1,2, ... , n 1a mdt ma tran vudng kiéu (nxn) va ky hiéu AP

chi mot tich gdbm % ma tran A nhan véi nhau (A°=I). Theo dinh nghia vé& phép céng,
nhan ma tran vita dude nhic lai § muc trude thi ré rang E(¢), néu ton tai, ciing phai 1a
mot ma tran vuéng kidu (nxn). Xét:

w Bl w kAl

g @t slAl s Al a

o k! o k! o k!

ta thay véi 4l v phai ludn 12 mot s6 thuc hitu han, vi ||A || 14 s6 thuc khong Am. Béi

vay chudi (3.21) hoi tu, tic 1 ton tai E(¢).

Dinh nghia 3.1: Ma tran ham e 1a gia tri giéi han cua chudi (3.21), trong dé6

A=(aij)eR"x", i,j=1,2, ..., n la mdt ma tran vuong (nxn) va A’=I.
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Dinh Iy 3.6: Ma tran ham e’ thda mén:

a) oAl AL _ AL AL _ JA) s GAL-AL _ LA _
deAt
b = Al = eAlA

¢) N&uA la ma tran dudng chéo A= diag(a;) thie?’'= diag (e%?).
d) eM=rYsI-A)TY

Chitng minh.:

a) Ta c6 d.p.c.m. qua vai budc bién ddi nhu sau:

At At _ 5| 5 pR T f - < < figh

°e kz:o[lé) i! (k—t)'J kg[k' Lzol'(k—l)‘ v
oo Ak oo

=3 Zth1 (t1+t2)kJ eAhrty)

k=0
deAt dm(At)k = d Akk mAkkl mAklkl
) =—2 =2 =2 =AY
dt dt o k! o dt| k! i1 (B=1)! =1 (B=1)!
o kyk
_AS AT
k=0 k!

Ngoai ra, ciing véi cac bude bién déi trén ta thiy duge ngay Aet= A

c) Néu A=diag(a;) thiA”= diag(a’) nén ta c6 diéu phai ching minh.

ok L R . oarg, & Af
d) Vit“1(¢) c6 anh ﬁ nén anh cua e” 1a 3, =T Suy ra:
k=0 S

Ak k+1 k k

S - A = A
g_k Z k+1_(l A)Z k+1:I < kgoskﬁ

= (s -A)" )

Nhu vay 1la ma tran ham Al da dudc dinh nghia xong va ta ciing d& dugc biét mot
s6 tinh chat co ban ctia né. Sau day ta sé lam quen véi ba phuong phap thudng duge st
dung dé xac dinh e*’ khi biét truéc Ae R™*". D6 la:

— St dung toan ti Laplace.
—  Xac dinh theo phuong phap modal.
—  Xac dinh nho dinh ly Cayley—Hamilton.

1) Su dung todn ti Laplace:

Néu ta chi quan tam dén e’ khi £20 thi dé tinh e®’ ta c6 thé sii dung ngay tinh
chat d) ctia Al da dugc néu trong dinh 1y 3.6 nhu sau:

A= H(sI-A)™h
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Vi du 3.7: X&c dinh ma tran ham mi bang toan ti Laplace

Véi A=[2 1] thi
0 3

-1
eAf=El{<s1—A>1}=El{[s‘2 ‘1] }:[1{;(3_3 12]}

0 s-3 (s=2)(s=-3)L 0 s-—
1 1 -
t t t
=[1{ 8—2) (8—2)1(8—3) }:[ez e3 ;tez ] D
0 0 e
s—3
2) Xdc dinh nho phuong phdp modal:
Xét truong hgp don gian 1a ma tran A c6 n gia tri riéng sq, sg , ... , S, khac nhau
d6i mot. Khi d6 n vector riéng bén phaia;, as, ... , @, cla né s& doc lap tuyén tinh, hay

ma tran modal:
M=(a,,as, ..,a,)
12 khéng suy bién va
M 'AM = diag(s;,) =S < A=MSM™'
= (MSM Y = MS*MTt = St

At -1 . s:t -1
P = = M —M = Md ¢ M
Y Z Z lag(e™)

Bay git ta chuyén sang trudng hdp téng quat hon véi A c¢6 gia tri riéng s, béi g,
song ing véi gia tri riéng d6 lai c6 q vector riéng doc lap tuyén tinh a;; , @y, ... , Qg
Khong mét tinh tdng quat néu ta gid st ma tran A chi c6 gia tri riéng s; boi g thi sé
phai con lai n—q cac gia tri riéng khac s,41, Sg42, ... , S, va nhiing gia tri riéng con lai
d6 khac nhau tung d6i mot.

Ung v6in—q gia tri riéng sq41, Sq+2, ... » S, 12 clc vector riéng a1, Ageas .- 5 Ap-
T4t nhién ring n—q vector riéng d6 1a déc lap tuyén tinh véi nhau. Néu nhu rang ma
tran A c6 dim Ker(A—s;I)=q thi ting véi gia tri riéng s, cling c6 q vector riéng a;;, a9,

., @14 doc lap tuyén tinh véi nhau. Chung chinh 14 mét co s6 cia khong gian vector

Ker(A-s,I). Két hop q vector riéng a1, @13, ... » Qg cua s, v6i n—q cac vector riéng
Qi1 Qgt2s -oo > @p CUA Sgi1, Sgea, ... , S, ta lai co tit ca n vector doc lap tuyén tinh

trong R" va

M= (Qll’ Q19 e s qu ) a_q+1a Qq+2a ooy a_n)
1a ma tran vudng kiéu (nxn) khéng suy bién. Tuong tu nhu & trudng hdp trude, 6 day

phép bién d6i tuong duong M TAM cta A cling sé cho ta ma tran dusng chéo:
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s 0 0 0
4 0 s; O 0
S=M"AM =
0 0 841 0
0 0 o s,
Suy ra:
e 0 0 0
0 et 0 0
eAt — MeStM—l =M M—l
0 0 e 0
0 0 0 e’
Cuséi cung, tong két lai, ta di dén:
Pinh ly 3.7: Goi sq, S5, ... , S, 12 cAc gia tri riéng clia ma tran A, trong d6 nhiing gia tri

riéng s;, bdi g, sé& duge viét lai g, 14n. N&u c6 Ker(s,I-A)=gq,, thi ciing sé cé:
et = Mdiag(eS)M™
véi M=(a; , a9, ... , @,) 12 ma tran modal clia A va a; 1a vector riéng bén phai

ing véi gia tri riéng sy,.

3) Xdc dinh nho Cayley-Hamilton:

Phuong phap modal vita trinh bay cé mot han ché 14 né chi ap dung duge cho 16p
cic ma tran vudng Ae R™" tuong duong v6i ma tran dudng chéo S, duge goi la ma trdn
giong duong chéo. V6i nhiing ma tran A ma véi né khéng ton tai ma tran M khéng suy
bién dé phép bién ddi tuong duong M 'AM 1a ma tran dudng chéo thi ta khong st dung
duge phuong phap modal.

2

Ngudc lai, phuong phap sau diy ap dung duge cho moi ma tran vudong Ae R™". N6
dugc xay dung dua theo dinh ly Cayley—Hamilton ¢6 ndéi dung nhu sau:

Pinh 1y 3.8: Cho ma tran vuéng Ac R™". Néu ag , @y, ... , @,_; 1a nhiing hé s6 cta da
thite ddc tinh cua ma tran:
p(s) = det(sI-A) = s"+a,_,s" '+ - +a;s+a,
thi
pA) = A"+a, A"+ - +a Ata = ©
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Chung minh:
Tit hai ddng thtc trén cia dinh 1y thi:

p()I-p(A) = (s"T-A")+a, 1 (s" ' T-A"")+ - +a,(sI-A)
Song do c6:

s I-A" = (sI-A)-(s* I+s* A+ 242+ . +AR)
nén vé& phai 12 mot bidu thiic chia hét cho (sI-A). Suy ra vé trai ciing phai chia hét cho
(sI-A). Nhung vi p(s)I thdéa man p(s)(sI—A)_1=(sI—A)adj c6 cac phéan tu la da thic
theo s, ttic 14 da chia hét cho (sI-A), nén p(A) cling phai chia hét cho (sI-A). Do p(A)
khong phu thudc s nhung lai chia hét cho (sI-A) c6 chita s nén @8 p(A) chia hét duge
cho (sI—-A) thi p(A) phaibing ©. a

Dinh ly 3.9: V6i moi ma tran Ae R™” bao gid ta ciing ¢6 n ham phu thudc thdi gian
ag(t), a1(t), ... , a,—1(t) dé:

A= ag(®) + a (DA + - +a,_(H)A"! (3.22)
Chung minh:
XuAt phat tit dinh ly Cayley—Hamilton thi A" s& phu thudc vao A" !, ... , A% A,
néi cach khac A" tinh duge ti A" 7', ... , A%, A nhu sau:

A" = —(a, A"+ o +a,A+al)
Tuong tu, A" = AA™ ciing tinh duge tt A" L, ... , A% A:
A" = AA"= —(a,_ A"+a, oA" '+ o +a A% HayA)

= —[(a2_ +a,-)A" '+ - H(a,-1a1+ag)A+ ay_qapl]

Cti tiép tuc nhu vay thi tat cd cAc ma tran A" c6 k>n déu tinh duge th A" L, ... , A% A.

o e = (A L s ane -

Diéu nay dan té1 chuoi A= > (A7) chi con phu thuoc vao A" Lo, A2, A va d6
k=0

chinh 12 diéu phai chiing minh. a

Theo dinh 1§ 3.9 thi cong viée tinh e’ & duge hoan tat khi ta xac dinh dugde n ham
ao(t), ai(®), ... , a,_1(¢). Délam dude didu nay, ta nhin lai phan chiing minh s& thiy né
dugc dan ti dinh 1y 3.8. B6i vay ciing co:

Dinh Iy 3.10: N&u cac ham ay(t), a1(t), ... , a,_;(¢) cia ma tran Ae R théa méan
(3.22) ctia dinh 1y 3.9 thi ciing théa man ding thic sau cho tit ca gia tri riéng s,

Skl = ag(@)+a;(B)s, + -+ + an,l(zf)s,?;’1 (3.23)
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Chung minh: (Bai tap).

Véi dinh 1y 3.10 thi t@& n gia tri riéng s, khac nhau ta sé ¢6 n phuong trinh dang
(3.23) cho n &4n s8 ay(t), ai(t), ... , a,_1(t) dbc lap tuyén tinh v6i nhau. Trudng hop A cb
gia tri riéng bdi g, vi du nhu s, boi g thi cling v6i n—q cac gia tri riéng con lai s;41, Sg19,

., S, ta méi chi c6 dudc n—g+1 phuong trinh cho n &n ay(t), ai(t), ... , a,—1(t). SO
cac phuong trinh con thiéu 1a ¢—1 sé dugde bd sung thém bang cach tit phuong trinh tng

v6i s, ta dao ham g—1 14n theo s; nhu sau:

te™! = a,(t)+2s,-ay(t)+ - +(n—1)s72a, ,(t)
t2e™! = 2a,(t) + 65, -az(t)+ - +(n—1)(n-2)s]" %a, ,(t)
] (3.24)
_ ! 1!
a-1g81t — (9 _1)1 Q.. Loy ln n-q
t77e™ =(g-D!a, 4 (t)+ 1 8- ag(t)+ + (n—q)!sl a,_1(t)

R6 rang rdng g—1 phuong trinh dude b6 sung thém nay 14 doc lap véi nhau. Téng két lai
thi phuong phap Cayley—Hamilton gém hai budc:

—  Tinh t4t ci n gia tri riéng clia ma tran A. Mdi mét gia tri riéng sé c6 mot phuong
trinh (3.23) cho trong dinh ly 3.10. Vé6i gia tri riéng s; boi g, ta c¢6 thém q,-1
phuong trinh bing cach dao ham phuong trinh tuong ting ctia né q,—1 14n theo s,
giéng nhu (3.24) mé ta. Nhu vay, téng cong ta sé cé n phuong trinh doc lap tuyén

tinh cho n &n ay(t), a1(), ... , a,—1().
- (Giai hé phuong trinh d6 dé ¢6 a(t), a1(t), ... , a,-1(t).

Vi du 3.8: Xac dinh ma tran ham mi nho Cayley—Hamilton
T R 2 1) . . 1 e s .
Xét lai ma tran A = 0 3 da cho 6 vi du 3.7 v6i hai gi4 tri riéng s ;=—1 va sg=—2.

Dé tinh hai ham a(¢), a(¢) cho:
A= ag(®)I + a,(HA
ta thay hai gia tri riéng d6 vao céng thiic (3.23) 6 dinh 1y 3.10 va dudc:
-t -t -9t
e =ay(t)—ay(t ay(t)=2e " —e
{ o(®)—a,(t) _ { o(t)

e 2 = ay(t)—2a,(2) at)=e" - e 2t

Suy ra:
At _ -2 1) (ay(t)—2a() a,(t)
e =ag®) + aq(t) [ _ _1] —[ 0 ao(t)—al(t)j
-2t —t -2t
_le e —e '
0 et
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Vi du 3.9: Xac dinh ma tran ham mi nho Cayley—Hamilton

Xét ma tran

-2 2 -3
A= 2 1 -6
-1 -2 0

Ma tran nay c6 gia tri riéng s ;=—3 boi 2 va s3=5. Theo dinh 1y 3.9 thi:
A= ao(t)+a,(t)A+ay(H)A>
Dé tim cac ham ay(t),a,(t),as(t) trude hét tit cong thiic (3.23) ta co:
e = ag(t)-3a;(t)+9as(t)
e’l= ag(t)+ba(t)+25a4(t)
Mot phuong trinh niia c6 dang (3.24) sé nhan dugc bing cach dao ham phuong trinh
tuong Ging cua gia tri riéng s;=-3 bdi 2 theo s, la:
te 3= a,(t)-6ay(t)
Cudi cung, gidi ba phuong trinh trén dudc:

9 5t 3t 5 3 5 3, 1 3
an(t) =—e” —¢e _5t+_ , a ty=—e”" —¢e —t+—
O() 64 ( 64) 1( ) 32 ( 4 32)

ay(t) = é[e& et m

Nghiém clGa phuong trinh trang thdi ¢é tham sé khéng phu thudc théi gian

Bay gig, sau khi da c6 cong thiic xac dinh ma tran ham mi e’ ta da c6 thé bit ddu
coéng viéc tim nghiém x(¢#) cha phuong trinh trang thai. Phuong trinh trang thai dugc
quan tim & day la:

dx
—==Ax+Bu
dt -~ (3.25)
y=Cx+Du
trong d6 xe R”, ueR™, yeR’, va cdc ma tran AeR™", BeR"™, CerR”™", Der"™™

hoic 14 hang (phn ti cta ching 14 nhiing hing s6) hoic phu thudc vao cac tham sé
khac dugc ghép chung lai thanh vector tham s6 v (khéng phu thuoc #).

Bai toan dit ra la phai xac dinh dap tng y(¢) cho hé thong c6 mé hinh (3.25) khi h¢

dudc kich thich bdi vector tin hiéu u(¢) & ddu vao va tai thoi diém bat dau kich thich £=0

hé c6 cac trang thai dau x(0)=x, biét trudc.

Dinh ly 3.11: Phuong trinh trang thai (3.25) ¢6 nghiém:
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t
x(t) = e xy + [ 2D Bu(r)dr
0 (3.26)

¢
z(t) =C eAtgo +IeA(t_T)Bg(T)dT +Du
0

va ma tran ham e 6 vector cot thi & 12 dap dng trang thai cia hé (3.25) tu trang
thai ban d4u x,=e;, khi hé khéng bi kich thich, tiic 1a khi ¢6 u(¢)=0, trong dé e, 1a
vector don vi (vector c6 phén ti thié % bing 1).

Chung minh:

Nhan hai v& ctia phuong trinh tht nhat trong (3.25) véi ham e 4! dudge:

e—Atﬁ:e—AtAj£ ¢ e Ay o At dx _eMAy = o ARy
dt dt
t t
i(e_Atx) = e_Ath o [i(e_ATx)dT = fe_ATBu(T)dT
ar\© F AN A S
t t
e M-z =[e VT Budr e x(t) = Mgt [T Bu(r)dr
0 0

Dé c6 dap tng z(t) ta chi can thay x(¢) vao phuong trinh tht hai trong (3.25). Két luan

cudi cung 1 hién nhién, vi khi u(£)=0, xo=e; thi &(t)=eAtgk va d6 chinh 14 vector cot

thi k clia ma tran ham e?’. a

Vi du 3.10: Xac dinh quy dao trang thai c6 tham s6 khdng phu thudc thdi gian

Hay xac dinh y(¢) khi hé dugc kich thich bdi u(¢)=1(¢) tit trang thai dau x,=0 cho
hé théng SISO c6 hai bién trang thai duge md ta bdi:

dx -2 1 N 0

_—— = -X ‘u =X
d (o -1)= 1 y=n
1

-2
Hé ¢6 ma tran A:(O ].Khi do:

Vay:
At-1)  —(t-7)  —2(t-7) 1, e
LD D 20 (g el
x(t) =a®) =] ° ¢ ¢ 1T wdr=|27¢ T2
= 0 0 e—(tf‘r) 1 »
1-e
va
1, e
t) = ——e "+ D
y(@) 5 3
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Nghiém clGa phuong trinh trang thdi phu thudc théi gian

Bai toan dit ra 6 day la xac dinh dap tng y(t) cho hé thong khéng ding:

dx
— = A(t)x+ B(t
q = AWxTBoL (3.27)
y= C(t)x+D(tyu
Giong nhu véi md hinh (3.25) khéng phu thudc thdi gian, nghiém cta (3.27) sé la:
¢
() = @(1)x(0) + [®(t-7)B(7) u(r)-d7 (3.28)

0

Tuy nhién c¢6 moét sy khic nhau 1a ma tran ham ®(¢) trong (3.28) khoéng phai 1a ham ma

A" ma thay vao d6 né duge dinh ly sau:

Pinh ly 3.12 (Peano-Baker): Ma tran ham ®(¢) trong (3.28) 12 ma tran thoa man:
t t 7
a) o@)=1+ IA(T)dT+JA(Tl)I A(ry)drydry + -+
0 0 0
b) ®@(t-t) D(t1-ty) = D(¢-2o)

c) q)_l(t—to) = ®(¢;—t), nhuvay ma tran ®(¢) 1la khong suy bién.
d) ®(0) =1 (Ila ma tran don vi).

Dinh 1y 3.12 ¢6 thé dude st dung truc tiép dé xac dinh ®(¢), tuy nhién don gidn hon
ca van 12 nho mot dang khac ctia né phat biéu nhu sau:

Pinh ly 3.13 (Picard): Né&u c6 ddy ma tran ham {P,(¢)} dugc dinh nghia véi:

a) Py@) =1,
b Py = [AWP,,(dr, h=1,2, - (3.29)
thi: "
o(t)= 3 P). (3.30)
P

Ma tran ham Py (¢) c6 tén 1a ma trgn Picard thi k. Tu dinh 1y 3.13 ta c6 thuat toan
xac dinh @ (¢) gém nhiing budc sau:
—  Chon mdt s6 nguyén duong N dt 16n, N cang 16n sai s6 cia két qua s& cang nho.
— DPatPyt) =1.
— Tinh P,(¢), k=1, 2, ... , N theo (3.29).
—  Tinh ®(¢) theo (3.30).

Trong cac cong thic (3.29), (3.30) néu A 14 ma tran hang thi do:
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t? t*
Pi(t) = At, Py(t) =A*—, o, Pyt) = A",

nén ma tran ®(¢) sé chinh la et
Tuong tu nhu dinh 1y 3.11, & day ta ciing cé:
Pinh ly 3.14: Néu goi ¢,(¢) , k=1,2, ... , n 1a mdt vector cot ctia ®(¢) thi ¢, (¢) s& la

nghiém cua (3.27) véi u(¢)=0 va diéu kién dau x(0)=x,=e,,, trong d6 e, 1a vector
don vi c6 phén ti thi £ bang 1, con lai cac phan tit khac bang 0.

Vi du 3.11: Xac dinh quy dao trang thai c6 tham s phu thuéc thdi gian
Xét hé thong SISO c6 hai bién trang thai duge mo ta bdi:
1t 1
dx _ .+ "
dt 0 1)~ 1)™
Truée tién ta ky hiéu:
_[ph® ph®
Pyt) =7, |
Do (t)  Poa(t)

trong d6 s mii k ctia cac phan ti ma tran P, (¢) khong c6 nghia liiy thita ma chi xac dinh

ring né thudc ma tran Picard thi k. Véi ky hiéu nay thi:

: ‘ ot Pl
Pk(t)=£A(T)Pk1(T,to)dT:£{I+[0 OH b1 pa |97

Dba1 Dag
t( pk-1 k-1
j[pn Pz sz’ + I[Tpm T Py2 Jdr (3.31)
k-1 0 0
0\ P21 Pzz
D& ¥ ring khi £=0 thi véi:
Pot) =1, pia®)=p®)=0 va pl(t)=poy(t)=1 (3.32)
8 ¢6 dugc tit bidu thic thi hai trong (3.31):
t
ph=[piidr = ph®)=0 véimoik (3.33)
0
Suy ra:
-1 k-1 ¢ k-1
BO=[ " P2 lar + I(O Fhe ]dr, (k=1)
ol O DPag ol 0 0
néi cach khac, véi £>1 thi:
t t
P&y =[pf " @dr,  ph® =](ply' +7 Pl )dr (3.34)
0 0

T (3.32) va (3.34) ta di dén:
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t t t t
% k=2, 7 12 0/ 7.2k 1 k
= A dT = cee = ... s dT = tr=— 335
pi ({(f)pu (dr) £ ipu( Ve T (3.35)

Thay (3.35) vao (3.34) ta c6 tiép v6i k>1:

5 k+2 t b1 tk+2 t tk+1 t b2
)y=——+ > d = + + o d d
P = GT2) {pm T ey | Gy TP A jde
tk+2 tk+2 tt
= + +ij{e£2(df)2
RU(R+2) (B-DWk+1)E+2) 5
k+2 k+2 k+2
=_! + t + e +t— , vi p?g(t)=0
RI(E+2) (B-1DWk+1)(k+2) (k+2)!
tk+2 tk+2
= (B+1D)+k+ - +1)= (3.36)
(k+2)! 2-k!
Thay cac két qua (3.33), (3.35), (3.36) vao (3.30) dé tinh ®(¢) sé thu dugc:
k k
g 1 [N
EYTRR Iy P
D)= | 0 k=0k~ _ I
© ¢ ;
0 — 0
kg‘o k! ¢

Qua trinh cudng bilc vda qua trinh ty do

Trong khi phén tich ta thudng st dung khai niém qud trinh cudng bitc va qud trinh
tw do ciia mot hé thong. Khi kich thich hé bang tin hiéu vao u(¢), do tinh chit tuyén
tinh ctia hé, ttc 1a ctia mé hinh trang thai (3.25), dap ting y(¢) sé c6 hai thanh phan xé&p

chong Z(t) = Zc(t) +Zt(t) , trong dé:
—  Thanh phan Zc(t) 14 nghiém ctia phuong trinh trang thai (8.25) v6i u(¢) cho trude
va trang thai dau x(0)=0. D6 1a phuong trinh mé ta qud trink cuong bic.
—  Thanh phan ¥, () 1a nghiém ctia (3.25) ting v6i u(¢)=0 va trang thai dau x(0)=x,
cho trudc. D6 1a phuong trinh md ta qud trinh tu do.
Tu day, cung véi dinh 1y 3.11, ta di dén két luan:
Pinh ly 3.15: Khi hé théng dugdc m6 ta béi moé hinh trang thai (3.25) thi né sé c6:

a) Qua trinh tu do Zt(t): CeAtago

¢
b) Qua trinh cudng bic y (¢)=C _[GA(t_T)BE(T)dT +Du
‘e 0

Chitng minh: (Bai tap).
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3.3 Phan tich hé théng

3.3.

1 Nhitng nhiém vu cd ban cla cong viéc phan tich

Cac nhiém vu cd ban ctia cong viée phan tich chat lugng dong hoc ctia mot hé thong

da dugc ta dé cap é muc 2.3.1 thudc chuong 2. Chiing bao gbm:

Tinh én dinh.
Sai léch tinh, @6 qua diéu chinh, thdi gian qua do.
Ch4t lugng bén viing.

Tuy nhién, do dic thi 1a duge mb ta trong khong gian trang thai véi mo hinh:

dx = Ax+ Bu
et — = (3.37)
y=Cx+Du

ma G d6 rat c6 thé c6 nhitng bién trang thai thita, nén cong viéc phan tich hé théng trong

khéng gian trang thai con can phai lam ré thém:

D

2)

Hiéu biét vé su phdn bd cdc diém can bang cia hé théng. Mot diém trang thai x,
dude goi 1a diém can bing néu nhu khi hé dang ¢ diém trang thai x, va khong c6
mét tac dong nao tit bén ngoai thi hé sé nim nguyén tai d6. Theo dinh nghia nhu

vay thi diém cin bing x, cla hé théng phai 1 nghiém cta:
“==Ax=0 (3.38)

Diéu nay ctng dé hidu, vi theo dinh nghia, diém c4n bang 13 diém ma hé théng sé
nidm im tai d6, tic 14 trang thai ctia né khong bi thay déi (% =0) khi khong ¢6 su

tac dong tur bén ngoai (z=0).

Ta c6 thé thdy ngay dugc tit (3.38) 14 hé tuyén tinh cin bing tai moi diém trang
thai thudc khong gian Ker(A) va néu ma tran A cta md hinh trang thai (3.37)
khéng suy bién thi hé (3.37) chi c6 mot diém can bang duy nhat 1a géc toa d6 0.
Hiéu biét vé tinh 6n dinh Lyapunov cta hé thong. Mot hé théng dude goi 1a 6n dinh
Lyapunov tai diém can bang x, néu sau khi c6 mét tac dong tic thsi (chdng han
nhu nhiéu tic thoi) danh bat hé ra khéi diém can bing x, thi sau d6 hé c6 kha niang
tw quay vé duge lan cdn diém can bing x, ban d4u (khong cin cé tin hiéu didu
khién u) va trong qua trinh quay vé d6, quy dao trang théi tu do x(¢) ctia hé 1a bi
ch#n. Né&u hé khéng nhiing tu quay vé dugc 1an can ctia x, ma con tién téi x, thi né
dudc goi 1a 6n dinh tiém cdn Lyapunov taix,.

O hé tuyén tinh, khdi niém én dinh tiém cén Lyapunov hoan toan déng nhét véi
Ehdi niém 6n dinh BIBO da dugc biét téi trude day (muc 2.3.2).
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3) Hiéu biét vé tinh didu khién duoe cia hé thong tai mét diém trang thdi cho trude.
Tai sao lai cAn phai hiéu biét vé tinh diéu khién duge?. Nhiém vu chinh caa diéu
khién 13 tim duge tin hiéu diéu khién mang lai cho hé théng mot chit lugng mong
mudn, ttc 14 phai tim ra dugec mét tin hiéu théa méan chat lugng dé ra trong sd cac
tin hiéu c6 kha ning dua hé théng tit diém trang thai x, ban dau téi dugc diém
trang thai dich x;. Néu nhu khéng tn tai bat ¢ mot tin hiéu diéu khién nao dua
dugc hé tit x, téixp thi su ¢ ging téng hop hay di tim tin hiéu diéu khién nhu trén
& trd nén vo nghia (bai toan khéng c6 161 giai). Béi vay, dé cong viéc diéu khién co
thé c¢6 két qua ta phai bidt duge ring c¢6 tdn tai hay khéng it nhat mot tin hiéu diéu
khién dua duge hé théng tit x, vé xp trong khoang thoi gian T hitu han. N&éu nhu
ton tai mot tin hiéu diéu khién lam dude viéc d6 thi ta néi hé théng 1a diéu khién
dudc tai diém trang thai x,.

4) Hiéu biét vé tink quan sdt dude ctia hé thong tai moét diém trang thdi cho trude.
Trong qua trinh diéu kién, nhifu khi ngudi ta cAn phai xac dinh trang thai x caa
hé. Cong viée xac dinh diém trang thai x c6 thé duge tién hanh bing cach do truc
tiép (nho cic bd cam bién, sensor) nhung c6 khi phai tinh toan, phai quan sat khi
khong thé do dugc truc tiép, ching han nhu gia t6c khong thé do dude truc tiép ma
phai dudc suy ra tu viéc do toc dd trong mdot khodng thoi gian cho phép. Trong
truong hop phai quan sat, ngudi ta néi diém trang thai x cia mot hé 1a quan sat

dude néu ta c6 thé xac dinh duge né théng qua viée do cac tin hiéu vao/ra trong moét
khodng thoi gian hitu han.

3.3.2 Phan tich tinh én dinh

Phan tich finh 8n dinh BIBO
Truée hét, th mdi quan hé gitta mo hinh trang thai (3.37) khong cé trang thai thia

va ma tran ham truyén G(s) cta hé thong:

T_A)
1= Mgj g, 1 (3.39)

— _A) L = B
G(s) = C(sI-A) 'B+D = C dot(s] - A)

trong d6 ky hiéu (sI-A) ,4; 12 ma tran bu ctia (sI-A), ta thdy ring gia tri riéng cia ma
tran A trong mo hinh (3.37) chinh 14 diém cuc chia hé théng. M4 rong ra, néu st dung
cong thtc tinh dinh thiic ma tran khéi ciia Schur cho ma tran P:

sI-A -B sI-A -B 4
P:( c Dj = detP:det( o Dj:det(sI—A)det(D+C(sI—A) B)

ta con thay dudc thém rang diém khong cta hé chinh 1a nghiém cta det(P)=0.

Két hgp chung vé6i dinh 1y 2.12 thi nhiing diéu nhan xét trén dan dén:
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Binh ly 3.16: Hé (3.37) khong c6 trang thai thita 6n dinh BIBO khi va chi khi ma tran A
6 tét ca cac gia tri riéng ndm bén trai truc ao, tic 1a khi va chi khi:
p(s) = det(sI-A) (3.40)
la da thic Hurwitz.

Nhu vay, cac tiéu chuin di biét & muc 2.3.2 nhu Routh, Hurwitz, Michailov,
Lienard—-Chipart, ... déu st dung dugc dé kiém tra tinh én dinh hé (3.37). V&n dé han
ché& chinh c6 1& con lam cho ta khong duge thodi mai khi st dung ching 1a phai xay
dung dudc da thiic dic tinh p (s)=det(sI-A), dic biét khi A c6 s6 chiéu kha 16n.

Dinh 1y Gerschgorin trinh bay sau ddy va hé qua ctia né sé 1a mot tidu chuén bé
sung, gitp cho ta xét duge tinh 6n dinh ctia hé (3.37) ma khéng cin phai cé da thiic dic
tinh (3.40). Tuy nhién dinh ly nay chi la mét diéu kién di. Diéu d6 néi ring néu nhu ma
tran A khong théa man dinh 1y thi hé (3.37) vAn ¢6 thé én dinh.

Pinh ly 3.17 (Gerschgorin): V6i mbi gia tri riéng s, ctia ma tran phtc:

a1 Qg gy
Qo oo - @
A=l 92 T o
Qu1 Qpa " Ay
luén ton tai mot chi s6i=1,2, ... ,n sao cho s, nim trong dudng tron tdm a;; ban

kinh R;= |a;q|+ -+ +|aji—1]tHai+1|+ - Flain| (hinh 3.4), ttc la:

Qa

M=

[se—ai| < R; =

i

J
J

ol
o

j@

Vil

a1

g

Qg9

Hinh 3.5: Dinh vi mién céac gia tri

Hinh 3.4: Minh hoa dinh ly 3.17 N : N
riéng cua ma tran.

Chitng minh:
U
Vi s, 1a gia tri riéng clia A nén phai ton tai mot vector v=| : |#0 sao cho:
vn
(spI-A)v =0
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trong d6 0 1a ky hiéu chi vector cé cac phan t& déu bang 0. Suy ra:

N n
Yoav;t (@;=sp)v; =0 = (sp—a;)v; =) a;v;
J=1

j=1

7 J#l
v61i=1,2, ... ,n. Chon chi s6i sao cho:

|[v;] = max{|v4], |vg]s .-, |Val}
sé cb

a; a; (d.p.c.m) m)

n n n
[(sp-a)vil=1 > a;v; l< Y |ay|lvil & Isr-aul< X
j=1 j=1 j=1

J#l J#l J#

Theo dinh 1y 8.17, méi gia tri riéng s; cia A déu dugc bao bdi mot dudng tron cb

tdm 14 @;; va ban kinh 1a R;, i=1, ... ,n. Do d6 néu cac dudng tron d6 déu nim bén trai
truc 4o thi chic chin tit ca cac gia tri riéng s;, i=1, ... ,n déu phai c6 phan thuc Am
(hinh 3.5).

Ta di dén diéu kién du cho tinh 8n dinh cta hé nhu sau:

n
Binh ly 3.18 (Hé qua Gerschgorin): Ky hiéu R;= " |a;| . Vay thi hé (3.37) v6i a;;e R s& 6n
=1
§'¢i
dinh néu a;;+R; < 0 v6i moi i=1,2, ... ,n.

Vi du 3.12: Minh hoa y nghia dinh ly Gerschgorin

Cho hé mé ta bai:

N 1
SE_19 -3 0 |x+|0]u
dt

—2 1 -4 1

T ma tran hé thong cé:
ay+R, = —3+1=-2 < 0
ag9tRy = -3+2=-1<0
ags+Ry = —4+(2+1)=—1 < 0

Do d6 theo dinh 1y 3.18 thi hé 6n dinh. Ta c6 thé kiém tra lai két luan trén nhd da thiic
dic tinh cta hé théng:

s+3 1 0
p(s) = det(sI-A) = det| -2 s+3 0 |=(s+4)[(s+3)%*+2]
2 -1 s+4
va thdy da thic d6 12 Hurwitz. a
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Vi du 3.13: Minh hoa y nghia dinh ly Gerschgorin

Dinh Iy 3.18 chi 13 diéu kién d?, bdi viy néu hé khéng théa mén dinh 1y 3.18 thi c6
thé né van 6n dinh. D& minh hoa ta xét hé sau:

b (2o 1
—f=4 2 0 |x+|0]u
2 1 -1 1

Heé ¢6 da thic dic tinh:

s+2 1 0
p(s) = det(sI-A) = det| -4 s+2 0 |=(s+1)[(s+2)%+4]
2 -1 s+1

v6i ba nghiém:
s1=—1, s9=—2+2j, s3=-2-2j
déu ndm bén trai truc 4o nén noé én dinh. Nhung hé lai khéng théa mén dinh 1y 3.18:
a1 +R, = —2+1=-1 <0
Q99tRy = —2+4=2 >0
as3tR; = —1+4(2+1)=2 > 0 0

Tiéu chudn 8n dinh Lyapunov - Hdm Lyapunov

Gidng nhu dinh 1y cta Gerschgorin, tiéu chudn Lyapunov trinh bay sau day la
phuong phap xét tinh 6n dinh mét cach truc tiép trong khong gian trang thai rat thich
hgp cho nhiing hé théng mé ta bdi md hinh trang thai. Xust phat diém cta tiéu chudn
Lyapunov 1a dinh ly sau:

Pinh ly 3.19: Hé (3.37) 6n dinh BIBO khi va chi khi né én dinh tiém can Lyapunov, ttc

12 khi va chi khi cic qu§ dao trang thai tu do c6 huéng tién vé goc toa do va két
thic tai dé.
Chitng minh:
Theo dinh 1 3.16 thi hé (3.37) én dinh BIBO khi va chi khi ma tran A c6 cac gia tri
riéng ndm bén trai truc ao. Lidc d6, anh Laplace X(s) ctia qu§ dao trang thai tu do

g(t)=eAt3£0 tinh theo:

_ (sI-A)yqi
L t = I-A 1 =__ ~rad
la(®)) = (sI-A)" xo detsl_A) X0
la ham bén. Vay x(¢) phai tién vé 0 va két thuc tai do. a

Nhu vay, dé kiém tra tinh 6n dinh tiém can Lyapunov (v ciing 1a tinh 6n dinh
BIBO), ta chi cin kiém tra xem quy dao trang thai cia hé théng & qua trinh tu do ¢6
huéng tién vé gdc toa do va két thic tai d6 khong.
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T phuong dién nang lugng ta ¢6 thé xem nhu phuong phap Lyapunov dudc xay
dung trén co sd bao tén nang lugng ctia mot hé vat Iy. Nang lugng con tén tai bén trong
hé vat 1y do tac dong tic thoi bén ngoai dua vao duge do béi mdt ham khong 4m. Hé sé
on dinh (tiém can) ¢ trang thai can bing ctia né néu nhu trong 1an can diém can bing dé
ham do nang lugng nay ctia hé ludén c6 xu huéng giam dan vé 0.

Ban chét phuong phap Lyapunov dudc giai thich nhu sau: Gia st ring bao quanh
gbc toa d6 0 ¢6 ho cac dudng cong khép kin v (hinh 3.6). Cac dudng cong nay cé thé duge
xem nhu bién cta cac 14n 1an cla diém géc 0. Dé kiém tra xem quy dao trang thai x(¢)
(ting v6i =0 va di tit diém trang thai d4u x, o cho truée nhung tuy y) mo ta qua trinh tu
do ctia hé c6 tién vé géc toa d6 0 hay khong, ta chi cAn xét xem quy dao trang thai x(¢)
c6 cét tat ca cac dudng cong thudc ho v tit bén ngoai vao bén trong hay khong va néu
diéu d6 xay ra thi chic chén x(¢) phai c6 huéng tién vé géc toa do va két thic tai do.

Nhu vay phuong phap Lyapunov sé& gom hai budc:

- Xay dung ho cac dudng cong v khép kin chita diém g6c toa d6 0 bén trong.

- Kiém tra xem quy dao trang thai x(¢) md ta qua trinh tu do cta hé c¢6 cdt moi
dudng cong thudc ho v theo chiu tit ngodi vao trong hay khéng. Hién nhién, dé
x(¢) cit mot dudng cong thudc ho v theo chiéu tit ngoai vio trong 1a tai diém cit
do, tiép tuyén ctua quy dao tu do x(¢) phai tao véi vector V, vudng géc v6i dudng

cong d6 theo hudng tit trong ra ngoai mdt géc 16n hon 90" (hinh 3.6).

Dinh ly 3.20 (Lyapunov): N&u tén tai Aam V(x), thoa mén cac diéu kién:
a) Kha vi, x4c dinh duong, tiic1a V(x)>0 véi x#0 va V(x)=0 < x=0
dv .. dV o N ) - L.
b) 7 <0, v6i r 1a dao ham cua V(x) doc theo quy dao trang thai tu do.
thi hé sé 6n dinh tiém can Lyapunov tai 0 (6n dinh BIBO). Ham V(x) khi d6 dugc
goi 1a ham Lyapunov. No6i cach khac, hé 6n dinh tiém can tai 0 néu né c6 ham
Lyapunov.

Chitng minh.:

Ham kha vi, xac dinh duong V(x) cé tinh
chét 1a khi ta cdt n6 bing mot mat phdng V=~
song song véi day (khong gian trang thai) va
chiéu thiét dién xudéng day thi ta sé dugc mot

duong cong khép kin v;, chiia diém goc toa do 0.

Pudng cong vy, ting véi £ nhé hon thi nim bén

3.7a). Néi cach khéc: tu tudng phuang phap Lyapunov.
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ki< ky S Up, nam bén trong Uky

Do d6 vector vudng géc véi dudng cong v, va chi chiéu ting theo & la:

v\ _(av av )
VU:gradV: - ==, - ,—
dx 0x, ox,,
s& c6 hudng chi ti trong ra ngoai dudng cong v, (hinh 3.7b). Tiép theo, do cé:
dV _JdV dx 7 dx dx
ayv _ov ax _ an T . £ _ av - 144].
dt  dx dt (gradV)™ -, = lgradV | ‘dt cose

ma % lai chinh 14 tiép tuyén ctia quy dao trang thai x(f), nén véi diéu kién% <0, gbc

@ tao bdi hai vector gradV va % phai 1a mét goe tu (16n hon 90%), tdc 1a quy dao trang

thai x(¢) s& cat tat ca cac dudng cong vj, theo huéng tit ngoai vao trong. a

a) V(®) b)

gradV

X
X1

Hinh 3.7: Tao ho cac dudng bién cla lan can géc
bang dudng déng mirc clia ham xac dinh duong.

Chi y: Do trong phéan chiing minh dinh 1y 3.20 ta d4 khéng st dung gia thiét ring
hé dang xét 1a hé tuyén tinh. Bdi vay dinh 1y 3.20 con ap dung cho ca hé phi tuyén chi
khoéng riéng cho hé tuyén tinh. Day 1a diéu dic biét cta tiéu chuén Lyapunov so véi cac
tiéu chudn da bist khac.

Theo tinh than néi dung cta dinh ly 3.20, & kiém tra tinh én dinh hé théng nhs
tiéu chuén Lyapunov thi ta phai tim ham Lyapunov V(x) kha vi, xac dinh duong va dao
ham cta né tinh trén co sé md hinh trang thai hé théng phai xac dinh Am. Ciing theo
dinh 1y 3.20, néu nhu ta khéng tim dudc mét ham Lyapunov nao nhu vay thi van khéng
thé khing dinh duge hé khong 6n dinh. N6i cach khéc, dinh 1§ 3.20 duge xem nhu mot
difu kién da dé xét tinh 6n dinh ctia hé théng.

Vi du 3.14: Minh hoa tiéu chudn Lyapunov

Cho hé mbd ta bai:
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-4 2 0 X1 1 0 - 4x1 + ZXQ Uy

dx uq
d—; =|-2 -5 1| X9 |+ 1 2| = —2361—53624'363 + U1+ZU2
u
0 -1 -2)\x3 0 1) 2% — X9 —2x3 Uy
S u

St dung ham kha vi, xac dinh duong:
Vix) =2 +x5 +x2

cung v6i quy dao x(¢) cia qui trinh ty do ctia hé (u;=u4=0) ta co:

T (25, , 225 , 2%x3) | =22, —Bxg +xg | = —8x] —10x5 —4x3 < 0
—X9 — 2363
v6i moi vector x#0 (hémcfi—‘t/ xac dinh 4m). Bdi vay, hé én dinh theo dinh 1y 3.20. a

Théng thuong véi hé tuyén tinh c6 moé hinh trang thai (3.37), ngudi ta hay st dung
ham tron, xac dinh duong V(x) ¢6 dang toan phuong:

V@ =z"Px (3.41)
trong d6 P 1a ma tran déi xtng kiéu nxn véi n 1a s6 bién trang thai cia hé théng (s6
chiéu ctia khéng gian trang thai). Chdng han nhu & vi du 3.14 ta da st dung ma tran P
1a ma tran don vi.

Ma tran déi xting Pe R™" ¢6 cac gia tri riéng 12 s thuc duong (goi 1& ma trdn xdc
dinh duong), sé lam cho:

V(x) =2 Px >0, Vx va x'Px=0 khivachikhi x=0

St dung md hinh trang thai (3.37) ctia hé théng thi véi quy dao trang thai tu do (x=0)
ta dugc:

T
d_V::)iTPﬁ-F dx Px
dt dt dt

xTPAx+xTATPx = xT(PA+ATP)x

2

Bdi vay hé tuyén tinh (3.37) sé 6n dinh néu ton tai ma tran @ xac dinh duong sao cho:
xT(PA+ATP)x = -Q  v6i moi x#0

Ma tran (PA+ATP) khi d6 dugc goi 1a xde dinh dm. Ta di dén hé qua:

Pinh ly 3.21 (Hé qua Lyapunov): Cho m6t hé tuyén tinh véi mé hinh trang thai (3.37). Hé
& 6n dinh khi va chi khi mét trong hai diéu kién sau dudc thda méan:
a) Tén tai ma tran vudng Pe R xac dinh ducng sao cho ma tran (PA+ATP)

x4c dinh am, ttc 1a -(PA+ATP) xac dinh duong.
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b) Tbén tai mot ma tran d6i xiing xac dinh dudng @ sao cho phuong trinh
PA+ATP = —@ (3.42)

c6 nghiém P ciing déi xiing, x4c dinh duong. Hon niia nghiém P d6 1a duy nhat.
Phuong trinh (3.42) c6 tén goi 1a phuwong trinh Lyapunov.

Chitng minh:

Chi con lai diéu kién dt ctia b) 14 phai chting minh, ttc 14 phai chi ring khi A 13 ma
tran bén thi phuong trinh Lyapunov (3.42) véi @ xac dinh duong sé c6 nghiém P duy
nhit cing xac dinh duong. Truéc tién ta dat:

dJ(t)
dt
théa man diéu kién dau J(0)=Q. Khi @6, ti 1y thuyét phuong trinh vi phan tuyén tinh
hé s6 hing thi phuong trinh trén c6 nghiém:

=ATJ+JA

J(t) = oA tQett

Tich phan hai vé theo ¢ va dé ¥ t6i tinh bén ctia ma tran A, tic 1a lim e = ©, trong
t—e0

d6 © 1a ky hiéu chi ma tran cé tat ca cac phan ti bang 0, sé dudc
j dt =-Q=A" j—dt j—dt A

Bdi vay, qua so sanh véi phuong trinh Lyapunov (3.42), ta ¢c6 nghiém P xac dinh duong:
T ATi At
P= I dt = J'e Qe dt
0 d
Dé chiing minh nghiém P 1a duy nh4t, ta gia st ngoai né ra con ¢c6 mot nghiém P,
khéc. Khi d6, véi:
ATP +P,A= -Q

At_ At
=e

ta ciing c¢6 dudc ti ciing nhu tinh giao hoan dugc ciia Ae A:

X LT o T T
P =—[er ! (ATR + RA)etdr = - | (eA tAT Bett 1 e tPOAeAt)dt
0 0
ot T T ot T
& P=-] [ATeA et + e tPOAeAt)dt = i(eA tPOeAtjdt =P,
dt
0 0
va d6 chinh 14 didu phai ching minh. a

Cubi cung, va ciing dé viéc st dung dinh 1y 3.21 dude thuén tién, ta sé lam quen véi
dinh 1y ctia Sylvester cho sau ddy nhu mdt cong cu xac dinh tinh xac dinh duong cia mot
ma tran d6i xtng cho trudc.
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Binh ly 3.22 (Sylvester): C4n va da dé ma tran vudng, d6i xing:

911 G2 " in
_ 921 922 Q2 _
Q=7 T . L din=aqn
9n1 9n2 " Gnn

xac dinh duong 12 cac ma tran duong chéo ctia né c6 dinh thic duong, tic la:

a q 911 912 413
det(g11)=q11>0, det[ 1 12j>0, det| g1 Qos Qo3 |5 ... » det(@)>0
921 922
931 932 433

T4t nhién ring dinh ly Sylvester néu trén ciing duge st dung dé xac dinh tinh xac
dinh Am ctia m6t ma tran @ bing cach kiém tra xem ma tran —Q cé xéac dinh duong hay
khong. N&u —Q xac dinh duong thi @ x4c dinh aAm.

Vi du 3.15: Minh hoa tiéu chuan Lyapunov

Xét hé mo ta bdi:
dx a b)(x 1
—_— . + u
dt \-b a) \xy 2
0 .
Chon ma tran @ = [COI ] xac dinh duong, tic la chon ¢>0 roi thay vao (3.42) dudc:
q
Pab+a—bP:_qO Dpz_ilo
-b a b a 0 q 2a\0 1
Theo dinh 1y 3.21 thi hé s& 6n dinh néu nhu P xéc dinh duong, tic 1a khi:

-9 59 & a<0 m)
2a

3.3.3  Phan tich tinh diéu khién dugc

Khéi niém diéu khién dugc va diéu khién dugc hodn todin

Mbét nguyén tic luén phai tuan tha khi di tim

161 giai cho mét bai toan, c6 thé 14 mot bai toan U

thudc linh vuc k§ thuat, nhung ciing ¢6 thé thudc cac m
linh vuc khac nhu xa hoi, kinh t& hay tu nhién, 1a x Q7 | N0 a7
trude khi bit tay vao cong viée tim kiém 15i giai ta Uy,

phai xac dinh xem 0(1 thuc su ton\tal haqy khéng loi Hinh 3.8: Nhiing tin hiéu thich hop.
gidi ctia bai toan dé. O bai toan diéu khién ciing vay.
Né6i chung, mot bai toan diéu khién c6 hai phan:
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— Xac dinh nhiing tin hiéu diéu khién u(¢) dé dua hé tit mot diém trang thai ban
dau khong mong mudn t6i mot diém trang thai mong muén khac. Vi du, hé dang
lam viéc 6n dinh ¢ trang thai cAn bang x; thi c6 mot tin hiéu nhidu tac dong vao
hé 1am cho hé ra khéi diém lam viéc cin bing dé va chuyén t6i mét diém trang
thai x, khong mong muén nio d6. Nhiém vu ctia diéu khién 14 phai tim tin hiéu
diéu khién u(¢) dua dudc hé tit x, quay trd vé diém trang thai cAn bing x, ban
d4u trong mot khodng thoi gian hitu han (hinh 3.8).

— Tim trong s6 nhiing tin hiéu u(¢) da xac dinh dugc mdt (hodc nhiéu) tin hiéu
mang dén cho qua trinh chuyén d6i d6 mot chét lugng nhu da yéu ciu. Ching
han trong s6 c4c tin hiéu c6 kha niang dua hé ti x, vé lai dugc x, thi phai xac
dinh mét tin hiéu sao cho véi né, chi phi cho qué trinh chuyén ddi 1a th&p nhat.

Nhu vay, rd rang ta chi c6 thé thuc su diéu khién duge hé théng néu nhu da tim
dudc it nhat mot tin hiéu diéu khién u(¢) dua dude hé tit diém trang thai ddu x, t6i duge
diém trang thai dich x, trong khoang thoi gian hitu han. Khéng phai moi hé théng hay
d6i tugng ton tai trong tu nhién c6 kha nang dong hoc la dua dudc vé trang thai mong
mudn. Mét hé théng c6 kha niang dua duge tit diém trang thai x, vé diém trang thai x,

dugc goi 1a hé diéu khién duoc (hoan toan) tai x,.

Binh nghia 3.2: Mot hé théng tuyén tinh, lién tuc duge goi 1a diéu khién duge néu ton tai
it nh&t mot tin hiéu diéu khién dua duge né tit mot diém trang thai ban dau x, (tuy
¥) vé dudc goc toa do 0 trong khodng thoi gian hitu han.

Ta cin phai luu ¥ t6i ba diém trong dinh nghia vita néu:

1) Thi nhdt la vé khodng thoi gian hitu han.

Pay 1a yéu cAu ma su cAn thiét ciia né gn nhu 13 hién nhién, vi néu hé c6 thé dua
dudc vé gbe toa 6 nhung phai trong khoang thdi gian vo cing 16n thi ciing ching c6 ¥
nghia gi cho bai toan diéu khién. Tham chi nhiéu hé c6 kha nang tu quay dude vé géc toa
d6 (hé 6n dinh) nhung khéng diéu khién duge. P& minh hoa ta xét mot vi du.

Vi du 3.16: Minh hoa khai niém diéu khién dudc

Xét hé théng c6 md hinh:

o ) Bkl =[5
—_—= . + u = , X=
dt 0 b)\xg 1 bxy +u(t) — \xy

R4 rang tin hiéu diéu khién u(¢) khong c6 tac dung gi d6i véi bién trang théi x;(¢) va do

0
d6 moi tin hiéu u(¢) khong dua duge hé tit diém trang thai ban diu x, = [x%} c6 x{);éO
X2

vé dugc goc toa do trong khoang thdi gian hitu han, méc du véi:

277



x,(t) = e xf

thi x,(¢) cling vAn tién t6i 0 khi @ c6 phan thuc 4m, ttc 14 hé ciing ¢6 thé tu vé duge gdc
toa dd, nhung trong mot khoang thoi gian vé han. a

2) Thi hai la diém trang thdi ddu x, tiy y.

Mot cau hoi dit ra cho ta 1a ¢6 hay khong trudng hop tuy hé théng cé thé dude dua
tit 2 vé& gbc toa d6 (biing mot hodic nhiéu tin hiéu diéu khién u(¢) thich hdp) nhung tit
mot diém trang thai x, nao d6 khac thi khong thé (khong ton tai mot tin hidu u(¢) nao
lam duge viée d6). Cau héi d6 1a hoan toan c6 1y va ngudi ta da thdy ring diéu d6 c6 thé
x4y ra ¢ mot hé théng bat ky, dic biét 12 hé thong diéu khién phi tuyén. Chinh vi vay,
xudt xt ban dau, khai niém diéu khién dugc luon dude néu cung véi diém trang thai dau
xo. Chdng han nhu thay vi "hé théng diéu khién duwoc" ngudi ta lai néi "hé thong diéu
khién dugc tai diém trang thdi x,". Tuy nhién, nhu sau nay ta sé chi rd, riéng d6i véi hée
tuyén tinh, néu da ton tai mot tin hidu u,(¢) dua hé ti x, vé duge goc toa do 0 thi ciing

ton tai (it nhat) mot tin hiéu uy(t) dua duge hé tir x,vé 0. N6i cach khac, khi hé tuyén

tinh d& diéu khién duge tai mot diém trang thai x, thi né ciing diéu khién duge tai cac
diém trang thai khac trong khong gian trang thai. Vi 16 d6, trong dinh nghia 3.2 ta da
ghi thém chit "tuy §" v& yéu cAu diém trang thai ddu x, va ciing chi néi ngin gon "hé

diéu khién dugc" thay cho "hé didu khién dugc tai x,".

3) Thit ba la diém trang thdi dich la géc toa db.

Trong dinh nghia 3.2, diém trang thai dich x; dugc thay cu thé 1a diém géc toa d6
0. Néu nhu khéng c6 thém cau chi ré 1a d6i tugng dé cap trong dinh nghia chi la d6i
tugng tuyén tinh, lién tuc thi viéc thay thé d6 sé 1a mét han ché& pham vi ting dung 1én
cta dinh nghia vi rit c6 thé 1a hé tuy dua dugc vé goc 0 song lai khong dua dude téi xp .
Do d6, v6i d8i tugng quan tdm 1a mot hé thong didu khién néi chung (ké ca hé phi tuyén)
thi @€ chit ché ngudi ta da dua thém cac khai niém sau vao dinh nghia:

— Heé duge goi 1a dat tdi dwoe diém trang thai x; néu ton tai mot tin hiéu diéu khién
u(t) dua dugce hé tur gbc toa d6 0 t6i x; trong khoang thoi gian hitu han.

— Heé dugc goi 1a diéu khién duge hoan toan tai x, néu véi mot diém trang thai dich
xp tiy ¥, nhung cho trude, ludn ton tai mot tin hiéu didu khién u(t) dua hé ti x,
téi duge xp trong khodng thoi gian hiiu han.

Sau day ta sé chi ra rang riéng véi hé tuyén tinh lién tuc nhu trong dinh nghia 3.2
da gi6i han thi hai khai niém vita néu 1a khong can thiét. Tic 1 néu hé tuyén tinh da
diéu khién dudc thi né cing diéu khién dugc hoan toan. Xét hé tuyén tinh tham s6 hing,
mo ta bdi:
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dx i
“=-Ax+Bu véi Aer’™"

o , Ber™™ (3.43)

Goi x¢ va xp 12 hai diém trang thai bat ky trong khéng gian trang thai. Gia thiét ring
hé diéu khién dugc tai x,. Vay thi né ciing diéu khién duge tai x, . Diéu nay néi ring
tén tai tin hidu u(¢) dua hé ti x, v& dudc gdc toa dd 0 trong khodng thdi gian hitu han
T, va tin hiéu u,(¢) dua dudc hé tit x, vé 0 trong khoang thdi gian hitu han Ty .

St dung cong thic (3.26) da cho trong dinh 1y 3.11 &€ xac dinh nghiém cta hé
phuong trinh vi phan (3.43) thi diéu gia thiét trén sé viét dudc thanh:

I .
0= eAT1£0 + | A 7T)Bg1(r)dr: AT {50 + | e_ATBgl(T)drl
0 0

T T
va 0= 4l xp+ J' eA(T2_T)Bg2(T)dT =eAl2 [ET + J' e_Aer(r)dT}
0 0

Suy ra
T T
0= x,+ [ e*Bu(r)dr va 0= xp+ | e Bu,(rdr (3.44)
0 0
viedTh , AT 13 nhiing ma tran khong suy bién, hay:

-1
T
T, "2 T
u,(t)=-BTe™ t[ [ e#7BTBe Tdr] X (3.45)
0

Tiép theo ta dinh nghia tin hiéu diéu khién méi:
u,(t) néu O0<t<T,
u() =" ) ' (3.46)
~uy,(t-Ty) néu T<t
Khi dang & tai diém trang thai x, va duéi su tac dong cta tin hiéu u(f) nay, sau mot
khoang thoi gian ¢>T'; qué trinh bién ddi trang thai cta hé sé duge mé ta boi céng thitc
(3.26) ctia dinh 1y 38.11, ¢6 dang:

¢
x(t) = e {xo + eATBg(r)dr}
0

T ¢
= e xy+ [ e ATBu, (1)dr—e A% [ e ATBuy(r-Ty)dr (3.47)
0 T

Thay (3.44) vao (3.47) ta dudgc:

t t-T} /
x(t) = —eA ) [ e ATBy, (1~ T))dr = —e* ) [ AT )Ry, (/)d7!
T, 0

-
=) [ AT By (¢)dr véi T =t T,
0
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Bdi vay tai thoi diém ¢=T,+T thi véi (3.45) ta co:
-1
T / T,/ T T
(T, +Ty) = J'e—A(T )BBT oA (W) g, Ie_AmBBTe_A Ddr X
0 0

Né6i cach khéc, tin hiéu diéu khién u(#) dinh nghia theo (3.46) da dua hé tit xo vé téi xp
va d6 chinh 12 diéu phai chiing minh.
Cac tiéu chudn xét tinh diéu khién dugc cho hé tham sé hdng

Niam 1969 Hautus dua mot tiéu chudn xét tinh diéu khién duge ciia mot hé tuyén
tinh tham s6 hing tit mé hinh trang thai (3.43), phat biéu nhu sau:

Dinh ly 3.23 (Hautus): CAn va dt dé hé tuyén tinh khéng cé trang théi thita (3.43) diéu

khién dugc 1a:
Rank(sI-A, B) = n v6imoi seC

Chitng minh:

Trudc hét ta thay vi e’ 1a ma tran khong suy bién nén khi phuong trinh:

t
0=e%x, + [ PBu(r)dr
0

v6i x cho trude ¢6 nghiém u(¢) thi phuong trinh:
¢
xo = [e"Bu(r)dr
0
cling c6 nghiém u(¢) va ngudc lai. Diéu nay ciing phu hgp véi noi dung ctia phan giai
thich thi ba cho dinh nghia 3.2 & muc truéc ring hé diéu khién duge tai x4, khi va chi
khi né dat t6i dugc xo. Do d6 dé chting minh dinh 1y ta s& chi rang:
Rank(sI-A, B)=n, Vs
1a diéu kién cin va dt dé moi diém x, trong khéng gian trang thai dat t6i dugc.

Goi X(s) 1a &nh Laplace cta x(¢) va U(s) 12 4nh ctia u(¢). Chuyén hai vé& cta (3.43)
sang mién phiic véi toan ti Laplace, trong d6 gia tri ddu ctia x(¢) duge gia thiét 1a bang
0 va gia tri cudi x, cua né 1a tuy y, ta dugc:

(sI-A)X(s) = BU(s) (3.48)
Vi x( 1a tuy ¥ nén X(s) ctiing la tuy y. Xem cac ma tran (sI—A) va B nhu nhiing anh xa
tuyén tinh thi rd rang (3.48) c6 nghiém U khi va chi khi:

(sI-A)X(s) € Im(B)
va @€ diéu d6 khong phu thudc s thi ta phai c6 Rank(sI-A,B)=n v6i moi se C. a
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Vi du 3.17: Minh hoa tiéu chudn Hautus
Xét lai hé khong diéu khién duge da cho & vi du 3.16. Tinh khéng diéu khién dude
ctia hé duge nhan biét truc quan tir chd x,(¢#) khong phu thudc u(¢) va do d6 u(¢) khong

diéu khién dugc x (). Ma tran A va B caa hé ¢6 dang:

a=(5 ) 2= (1)

Suy ra:
Rank(sI-A, B) = Rank[s_a 0 0]
0 s-b1
Nhu vay néu s=qa thi:
Rank(sI-A, B)=1<2
va do d6 hé khong diéu khién dugc. a

Vi du 3.18: Minh hoa tiéu chuén Hautus

Cho hé ¢6 mo hinh:

dx _(a 1)(x), (0}
Khac véi hé trong vi du 3.17, 6 day x,(¢) théng qua x4(¢) ma phu thudc gian tiép vao
u(t) va do d6 hé c6 thé diéu khién duge. Xét ma tran:
- 1 0
sI-A, B)=|°"¢
0 s-b 1

Nhu vay:
Rank(sI- A, B)=2

v6i moi gi tri s nén hé diéu khién dugc. a

Bén canh tiéu chudn Hautus, mot tiéu chuéin khac ciing rat dude wa dung la tiéu
chuén Kalman. Khai niém diéu khién ciing duge Kalman dinh nghia nim 1960 va ciing
v6i dinh nghia d6 éng da dua ra tiéu chuén xét
tinh diéu khién dugc ctia hé tuyén tinh tham s6
hang nhu sau:

x(t)
Pinh ly 3.24 (Kaiman): Can va du dé hé tuyén tinh
khéng c6 trang thai thita (3.43) diéu khién
dugce la:
Rank(B, AB, .-, A"le) =n Hinh 3.9: Gidi thich tiéu chuén Kalman
b&ng khéng gian bat bién.
Chitng minh:
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Truée hét ta dinh nghia khong gian vector con V trong R” bdt bién véi B la:
BueV v6imoi uerR™
hay Im(B)cV. Tuong tu, khong gian con VER"™ s& dudc goi 1a bat bién véi A néu:
xeV = AxeV
R6 rang dé V vita bt bién véi Ae R™™ " va véi Be R™*™ thi:
BueV = ABueV = A’BucV = .. = A"BucV = .. (349

Theo Cayley—Hamilton thi trong diy (3.49) ta chi cin cho %k chay dén gia tri n—1 1a du
va do d6 khéng gian con V bat bién v6i A va B c6 kich thudc nhé nhat sé 1a:

V= span(B, AB, -, A" 'B)

Do 6 hé (3.43) v6i moi xe V vaue R™ ludn c6 Axe V cling nhu Bue V nén cling cé:
d

o - Ax+Bu €V

dt
Piéu nay chi moi ring qu§ dao trang thai x(¢), ttc 1a nghiém ctaa (3.43), c6 diéu kién
dau x(0)=x, thudc V s& ludn c6 vector tiép tuyén nim trong V. Nhu vay ban than x(¢)
ciing phai nam trong V. Mg rong ra, moi quy dao trang thdi x(t) ctia hé (3.43), khi da
gap V thi ke ti liic d6 sé & lai ludn trong V (hinh 3.9).

V6i khong gian V b4t bién nay, ta c6 thé thiy ngay duge diéu kién cin va da dé he

tuyén tinh (3.43) diéu khién dugc, tic 1a &8 v6i moi xoe R™ cho trude ludn ton tai mot tin
hiéu diéu khién u(¢) dua hé tit x, vé gbc toa d6 trong khodng thoi gian hitu han, phai la:

VvV =Rr" 7N Rank(B, AB, -, A" 'B) =n a

Tiéu chuén Kalman con dude suy ra tit dinh 1y Cayley—Hamilton nhu sau. Do c6:

t
~xo = [e*"Bu(r)dr (3.50)
0

nén hé sé diéu khién duge khi va chi khi phudng trinh trén véi xo tiy ¥ cho trude ludn c6
it nh&t mot nghiém u(¢). Theo dinh 1y 3.9, cu thé 1a céng thiic (3.22) duge suy ra tit dinh
ly Cayley—Hamilton thi:
e MB=|ay(-DI+a(-DA+ - +a,,(-)A"" |B
ay(=t)
:(B ,AB ,A’B, ... ,A"‘lB) : (3.51)
an—l(_t)

Thay (3.51) vao (3.50) cé:

282



.t[ao (—n)u(r)dr
0

~x,=(B,AB,A’B, ... ,A""'B) : (3.52)
t
[a, 1 (-Du(r)dr
0

2(2)
ta thay (3.52) c6 nghiém w(¢), tiic 1a c6 nghiém z(¢), v6i moi xge R”™ khi va chi khi:

Im(B, AB, -, A" 'B) = R" & Rank®B,AB,-,A"'B)=n

Vi du 3.19: Minh hoa tiéu chuin Kalman
Ciing lai v6i hé da xét é vi du 3.16:
dx (a 0)(x 0
—_—= . + u
dt 0 b X9 1
— —
A B
ta co:

Rank(B, AB) = Rank [(1) Zj <2
nén hé 1a khong didu khién duge. a

Vi du 3.20: Minh hoa tiéu chudn Kalman

Cho hé v6i mé hinh trang thai:

G [n 10 0
d—fz 0 S 0 x + b2 u
0 0 S9 b3

trong d6 s #s, va b; #0 , i=2,3. Xét ma tran:
0 b2 281[)2
(B, AB, A’B) = | by, s;by siby
by ssby  s3bs
Ma tran vudng nay c6 dinh thiec:
0 bz 231b2
det b2 Slb2 812b2 = —b22b3(81 —82)2¢0
by ssby  s3bs

nen
Rank(B, AB, A’B)=3
Vay heé 14 didu khién duge a

283



Cha y: Trong ca hai dinh 1y 3.23 clia Hautus va 3.24 ctia Kalman déu cin dén gia
thiét hé (3.43) phai khéong c6 cac bién trang thai thia, tic 14 gifia cAc bién trang thai cua
ching khéng c6 mdt quan hé dai s6 nao. Nhiing hé nhu vay con dudc biét dén duéi tén
goi 1a hé c6 bdc nhé nhdt (minimum order). Gia thiét nay 1a cin thiét, né6 ddm bao cho sy
tuong duong ciia khai niém diéu khién duge néu trong dinh 1y 14 ding véi dinh nghia 3.2
vé tinh diéu khién dugc ctia hé (3.43). Néu khong c6 gia thiét vé bac cuc tiéu, rat c6 thé
hé (3.43), tuy rang khéng théa man tiéu chudn tiéu chuidn Hautus hay tiéu chudn
Kalman, song lai vin diéu khién dudc theo ndi dung dinh nghia 3.2. D& minh hoa trudng
hgp nay, ta xét vi du sau.

Vi du 3.21: Hé diéu khién dudc cé bac khéng nhd nhat sé khong théa man Kalman—-Hautus

Xét hé tuyén tinh tham s6 hang khong c6 bién trang thai thita (bac nhé nhat):

%z x+Bu, xeR" théa man Rank(B, AB, -, A"_IB)=n

Vay theo tiéu chudn Kalman thi hé 14 diéu khién dudge, tic 1a ludn ton tai cac tin hiéu
diéu khién dua hé tit x;0 va x50 tiy ¥ vé gbc trong khoang thdi gian hiiu han. Diéu nay
chi rang véi hé ghép:

ﬁzA ®£+Bu=AJE+I§u,5¢= A
dt (® A)- (B)- = ~ 77 lx

duge tao ra bang cach ghép hai hé da cho song song v6i nhau, cling sé ludn ton tai tin

hiéu diéu khién dua h¢ tit trang thai ddu x, = (510] bat ky vé goc trong khoang thoi
%20
gian hitu han. Vay hé ghép nay la diéu khién duge. Tuy nhién & hé ghép d6 lai c6:
- 1A B AB A*1B
Rank(B,AB, - ,A'B)=Rank
B AB A*lB
n-1
=Rank B AB ATB , dinh 1y 3.8
B AB A™'B
=n<2n
nén khéng théa mén tiéu chuéin Kalman. a

Tiéu chudn xét tinh diéu khién dugc cho hé tham sé phu thudc thdi gian

Véi nhiing hé tuyén tinh khéng ding, tic 1a c6 tham s8 thay ddi theo ¢, thi viéc st
dung hai tiéu chuén Hautus va Kalman dé kiém tra tinh diéu khién duge 1a khong thé.
Bu dép phéan thidu sét d6, muc nay sé giéi thiéu mét tiéu chudn téng quat tGng dung
dudgc cho ca 16p cac md hinh tuyén tinh khong ding:

%=A(t)oi+B(t)g , xeR", uerR™ (3.53)
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trong d6 A(t) va B(¢) 1a hai ma tran c6 cac tham s& phu thudc thoi gian ¢. Ta da biét ti
muc 3.2.2, cu thé 1a cong thtc (3.28) thi hé phuong trinh vi phéan (3.53) ¢6 nghiém:

x(t) = D(t)x, + jcp(t —7)B(0)-w(7)-dr
0

v6i x(0)=x, 1a gia tri ddu da biét trude cia nghiém va @ (¢)e R™" 1a ma tran ham khong
suy bién dudc xac dinh theo cong thiic Peano—Backer (dinh 1y 3.12) hoidc theo (3.29),
(3.30) ctia Picard (dinh 1y 3.13).

Gia st ring hé (3.53) diéu khién dugc tai x,. Vay thi phai ton tai khoang thoi gian
T hiiu han va tin hiéu u(¢) sao cho ¢6 x(7)=0, tic la:

-O(T)x, = ?cb(T -7)B(7)-u(r)-dr
0

at x, =-®(T)x,. Do ® 4 khéng suy bién nén x, cing sé chay khip trén khong
bat x, (T)xy . Do ®(T) 1a khé bién né X, hay kh kh

gian trang thai giéng nhu x, va:
T
[@(T -7)B(7)-u(7r)-dr = xy € R"
0
Ky hiéu phép bién déi:
T
Pr(u) = [ (T -7)B(z)-u(7)-dr
0
thi Pr 13 anh xa tuyén tinh tit khéng gian cac tin hiéu diéu khién R™ vao khéng gian
trang thai R™:
Pr:R™ 5 R"
Tuong tu, ta ky hiéu:

Qr(@) = Qpx)= fcb(T -0)B(@0)BY (1)o" (T -7)-x-dr
0

thi @ p cling 1a 4nh xa tuyén tinh ti R” vao R" :

Qr:R" - R"

Pinh ly 3.25: Nhiing phat biéu sau day cho hé khéng c6 trang thai thita (3.53) 14 tuong
duong:

a) Hé diéu khién dugc.
b) Tén tai mét s6 hitu han T* sao cho:
Im(Pp«) = R" = dim ImPp+«) =n

trong d6 Im(P7) 1a ky hiéu chi khong gian anh ctia anh xa Py .
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¢) Tén tai mot s6 hitu han T* sao cho:
Im@7+) =R" & dimIm@p+)=n
trong dé Im(Q 7) 12 ky hiéu chi khong gian anh cta 4anh xa @ 1
d) Tén tai mot s§ hitu han T* sao cho cac vector hang ctia ma tran ®(T*-7)B(7)
doc lap tuyén tinh trong khodng thoi gian 0<7<T*.
Chiung minh:
a)eb): He (3.53) sé diéu khién duge néu ting v6i moi diém x, € R" bao gid ciing ton tai
it nh&t mot tin hidu u va khoang thoi gian ¢ hitu han dé c6 P, ()= X, . Diéu nay tuong
duong véi:
UIm(P,)=RrR"
¢

Gia st x,eIm(Py). Lay mot gia tri 72T tuy y nhung ¢6 dinh. Do Ker(P,_7) khong
rdng nén ton tai it nhat mot phan t& & thda man P, p (% )=0. Goi z 1a phan ti tuy ¥
cua Im(Pr), vay thi véi:

khi 0<¢<T
“ :{ khi T<t<r
sé dudc:

SRS

T T T
P =jc1>(T—rl)1§z(rl).g.dr1 = jd)(T—TQB(TQ@-dTI +J.CD(T—TI)B(11)-Q~d11
0 0 T

-T
=X, + [ (T — (7, -T)B(zr; -T)-u-d(r; - T) = x,
0

Suy ra x, € Im(P,), hay:

Im(Pr) cIm(P ;)
va do dé dim Im(P ) 1a mot ham khéng gidm theo 7. Hon thé niia:

lim Im(Pp)= | JIm(F,)
T —oo ¢

Do d6, can va du dé hé (3.53) diéu khién duge 1a:
lim dim Im(Pyp)=n (3.54)
T —oo

Theo tinh chét vé gi6i han thi tit (3.54) v6i £ >0 phai ton tai mot s6 T* hitu han dé

c6 |dim Im(Pp)—-n|<e v6i moi T>T*. Chon g=é sé dugc:
. 1
|dim Im(Pp«)—n|< 3
Nhung vi dim Im(Pz+) 12 mot s6 ty nhién nén cuéi cling:
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dim Im(Pp+) =n  (d.p.c.m).

b)ec): DE chiing minh ta chi cin chi ra Im(P;)=Im(Q,) dtng véi moi T. Gia st
x eIm(Q ). Vay thi véi tin hiéu:

i =BT (nol(T-7
ta sé co:

X=Pr@)eIm(Pr)
DPiéu nay chi rang:

Im(@7) ¢ Im(Py) (3.55)
Ngugc lai, ta goi x 1a phén ti tuy ¥ ctia Im(P7). T cong thiic dinh nghia ctia @ 7 ta thay

Q1 12 ma tran déi xting. Bdi vay Ker(Q ;) va Im(Q ;) 1a hai khong gian vector truc giao,
hay vector x luén phén tich dugc thanh:

X = XKer + XIm>

trong d6 xx.,€Ker(Q7), x1m€Im(Q ) va phép phan tich d6 1a duy nhat. Gia st rang:
xe Im(Q )

Vay thi xg.,#0 . Suy ra:

T _ T T _ T
X XKer = X ImEKer T X Ker'XKer = £ Ker'%Ker #0
T T T
= J'gKertb(T—T)B(r)-ydT = Xger PTW) = X" gopx 20
0

ding v6i moi u(¢)#0. Chon:
u= x£6r®(T—7)B(r)]T £ 0

thi do @ 7 (xge)e Im(Q 1) sé co:

0 fhﬁercb(T - T)B(T)]- MCQ(T - r)B(T)]T dr=
0

T
= zi{ ) d>(T—r)B(r)BT<r><I>T<T—r)dr]xm = 2 k@7 (xker) =0
0

va d6 1a diéu phi ly. Vay xe Im(Q 7). Néi cach khac:

Im(Py) cIm(Q7) (3.56)
So sanh (3.55), (3.56) ta dén dugc diéu phai chiing minh.
¢)eod): Khdng dinh dim Im(Q 7+)=n, tusng ducng véi ma tran moé ta anh xa Qr+ la ma

tran khong suy bién. Cin va dt dé ma tran vuong @ 7+ khong suy bién la:
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a'Qr«a # 0
v6i moi @#0. Suy ra:
T*

T
g [chb(T —T)B(r)Hchb(T —T)B(T):| dr #0, V a #0

o adTo(T*-DB(0) 20, V a #0 va 0<7<T*

hay cac vector hang ctia ma tran ®(T*-7)B(7) 1a doc lap tuyén tinh trong khoang thoi
gian 0<7 <T'*. m)

Vi du 3.22: Minh hoa dinh Iy 3.25

Xét hé tuyén tinh c6 tham s6 phu thuoc ¢:

dx 01 0
== x+|  |u
=0 o(7)

V6i mot s6 T* hitu han tuy ¥ hé sé cé:

o) = {1 z’j - ST - 7) = (1 T*—TJ

01 0 1
1 T*- 0 T*— *_ N .
—~  ®(T*-DB( =[ TM j=(7( T)J = X720 - pe_ g shing s,
0 1 T T T
tiic 1a hai vector hang ctia ®(T*-7)B(7) doc lap tuyén tinh khi 7 #T* (va do d6 ciing
trong khodng 0<7<T*). Vay hé 1a diéu khién dugc. a
Vi du 3.23: Minh hoa dinh ly 3.25
Cho hé mét ddu vao mé ta bdi:
1
ﬁ: 0 "& + 0 u
dt 0 0 1
Hé cé:
1 — 1 T-
(== T =  oT-p=AT0= ‘
01 0 1
Suy ra:
T T T- 1
Q, = JeA(T—r)BBTe—AT(T—r),dT: [ 7)(0 (0,1) 0 dr
o olo 1 1 T-7 1
15 150
=T° =T
_ T (T-7* T-7), _ |3 2
0 T-7 1 lTZ T
2

4
= det(Qp) = :f—z;eo véi T >0.
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Do ¢ dinh thiic khac 0 nén dim Im(Q 7)=2. Vay la hé diéu khién dudgc. a

Caing tit dinh 1y 3.25 ta ¢6 thé dan nguge lai céc tiéu chudn khéac da biét nhu tiéu
chuéin Hautus, tiéu chuén Kalman khi hé théng dang xét 1a hé théng ding. Ching han
nhu véi:

®(T-7) = 2770
ctia mot hé diing c6 ma tran hé thong 1a A, ta di ti diéu kién d) cta dinh 1y 3.25:

®(T-0B= e* " 9B = [ag(T-DI+a,(T-DA+ - +a,_(T-7) A" '|B

ao(T-7)
= (B, AB, -, A" 'B)
a, (T -7)
sé thay dé cac vector hang ctia ®(T—17)B doc 1ap tuyén tinh trong khoang 0<z<T thi cin
va du la:
Rank(B, AB, - , A" 'B) =n

N 2z ~ z. ~ A A
va d6 cting chinh la tiéu chuan Kalman.

3.3.4 Phan tich tinh quan sat dugc

Khdi niém quan sat dugc va quan sat dugc hodn todn

Trong bai toan diéu khién ngudi ta thudng dé cap dén viéc thiét k& bd diéu khién
phan hdi cac bién trang thai hodc cac tin hiéu ra. Van d& muén néi & day khong phai la
su caAn thiét cta viéc phan héi ma phai lam thé nao dé thuc hién dudc viéc phan héi
nhiing dai lugng d6. T4t nhién rang ta phai do ching, phai xac dinh duge gia tri cia cac
dai lugng can phan hdi.

Thong thudng, viéc xac dinh gii tri cac dai lugng hay tin hiéu mot cach don gidn
nhat 1a do truc ti€p nhd cac thiét bi cAm bién (sensor). Song khéng phai moi dai lugng
trang thai hodc déu c6 thé do duge mot cach truc ti€p. R4t nhidu cac bién trang thai hay
tin hiéu chi c6 thé c6 duge mot cach gian tiép théng qua nhiing tin hiéu do duge khac ...
Hon nfia, nhiéu bién trang thai lai khéng mang ban chat vat 1y (khéng phai 1a tin hiéu)
nén khong thé do duge ching. Ching han:

- Gia t6c khong thé do dugc truc tiép ma phai duge suy ra tit viée do téc d6 trong
mot khoang thoi gian.

—  Gia tri cong suét c6 duge nho viéc do dong dién va dién ap.

D& thong nhit chung, ngudi ta st dung khai niém quan sdt mét bién trang thdi dé
chi cong viée x4c dinh né gian tiép thong qua cac tin hiéu do dugc khac.
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Pinh nghia 3.3: Mot hé thong c6 tin hiéu vao u(¢) va tin hiéu ra y(¢) dudc goi la:
a) Quan sdt duoc tai thoi diém t,, néu ton tai it nhat mot gia tri hitu han T>¢, dé
diém trang thai x(¢0)=x, xac dinh dudc mot cach chinh xac théng qua vector

céc tin hiéu vao ra u(t), y(¢) trong khodng thai gian [¢,,7].

b) Quan sdt duoe hoan toan tai thoi diém t,, néu véi moi T>t,, diém trang thai
x0=x(ty) ludn xac dinh duge mét cach chinh xac ti vector cac tin hiéu vao ra
u(t), y(¢) trong khoang thoi gian [¢,,71].

Cha y: Yéu ciu phéi do trong khodng thoi gian T hitu han la rdt quan trong.
Khoang thdi gian quan sat cang ngén sé cang t6t cho céng viée diéu khién sau nay. Néu
thoi gian quan sat qua 16n, diém trang thai x, vita xac dinh dugc sé m4t ¥ nghia tng
dung cho bai toan diéu khién, vi du khi ¢6 dudc x, thi c6 thé hé da chuyén dén mét diém

trang thai méi cach rat xa diém trang thai x,.

Mét s& két luan chung vé finh quan sét duge cGa hé tuyén finh

Mot cach tong quat, sau diy ta sé xét hé tuyén tinh c6 thé khong ding véi:
dx

C A(t)x+B(t)u (3.57)

y=C)x+D(t)u
trong d6 A(t)e R™", B(£)e R™™, C(t)e R™", D(t)e R”*™ la nhiing ma tran c6 phin tu

13 ham s6 phu thudc ¢.

Dinh ly 3.26: Hé khong dung (3.57) khong c6 trang thai thua sé
a) Quan sat dudgc tai ¢, khi va chi khi t6n tai it nhdt mét gia tri T>t, hiiu han
sao cho cac vector cot clia ma tran C(¢)®(t—t,) doc lap tuyén tinh trong
khoang thai gian ¢ ,<t<T.
b) Quan sat dugc hoan toan tai ¢, khi va chi khi vdi moi gia tri T>t, cac vector

cot cia ma tran C(¢)®(t—t,) doc lap tuyén tinh trong khodng ¢ ,<t<T.

Chitng minh:

Phuong trinh vi phan ctia (3.57) véi diéu kién dau x(¢,)=x, c6 nghiém:

¢
x(t) = Dt —ty)xy + [ @t -7)B(7)-u-dr
ty
Thay vao phudng trinh th@ hai dugc:

¢
Y(B) = COD(t-t0)xo+C(t) [®(t-7)B(2)-u-d7+D(t)-u
0
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t
& COD(-tyxy = CW) [O(t—1)B(7) u-dr+ D) u~ y(t) (3.58)
0

Theo dinh nghia 3.3, hé (3.57) quan sat dudc tai ¢, néu tén tai mot khodng thai gian
htiu han [t(,T] dé x(tg)=x¢ xac dinh dugc tu u(t) va Z(t) khi ¢,<t<T. Diéu nay déng
nghia véi viéc phuong trinh (3.58) c6 nghiém x, duy nhat.

Do chi c6 thanh phan C(¢)®(¢—t,)x, chita x, nén (3.58) sé& c6 nghiém x, duy nhat
néu tén tai it nhat moét gia tri hitu han T>¢, sao cho céc vector cot ctia C(¢)®(t—t,)

khong phu thudc tuyén tinh trong toan bd khodng [¢,,T] va dé6 chinh 1a diéu phai chiing
minh. a

Vi du 3.24: Minh hoa dinh ly 3.26

Xét hé tuyén tinh, c6 tham s6 phu thudc £ v6i mé hinh trang thai:

0 -1
ﬂ: x+Bu
dt o o)~ -~

y = (1 , 1—|t—1|)§+Dg
trong d6 B,D la hai ma tran tuy y. Hé cé:

D(t—t,) =[(1) tol_tJ, c=(1,1-|¢-1))

Béi vay:
1 ty-t
CH®(t-te)=(1, 1-|t-1]) [0 0
t, (hings6) khit<1
to—2(t—1) khi t>1

J=(1 , to—(E=1)—|¢t=1))
= tO—(t—l)—|t—1|:{

Khi ¢4 12 tuy ¥, ta chon T>t, va T>1. Hai (vector) cot cua C(¢)®@(¢—¢,)sé doc lap
tuyén tinh trong khoang 1<#<T, ttic 12 s& khong phu thudc tuyén tinh trén toan bo
khoang [t ,T], bdi viy hé quan sat dudc tai ¢, . Khi ¢y >1 hai cot cta C(¢)D(t—t,)sé
doc lap tuyén tinh trong moi khodng [to ,T] c6 ¢o<T, nén tai ¢, >1 hé khong nhiing

quan sat duge ma con quan sat duge hoan toan. a

Pinh ly 3.27: N&u hé khong ditng (3.57) ¢6 C 1a ma tran hang (khéng phu thudc £) quan
sat dudc tai ty thi né cing quan sat duge hoan toan tai ¢, va ngugce lai.

Chitng minh:
Theo dinh ly 3.26, hé (3.57) quan sat dugc tai thoi diém ¢, néu ton tai T{>t, hiu

han sao cho céc vector cot cia C®(¢—¢,) khong phu thudc tuyén tinh trén toan khoang
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[¢9,T¢]. Vi C la ma tran hing nén ®(t—t,) 1a thanh phan duy nhit phu thudc ¢ trong
tich C®(t—#,). Do @(t—t,) khong suy bién véi moi ¢ (ding 1y 3.12) nén diéu nay cling
ding v6i moi khodng [¢(,T;], trong d6 T'1a s6 tuy y 16n hon ¢ . a

Vi du 3.25: Minh hoa dinh ly 3.27
Cho hé khong ditng mé ta bdi:

dx (1 ¢ 1
== x+| |u
dt 0 1) 1
y=(1,1)x
Theo két qua ctia vi du 3.11 thi hé nay cé:

2
¢ Ty

e —e
@(1)= 2
0 et
Vay
t—t, (t—t0)2 t—t,
e 0 07 5,70 2
C@(t—to): (1 , 1) 2 = etft() , (t tO) etto_,'_ettOJ
t—t 2
0 e O

va C®(t—t) cb ty sb gitia hai cot ctia né:

2
(t—1ty) it 4 otto (i Y
2 = 0° +1 # hing s8

ot~

v6i moi ¢ nén chiing doc 1ap tuyén tinh véi nhau trong khoang [¢,,T]. Suy ra hai cdt clia
C®(t-t,) 1a doc lap tuyén tinh véi moi te [¢4,T]. Do d6 hé quan sat duge hoan toan. m)
Dinh ly 3.28: Néu hé khéng diing (3.57) quan sat dude tai thdi diém ¢, thi né ciing quan
sat dudc tai moi thoi diém ¢#0.
Chitng minh:
Khi hé (3.57) quan sat dudgc tai ¢, thi sé ton tai mot gia tri hitu han T>¢, dé cac
vector cot cia ma tran C(¢)®(t—t,) doc lap tuyén tinh trong khoang thoi gian ¢ <t<T.
Xét tai mot thoi diém ¢,#0 bat ky, tit dinh 1y 3.12 vé tinh chét ctia ®(¢), ta co:
C@O)D(t—t1)= CE)D(t-to)P(to—t1)
Nhung do ®(¢,—%;) 12 ma tran hing khéong suy bién nén cac vector cot cia ma tran ham
C(t)®(t-t;) cling vi th& ma doc lap tuyén tinh trong khoang thoi gian ¢,<t<T. Bdi vay
theo dinh 1y 3.26, hé quan sat dugc tai thdi diém ¢, (d.p.c.m). a
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Trén cd sé dinh 1y 3.28 thi riéng d6i v6i hé tuyén tinh, tit nay vé sau ta sé néi ngin

gon 14 hé quan sdt duge thay vi hé quan sat dude tai diém thdi gian ¢,.

Tinh d6i ngdu va céc tiéu chudn xét tinh quan sat duge clia hé tham sé hdng

Cho hé tuyén tinh, tham s6 hiing mé ta bdi:
dx

—==Ax+Bu .
dt = = véi  Ae RV, BeRV™ CeR™", De R7™ (3.59)

y=Cx+Du
Mot hé tuyén tinh khac duge suy ra tit hé trén véi mé hinh:

ax = ATEJ,- CTL_L
(3.60)

y=B"x+D"u

dugc goi 14 hé d6i ngdu véi hé (3.59) @4 cho. C6 thé thay ngay duge 14 tit 1a ma tran ham
truyén cta hé (3.59):

G(s) = C(sI-A)B+D

ta cling c6 ma tran ham truyén G'(s) cho hé dsi ngau (3.60) véi né.

Pinh ly 3.29: Hé tham s6 hing (3.59) quan sat dudc khi va chi khi hé (3.60) d8i ngau véi
né diéu khién duge.
Chiing minh:
Néu hé (3.59) quan sat dugc tai T* thi theo dinh 1y 3.26, cac vector cot ciia
CO(t-T*) = Ce*™TY

—t)

14 doc lap tuyén tinh v6i moi ¢. Diéu nay din dén cic vector cot cua cerT" cting doc

AT AT D Suy ra cac vector hang cua:

lap tuyén tinh vie
(C eA(t—T*))T = ATE-THET
1a ddc 1ap tuyén tinh. Vay theo dinh 1y 3.26, hé (3.60) diéu khién dugc.
Chiing minh tudng tu ta c6 diéu nguge lai 1a khi hé (3.59) diéu khién dudc thi hé
(3.60) sé quan sat dugc. a

Dua viao noi dung dinh 1y 3.29 va cung véi cac tiéu chuén xét tinh diéu khién duge
ctia hé tuyén tinh tham s6 hing da biét, ta sé cé:

Binh ly 3.30: Cho hé tham s6 hang (3.59) khéng c6 trang thai thita. Cac phat biéu sau la
tuong duong:
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a) Hé quan sat dugc
sI-A . . < T 1s :
b) Rank c =n v61 moi s, va I 1a ma tran don vi (Hautus, 1969).
C

CA
¢) Rank . = n (Kalman, 1961).

CAn71
Chitng minh:

a)eb): Theo dinh 1y 3.29, dé hé (3.59) quan sat duge thi cAn va da 1a hé (3.60) diéu
khién duge. Tiép tuc, v6i dinh 1y 3.23 vé tiéu chuén Hautus thi hé (3.60) diéu khién duge
khi va chi khi:

Rank(sI—AT, CT) = n v6lmois
Suy ra:

I-A
Rank(sI-AT, ¢T)T =Rank(s c ] =n

a)oc): Dé hé (3.59) quan sat dugde thi cAn va da 1a hé (3.60) diéu khién duge va theo
dinh 1y 3.24 ctia Kalman, diéu dé tuong duong véi:

Rank(CT, ATCT, ... , (A" HTcT)y=n
c
T T~T n—1I\T~T\T CA
&  Rank(C’, A'CT, ., A" HTCHT =Rank| . |=n a
CAn—l
Vi du 3.26: Minh hoa dinh Iy 3.30
Cho hé tham s6 hing md ta bdi:
5 (002 0 1 Lo 1
—£=10—4£+121 va y= x
dt = {01 1
01 -3 -1 1

St dung tiéu chuén Kalman d8 kiém tra tinh quan sat dudgc ta thay:

10 -1 1o -nY %72 01
C= . CA= 10 —4|=
01 1 01 1 11 -7
01 -3
0o -1 13[° 9 72 11 1
va CA2=( ]10—4=[ j
11 -7 1 -7 15
01 -3

294



1 0 -1

0 1 1

¢ 0 1 1

=  Rank| CA |=Rank =3 = hélaquan sat duge. a
9 11 -7
CA
-1 1 1
1 -7 15

3.3.5 Phan tich tinh dong hoc khong

Xét hé tuyén tinh véi tin hiéu vao u(¢), tin hiéu ra y(¢) c6 ham truyén:

by +bs+ - +b, 8" +s"  B(s)

n-1 n
ag+a;s+ - +a, s +s A(s)

Gis)=Fk

(m<n)

R6 rang néu c¢6 m>0 hay c6 bac tuong d6i r=n—-m<n thi G(s) sé c6 diém khéng. Theo
dinh 1y 3.2, hé ciing mé ta dudc bdi mo hinh trang thai chuén diéu khién:

0 1 0o - 0
0
4 0 0 1 .- 0 .
ax _| : Lo Polx+| lu=Ax+bu
¢ - |0 T
0 0 0o - 1
k
Gy T Gy o Uy
y:(bo’bl,"'7bm71’1’0’“"0)£:£T£

va gitia ching c6 quan hé (3.9) cho trong dinh 1y 3.1, cu thé la:

G(s)=cT(sI-A) 'b = det(sI-A) = ag+ta s+ass’+ - +a, 8" +s"

Dinh nghia 3.4: N&u hé tuyén tinh c6 it nhit mot diém trang thai ddu x,#0 va dng véi
né6 1a mot tin hiéu diéu khién uy(¢) sao cho tin hiéu ddu ra y(¢) dong nhit bang 0

thi hé dugc goi 1a co tinh déng hoc khong (zero dynamic).
T4t nhién rdng tinh chit dong hoc cia hé khong thay d6i néu ta bién d6i mé hinh

trang thai cia n6 bing nhiing phép bién déi tuong duong z=Sx < x = S 'z hay S la
mot ma tran vuéng khéong suy bién. Bay gid ta dinh nghia phép ddi bién:

T
cx
T
¢ Ax
2 .
. :
2
= = = T _
z . Sx A 1£
x
z, 1
xnfr

295



trong @6 r 14 bac tuong ddi ctia hé. Phép bién d6i nay dua hé vé dang:

o1 -0 0 0
d Do Lo : :
rd_§:OO--'1§+OQ+6u
§T §T k
{ dn _
E—P£+Q7_7
Vy(t)=z,(¢)
trong do:
0 0 0
z 241 0 0 1 0
= 7n= S
Z, 2, 0 0 0 1
I R

va vector hang éfT , s, cting nhu ma tran P dugc suy ra tit A, b, ¢?, z(x) giong nhu @,
nhung § day khong duge ta tinh cu thé vi ching khong c6 vai trd gi trong viée xét diéu
kién dé tén tai tinh dong hoc khéng.
Gia st ring hé c6 tinh déng hoc khong. Vay thi phai c6:
y=21=0 = &O=£,=0

Suy ra:
dn L N
—= =Qn véi gia tri ddu 7, tuy ¥
7 g U (3.61)
uy(t) = ——sTn(t)
k —_
. . 9, 3 N 0
No6i cach khac, khi dang ¢ trang thai dau z,= [77_

J, 1, tuy ¥, va duge kich thich
Lo

bing tin hiéu u,(¢) tinh theo (3.61), thi tin hiéu d4u ra cia hé s& déng nhat bing khéng,

mic du trang thai 7(¢) cta né lai khac khong, tham chi con tién t6i v6 cting néu ma
tran @ c6 it nhat mét gia tri riéng ndm bén phai truc do. Khi & ch& d6 dong hoc khéng,

dang cta quy dao trang thai z(¢)= ( j ctua hé dudc quyét dinh bdi gia tri riéng ctaa

0
7(t)
ma tran @ va ta thay dé chinh 1a diém khong ctia ham truyén G(s), vi:

det(sI-Q)= bo+b s+bys?+ - +b, ;8™ +s™

K&t hop thém quan hé d4 biét gitta mé hinh (3.8) ctia hé SISO véi diém khong ctia né:
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Bs)=det| T2 2|0 (3.62)
S)=de CT d = .

ta c6 két luan:

Pinh ly 3.31: D& hé tuyén tinh c6 quy dao trang thai x(¢) ¢ ché d6 dong hoc khong tién vé
goc toa do thi cAn va da 13 moi diém khéng ctia né phai ndm bén trai truc 4o, tic 1a
hé phai 14 pha cuc tiéu (minimum phase), hay (3.62) 1a da thic Hurwitz.

A’ ~” ~ - - n?
3.4 Thiét ké bo diéu khién
3.4.1 Bb diéu khién phan hai trang thai gan diém cuc
P&t vén dé va phét biéu bdi todn
Xét hé MIMO c¢6 m6 hinh trang thai tham s6 hang (3.59). Theo cong thic (3.39) vé
viéc xac dinh ma tran ham truyén G(s) cta hé tit m6 hinh trang thai (3.59) thi cac diém
cuc cia hé chinh 1a gia tri riéng clia ma tran A. Mit khac, chat lugng hé théng lai phu
thudc nhiéu vao vi tri cta cac diém cuc (ciing 14 gia tri riéng cla A) trong mit phéng
phitc (muc 2.3.4). Do d6, dé hé théng c6 dugde chit luong mong mudn, ngudi ta cé thé can
thiép bang mot bd diéu khién vao hé théng sao cho véi sy can thiép dé, hé c6 duge cac
diém cuc 1a nhiing gia tri cho trude tng véi chat lugng mong mudn. Ciing vi nguyén ly
can thiép dé hé nhan duge cac diém cuc cho trude nhu vay nén phuong phéap thiét k& bo
diéu khién can thiép nay c6 tén goi 1a phuong phdp cho trude diém cue, hay phuwong phdp
gdn diém cuc (pole placement).
C6 hai kha niing thiét k& bs didu khién gan diém cuc bing bd diéu khién R tinh la:
—  Thiét k&' bang phdn héi trang thdi (hinh 3.10a). V6i R, hé kin s& ¢6 md hinh:
%: Ax+Bu = Ax+B(w-Rx) = Ax+Bw-BRx = (A-BR)x+Bw.
bdi vay nhiém vu "gan diém cuc" 12 phai thiét k&€ R sao cho ma tran A-BR nhan n
giatris;, i=1,2, ... ,n, @ dugc chon trude tir yéu cAu chat lugng can cé ctia hé

thong, lam gia tri riéng. N6i cach khéc, ta phai tim R ti phuong trinh:
det(sI-A+BR) = (s-s1)(s=89) -+ (s—s,), Vs (3.63)

a) b)

Y
—

Hinh 3.10: Nguyén tic thiét k& bo diéu khién gan diém cuc
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—  Thiét ké theo nguyén tdc phdn héi tin hiéu ra y (hinh 3.10b). Vi tin hiéu phan héi
vé bd diéu khién R 13 y nén hé kin c6 mé hinh:

% = Ax+Bu = Ax+B(w-R y) = Ax+Bw—-BRCx = (A-BRC)x+Bw

Vay nhiém vu "gan diém cuc" 12 phai tim R dé ma tran A—-BRC c¢6 céc gia tri
riéng la n gia tris; , i=1,2, ... ,n da dudc chon trudc tit yéu cau chit lugng cin

c6 cta hé thong, hay nhiém vu thiét k& chinh 14 tim ma tran R thda méan:

det(sI-A+BRC) = (s—s1)(s=s3) - (s—5,) (3.64)

Nhu sau nay ta thdy, dé phuong trinh (3.63) c6 nghiém R thi chi cAn hé (3.59) cho
ban d4u diéu khién duge 14 dt. Nguge lai, d6i v6i phuong trinh (3.64) thi diéu kién hé
(3.59) diéu khién dugc 1a chua da va ngudi ta thudng phai mé réng pham vi tim nghiém
sang ca nhitng b6 didu khién phan héi diu ra mang tinh déng hoc, chit khéng phai chi
gi6i han trong cac bo diéu khién tinh (ma tran hing) R, tic 1a phai st dung bo diéu
khién c6 m6 hinh trang thai (tuyén tinh):

£=E2+Fy
R: < dt - =

q =Gz +Hy

Muc nay sé& gidi thiéu cac phuong phap khac nhau phuc vu bai toan thiét k& b diéu

mXn

khién phan héi trang thai gan diém cuc Re R™™", ma thuc chat chinh 1a cic phuong

phap tinh dé giai phuong trinh (3.63).

Phuong phdp Ackermann

Phuong phap Ackermann 1a phuong phap thiét k& bo diéu khién gan diém cuc R
theo nguyén 1y phan héi trang thai cho d6i tugng chi c6 mét tin hidu vao. Trude hét, ta
xét d6i tugng c¢6 mot dAu vao u md ta bdi mé hinh trang thai dang chudn diéu khién
(xem thém dinh 1y 3.2):

0 1 o - 0
0
d 0 0 1 0 .
d—f: N ol (3.65)
0 0 0 1 1
Gy —a; 4y —An-1 5
) b

Nhu vay, d6i tugng c6 da thiic dic tinh theo cong thiic (3.40) la:
det(sI-A)= aytas+ - +an_1sn—1+sn

v6i nghiém 14 cac diém cuc cta d61 tugng.
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Tuong tng véi d6i tugng (3.65), bd diéu khién phan héi trang thai R phai la:
R = (rI’ ro, ===, rn) (366)
Khi d6 hé kin sé ¢c6 mo hinh:

dx

— = (A-bR)x+bw
dt
0 1 o - 0
0 0
0 0 0 . :
= S —| @y, 7o, o, )|t w
[ 0 ( 1 2 n)]_ 0
0 0 0 1 1
—Qp —a; —Qy —Qp-1
0 1 0 0
0
0 0 1 0 .
= : : : . : x+| |w
0
0 0 0 1 1
—(ay+n) —(a,+nr) —(ag+ry) -+ —(a,,+1,)

véi da thic déc tinh:
det(sI-A+BR) = (ag+r)+(a +7ry)s+ = +(a,_1+r,)s" '+s"
va phuong trinh (3.63) tré thanh:

(@o+r)+(@r+rg)s+ o +(ay+r,)s" 4" = (s-51)(s-55) - (s=5,)

= (ag+r) (@ +ry)s+ - +(a,_1+ry)s" '+s" = agta s+ - +a, ;s" +s"
Suy ra:
ri= e - ,=1,2, ... ,n
Vay thuét toan xac dinh bd didu khién R gan diém cuc s; , i=1,2, ... ,n theo

nguyén téc phan héi trang thai cho d6i tugng (3.65) mét ddu vao dang chuén diéu khién,
gom céc buée nhu sau:

- Tinhcachésd q;, i=1,2, ... ,n cia phuong trinh dic tinh can phai c6 cta hé kin
ti nhiing gia tri diém cuc s;, 1=1,2, ... ,n da cho theo:
(s—81)(s=83) - (s—=8,) = @p+a s+ - +a, 8" '+s"

—  Tinh cacphintir;, i=1,2, ... ,n cia b diéu khién (3.66) theo:

ri = @ —0
Vi du 3.27: Gan diém cuc cho d6i tuong chuén diéu khién
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Xét @61 tugng SISO c6 mo hinh trang thai:

; 010 0
—f=001£+0u
12 3 1

tc la c6 ay=1, a;=—-2 va ay,=—3. Gia st ring chat lugng mong mudn clia hé kin da
dugc chon véi nhitng diém cuc s;=—3, s3=—4, s3=—5 cAn phai c6. Vay thi véi:
(s—51)(s—s39)(5—s3) = (s+3)(s+4)(s+5) = s2+1252+475+60
ta co a,=60, a, =47 va a,=12. Suy ra, by diéu khién phan hdi trang thai cin tim la:
R=(60-1,47+2, 12+3) = (59, 49, 15) a
Tiép theo, ta ban t6i vin dé d6i tugng cho ban dau c¢6 mé hinh khéng & dang chudn
diéu khién:

X _ pvibu (3.67)
dt

R4t tu nhién, ta nghi ngay t6i viéc tim mét phép déi bién:
z=Sx = x =S8 1

sao cho véi n6, d6i tugng ban ddu duge chuyén vé dang chuén diéu khién.

Binh ly 3.32: Néu hé (3.67) 1a diéu khién duge thi phép d6i bign z=Sx véi:

§TAn71
trong d6 s T 1a vector hang cudi cting cia ma tran:
(b,Ab, - A"

s& chuyén né vé dang chuén diéu khién:

0 1 0 0
0
d 0 0 1 0 .
92 _ SAS 1z+Sbu = : x+| |u
dt 0
0 0 0 1 1
—Qp —ap —04y —Qp
véiag, @y, ... , @, la cac hé s6 clia da thtic dic tinh:
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-1
det(sI-A)= ap+a s+ - +a,_18" +s"

Chitng minh:

Trudc hét ta thay ngay dugc:

§T = (05 7071)(Q ) AQ s T An_lé)_l
_ 0 néu 0<k<n-2
o T, Ab, - AR = (0, ,01) o sTakp= |0 e Osksn
1 néu k=n-1
s’ s | (o
T T
o= Sb= §.A b= §AZ_7 —
§7"1477,—1 ETAn_ll_) 1

Ngoai ra, theo dinh ly Cayley—Hamilton (dinh 1y 3.8) con c6:

s’ sTA sTA
T T 42 T 42
sa=| £4 j4=|847 |2 g4
§TAn—1 §TAn _a0§T —a1§TA . _an_1§TAn71
véiag, aq, ... , @,_q 12 cic hé s6 ctia da thiic dic tinh, cling nhu:
0 1 o - 0 0 1 o - 0 Ky
0 0 1 - 0 0 0 1 - 0 e
: : o Colg =] : o : '
0 0 0 1 0 0 0 1 r
n-1
@y @ Qg TGy —ay —a; -Gy o @, ) \S A
R
T 42
= : S = i A
0 0 0 1 r r r
-1
-ay, -0, —aqy -a, 4 —aps —as A= o —a, s A"
Vay:
0 1 0
0 0 1 0
SA= : S 0
0 0 0 1
@y —@p A "t TQp
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Vi du 3.28: Minh hoa dinh Iy 3.32

Cho déi tugng:

4 (010 0
X_1o -1 1 |x+|0u
dt

00 -2 1

0 1 0)(0) (0O 0 1
Ab=|0 -1 1 ]|ol|=| 1], A%=|0 -1 1
0 0 -2)\1) (-2 0 0 -2
00 1Y' (-10 2 41
= (b ,Ab, A’)'=(0 1 -3 3 1 0
1 2 4 1 0 0
= s'=@1,0,0)
01 0
- sTA=@1,0,0]0 -1 1|=(,1,0)
0 0 -2
0 1 0
= sTA’=@,1,0)]0 -1 1 |=(,-1,1)
0 0 -2
Vay:
1 00 1 0 0
S=/0 1 0] == z=8Sx=|0 1 0|x =
0 -1 1 0 -1 1
ta sé dugc:

1 0 0)(0 1 0)(1
9z _ GAS ' 4Sbu = 1 0 -1 1]|0
dt 0 -1 1/{o0 o -2/lo

01 0 0

=0 O 1 |z+|0|u

0 -2 -3 1
w u
E—

Hinh 3.11: Minh hoa phuong phap Ackermann
cho hé c6 mé hinh trang thai khéng 6
dang chuén diéu khién.
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1 |=|-3
-2 4
1 00
x={0 1 0]z
011
00 1 0 O
1 0jz+|0 1 O
11 0 -1 1
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Puong nhién, khi d& chuyén duge (3.67) vé dang chuén diéu khién, ta lai 4p dung
dugc thuat toan da bit dé thiét ké bo diéu khién R, phan héi trang théi z cho né, tic la:

R,=(ay-ag, a,—ay, ... , Gy 1—CQp_1)

véicachésda;, a;,

1=0,1, ... ,n—1 dugc xac dinh tu:

det(s[-A)= agtais+ - +a, ;8" '+s"

(s—s1)(s-83) - (s—s,) = ag+a; s+ - +&n_1sn_1+s"

Cuséi cing, bo diéu khién R phan héi trang théi x cAn tim sé 1a:

T
s
T
o - ~ sTA
R=R,S=(ay-ag, a;—Q1 , ... , Qy 1—Qp_1)| ~ .
§Tzqn—l
n-1 T n-1 _ T . n-1 T
=2 (4-q)s A" = Y as A= 3 ais” A
=0 =0 i=0
n-1 T T  n " n-1 . )
= Yas A+ s A", vico A" == a;A' (Cayley-Hamilton)
=0 i=0

Hinh 3.11 minh hoa cho viéc thiét k& R gdbm cac budc nhu sau:

—  Xac dinh phép d6i bién z=Sx theo dinh ly 3.32

—  Tinh cac hé s6 q;, i=0,1, ... ,n—1 clia phuong trinh diic tinh cAn phai c6 clia hé
kin ti nhitng gié tri diém cucs; , i=1,2, ... ,n da cho theo:

(5=81)(s=83) - (5-8,) = @y+a,s+ - +a, 8" '+s"
1 2 n 0 1 n-1
- B¢ diéu khién R cin tim sé& la:

n-1 .
R= Y asTAl+ sTA" (3.68)
1=0

Vi du 3.29: Thiét k& bo diéu khién gan diém cuc theo Ackermann
Xét lai d61 tugng da cho 6 vi du 3.28 va vector:
s"=(1,0,0
da tim duge. Khi d6, € gan cac diém cucs;=s,=s3=—1, voi:
(s—81)(s—s39)(s—s3) = 1+3s+3s%+s° = ap=1, ay=ay=

ta st dung bd diéu khién phan héi trang thai R tim theo (3.68) nhu sau:
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ays"=(1,0,0)

01 0
a;sTA=3(1,0,0)[0 -1 1 |=30,1,0=(0,3,0)
0 0 -2
01 0 01 0
aysTA?=3(1,0,0){0 -1 1|=(0,3,00 -1 1 |=(0,-3,3)
0 0 -2 0 0 -2
01 0 01 0
sTA®=(1,0,0]0 -1 1|=(0,-1,1)|]0 -1 1 |=(0,-2,-3)
0 0 -2 0 0 -2
= R=aqys’+as’A+ays’A+sTA =(1,-2,0) 0

Phuong phdp Roppenecker

Giéng nhu phuong phap Ackermann, phuong phap Roppenecker duge st dung dé
thiét k& bo diéu khién phan héi trang thai theo nguyén 1y cho trude diém cuc. Khac véi
Ackermann, phuong phap Roppenecker ap dung duge cho cd hé MIMO. D& bt diu ta
hay xét ds1 tuong MIMO:

9% _ Ax+By (3.69)
dt

Nhiém vu dit ra 12 tim b diéu khién phan héi trang thai R sao cho hé kin (hinh 3.10a):
dx _ (A-BR)x+Bw
dt

nhan nhiing gia tri s; , i=1,2, ... ,n cho trudc lam diém cuc. Chd § ring néu cé s, 1a

mot s phtic thi ciing phai c6 mot gia tri lién hgp véi né s;=5, , vi chi nhu vay cac phan
tl cia R méi c6 thé 1a nhiing s6 thuc.

Gia st rang da tim duge R. Vay thi do det(s,I-A+BR)=0 véi moi k=1,2, ... ,n
nén tng véi mdi k£ phai c6 mot vector (riéng bén phai) @, khong dong nhat bang 0 thoa
man:

(spI-A+BR)a, =0 < (spl-A)a, = -BRa,,

Néu goi ¢, =-Ray 1a nhiing vector tham s6"thi:

(spl-A)a, = Bt, = a, = (s,I-A) 'Bt, , k=1,2, ... \n (3.70)

(1, . sty =-R@y, ... ,a,) = R=~(ty, ... ,t )@, ... ,a,) ' @71
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Tu day, ta c6 thé hinh dung so luge viéc thiét k& by diéu khién phan héi trang thai

R gan cac diém cuc sy, k=1,2, ... ,n cho trudc, gbm cac budc nhu sau:
—  Chon n vector tham s6¢; , ... , t, sao cho v6i né n vector a;, , k=1,2, ... ,n xac

dinh theo (3.70) 1ap thanh hé doc lap tuyén tinh, téc 1a ma tran (a; , ... , a,)
khong bi suy bién.

—  Xac dinh R theo (3.71).

Vi du 3.30: Thiét k& bd diéu khién gan diém cuc theo Roppenecker
Hay thiét k& bo diéu khién R, gan diém cuc s;=—1, s,=—2 cho d8i tugng
01 0
ﬁ = X + u
dt 0 2 1

Vi d6i tugng c6 hai bién trang thai vA mot ddu vao nén ¢, , ¢, chi c6 mot phan ti, bdi
vay ta c6 thé viet moét cach don gian 1a ¢4, ¢, thay vi phai st dung ky hiéu vector. Ung
v6ii=1va i=2 thi tu (3.70) dugc:

(-1 0) (0 1) (-1 -1 Cavip 11
(sll—A)—[O _J—[O 2}‘[0 _3] = (s;I-A) B_3[J
(-2 0) (0 1) (-2 -1 g, 1(1
(SQI—A)—[O _2J—[0 2]—[0 _4] = (syI-A) B—g(_z]

va vi hai vector trén da doc lap tuyén tinh nén ciing chi cn chon ¢,=3, #,=8. Khi dé:

_ 1 _ 1
a;, = (s;I-A)"'Bt, =[ J va @y = (ssI-A) 'Bt, =[ J

-2

14 hai vector doc lap tuyén tinh. Vay:
-1
R==(t,.t) (@ .a) ' =-(3.8) (_11 _12J = 2,5
Kiém tra lai thi th&y v6i R téng hop dude, hé kin ¢6 ma tran hé thong:
aon= (o o (e o= )

véi hai gia tri riéng —1 va -2 ding nhu yéu ciu da dit ra. m)

Tuy nhién, cé ba van dé can phai ban thém vé thuat toan trén. D6 1a:
— (6 thuc sy véi bd didu khién R tdng hdp dude, ma tran hé théng cta hé kin sé c6
cac gia tri riéng la s, , £=1,2, ... ,n.

—  Phai c6 didu kién gi @8 tén tai ay, tinh theo (3.70).
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—  Phailam gi dé tit ca n vectora; , ... , @, lap thanh hé doc lap tuyén tinh?
Vé cGu héi thi nhdt. Xudt phat tit (3.71) c6:
Ra;, = -t véi moi k=1,2, ... ,n
o  BRa,= -Bit, = —(s,I-A) a; o (s,]-A+BR)a, =0
Do ga;, #0 nén (spI-A+BR) phaila ma tran suy bién, ttc la:
det(s,I-A+BR) =0 v6imoi k=1,2, ... ,n

hay s, , £=1,2, ... ,n 12 gia tri riéng cua (A-BR).

Vé cdu héi thit hai. Dé tinh dude a; , £=1,2, ... ,n theo (3.70) thi ré rang phai c6
(skI—A)_l. Néi cach khac, khi nhiing diém cuc cho trudc s;, , .=1,2, ... ,n khéng phai
14 gi4 tri riéng cua A thi ta tinh duge a;, , £=1,2, ... ,n theo (3.70). Truong hgp c6 mot

gia tri s;, 1am cho (s, /-A) suy bién thi c6 nghia 14 bd diéu khién R khong can phai dich
chuyén gié tri riéng s,,. Bdi vay ting v6i no sé co:
(spI-A) ay, =Bt;=0
Néi cach khac, trong coéng thiic (3.71), khi d6 vector tham s6 ¢;, phai dugc chon bing 0
=0

va vector a; phai 12 vector riéng bén phai ting v6i gia tri riéng s, ctia doi tugng chd
khéng phai dude tinh theo (3.70), tiic la:

(spI-A)a =0 (3.72)
Vé cu héi thit ba. Pé xét khinaoa, , ... , a, doclap tuyén tinh véi nhau ta chia lam
ba truong hgp:

—  Khi ton tai cac vector (s,/—A)"" thi chung it nhd# phai khac nhau ting d6i mot.
N6i cach khac nhiing gia tri diém cuc cho trude sy , k=1,2, ... ,n ma khong phai
14 gia tri riéng ctia A thi phai khac nhau ting d6i mot.

—  Néu c6 nhiéu gia tri s, ma Gng v6i n6 khong tén tai (s,/-A) ", tic 1a nhiing gia
tri nay 1a gia tri riéng clia A va bd diéu khién R khéng cin dich chuyén cac diém
cuc s;, d6. Goi a;, 1a vector riéng bén phai ctia A Ging véi s,,. Cdc vector riéng nay sé
déc lap tuyén tinh vdi nhau néu nhu nhitng gid tri riéng khong cin dich chuyén doé
ciing lai khdc nhau déi mot. Trudng hop ching khong khéc nhau, chdng han nhu
¢6 q gia tri s, giéng nhau thi bit budc tng v6i nghiém s, bdi g d6 phai c6 ding ¢
vector riéng bén phai doc 1ap tuyén tinh véi nhau.
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- Néug;, ... , a, van khong doc l4p tuyén tinh mic du da théa man cac yéu ciu
trén thi ta c6 thé théng qua viéc lua chont,, ... , t, @ a;, ... , a, lap thanh
hé doc 1ap tuyén tinh. Trusng hop diéu d6 vAn khong xay ra thi cudi cung ta c6 thé
thay ddi nhé cac gia tri sk, k=1,2, ... ,n dé c¢6 dugc ai, ... , a, doclap tuyén
tinh. Viéc stia d6i s, ciing 12 hop 1y vi thuc t& c6 rat nhiu bo gia tris, , £=1,2, ...
,n cung mang dén mot chit lugng nhu nhau cho hé kin.

Téng két lai cac trudng hgp vita xét, ta di dén thuat toan Roppenecker dang téng
quat véi hai budce tinh nhu sau:
1) Tinh cac vector a; tGng véi cac gia tri s, da cho:
a) Néu s, khoéng phai la gii tri riéng ctia A thi tinh theo (3.70), trong d6 ¢, 1a
tham s6 tu do.
b) Né&u s, la gia tri riéng cia A thi chon ¢,=0 va a; 1a vector riéng bén phai
tuong ting cua A tinh theo (3.72)
2) Chon cac vector tham s8 con tu do ¢, sao cho véi né n vector a;, , £=1,2, ... ,n xac
dinh & buéc 1 1ap thanh hé ddc lap tuyén tinh, réi tinh R theo (3.71).

Vi du 3.31: Thiét k& bo diéu khién gan diém cuc theo Roppenecker
Xét d6i tugng:

dx (2 1 0
—_= & —+ u
dt 0 -1 1
Ta s& tim bo diéu khién tinh R, phan héi trang thai theo thu4t toan Roppenecker dé ma

tran hé théng ctia hé kin nhan s;=-2, s;=—1 lam cac gia tri riéng.

Véi s;=—2 thi:

(-2 0) (2 1) (-4 -1 1, (025
R A R T T ey

- 0,25 1
= a; = (s;1-A)'Bt; = { ljtl Z( 4J

4 day ta da chon ¢,=4.

Véi s9=-1 thi do det(sy3]-A)=0, tiic 12 s, da la gia tri riéng ctia A nén bd diéu
khién R khéng can dich chuyén s,. Chon ¢,=0 va @, 1a vector riéng bén phai cia d6i
tugng:

-3 -1 1
(ssl-A)ay, =0 = [0 Oja_2=Q = a_2=[_3j

Vay thi:
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1

-1
_3] = (12, 4)

_ 1
R:_(t17t2) (a_laQZ) 1:_(4a0)[_4

Kiém tra lai thi th&y v6i R tong hop dude ma tran hé kin:

A—BRz[z 1]_[‘)](12,4):(2 lj
0 -1 1 -12 -5

c6 hai gia tri riéng —2 va —1 nhu yéu cau da dat ra. a

B&n thém: Trong b diéu khién R thiét ké theo phuong phap Roppennecker c6 chita
cac vector tham s6tudot;, ty, ... , t,. Nhu vay, thuc chat phuong phap da cho ra tap

cac bd diéu khién R(ty,ts,...,t,) gan diém cuc s, , £=1,2, ... ,n dat trudc cho mét dsi
tugng (3.69). Pidu nay tao co hoi dé ta c6 thé thist k& duge mét bo didu khién R gan diém
cuc sy, , k=1,2, ... ,n cho déi tugng nhiéu mo hinh:
_dx P
M;: E:Aif_"BiE véi i=1,2, ... ,m (3.73)

theo cac buéec nhu sau:
1) Thiét k& cho ting mé hinh M; trong (3.73) mot bo diéu khién R;(t1,t9...,¢,) phu
thudc tham s6.
2) Chon cac vector tham s8¢y, Lo, ... » £, 46 t&t ca m bd didu khién thu dugde trd thanh
dong nhat:
RI(EI’LZ’---’Ln) = R2(£1,£2’---,£n) = = Rm(ilyéz,---’én) =R

Phuong phdp modal phdn hdi trang théi

Phuong phap modal do Rosenbrock xay dung nam 1962 14 phuong phap thiét ké bo
diéu khién tinh R, phan héi trang théi cho d6i tugng MIMO mé ta béi:

dx

— = Ax+Bu (3.74)
dt
dé hé kin thu duge v6i mé hinh (hinh 3.10a):
dx _ (A-BR)x+Bw
dt
nhéan nhiing gia tri cho trudcs; , i=1,2, ... ,n lam diém cuc, tic 1a co6:

det(s;/-A+BR)=0 v6imoii=1,2, ... ,n.

Tu tudng cta phuong phap 14 kha don gidn. N6 bit ddu tit viéc chuyén mé hinh d6i
tugng, cu thé 14 ma tran A, sang dang dudng chéo (dang modal) hay Jordan dé thiét k&
b6 diéu khién rdi sau d6 méi chuyén ngudge lai mé hinh ban dau.
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Dé mé ta noi dung phuong phap modal, ta bit ddu véi trudng hop ma tran A cia d6i
tuogng c6 dang giong dudng chéo. Mot ma tran A dudc goi 1a giong dudng chéo, néu:
—  ho#c 1a cac gia tri riéng A; , i=1,2, ... ,n cta né khac nhau tiing d6i mot,
—  hojc 1a ting v6i mot gia tri riéng A, boi g thi phai c6 ding g vector riéng bén phai
doc lap tuyén tinh, ttc 14 gia tri sut hang cia (1,I-A) phai bing q.
Mot ma tran A giong dudng chéo ludén chuyén duge vé dang dudng chéo nhd phép
bién d6i tuong duong, trong dé ma tran dudng chéo thu dudc c6 cac phan ti trén dudng

chéo chinh 1a gia tri riéng caané 4, , i=1,2, ... ,n:
A 0 - 0
M 'AM = ? ’12 = diag(4;)

n
v6i M 14 ma tran modal cé cic vector cot 1a vector riéng bén phai ctia A:
M: (a_l 9 eee a_n)
AI-A)a; =0 v6i moii=1,2, ... ,n.
Vi du 3.32: Bién d&i tuong duong vé dang dudng chéo
1 .. .. . )
Cho ma tran A= [3 2] . Ma tran nay c6 hai gia tri riéng la nghiém cua:
det(AI-A)=(1-1)(1-2)=0 = A4;=1 va Ay=2

Tuong ting v6i hai gia tri riéng d6 14 hai vector riéng bén phai:

(411-A)a,=0 = [ 00 Ja_lzg = a—lz[ ' ]

-3 -1 -3
1 0 0
(Aol-A)ay,=0 = (_3 0]g2=0 = a_z=[1]

va hién nhién hai vector d6 doc 1ap tuyén tinh véi nhau. Do vy ma tran modal:

1 0
M=(a_1,gz)={_3 1]

khong suy bién va ta cé:

o (1O
31

Suy ra:

M 'AM = [; (1)] @ gj [_13 (1)J: ((1) gjz diag(A; , Ay) 0
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Vi du 3.33: Bién ddi tuong duong vé dang dudng chéo

-2 2 -3
MatranA=| 2 1 -6/ c6 cac gia tri riéng 1a nghiém cua:
-1 -2 0

det(AI-A) = —2-2%-212+45 = (A1+3)%*(1-5) = 0
= /11:/12:—3 va /13:5
Nhu vay A c6 mot gia tri riéng A= -3 boi 2 va mot gia tri riéng A3= 5 1a nghiém don.

Ung véi A1=-3bbi 2 ¢6 2 vector riéng doc 1ap tuyén tinh la nghiém cta:

1 2 -3)\(q a, +2a,-3a;=0
A-ADa={2 4 -6||lay| =0 =S 2a, +4ay —6a3 =0
-1 -2 3 )\as —a; —2a5 +3a3 =0
-2 3
= a1=—2a,+3aj3 = a;=| 11|, as=|0
1

Con lai, Gng véi A3 = 5 1a vector riéng:

-7 2 -3 1
(A-A3Day = | 2 -4 -6la;=0 = a3=|-2
-1 -2 -5 1

Suy ra:
2 3 -1 2 4 6
M=(an,ana)=|1 0 2|, M'=11 2 5
0 1 1 8.1 2 8

Vay

2 4 6)(-2 2 -3)(-2 3 -1
M 1AM =% 1 2 2 1 -6||1 0 -2
-1 -2 3Jl-1 =2 o Jlo 1 1

at

-3 0 0
=l 0 -3 0|=diag(-3, -3, 5) a
0 0 5

Quay lai bai toan thiét k& bo diéu khién R cho déi tugng (3.74) ¢6 A 1a ma tran
gidng dudng chéo. Goi 4; , i1=1,2, ... ,n 12 cac gia tri riéng va M 1a ma tran modal cia A.
Khi d6 v6i phép d6i bién x=Mz hay z=M 71& ta sé thu dugc mé hinh trang thai tuong
tuong cho déi tugng (hinh 3.12a):

dz

o M 'AMz +M 'Bu = Gz+M 'Bu
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trong d6

A 0
G=M'AM=|‘ "-. ! |= diag(d))
0 - A,
V6i viéc chuyén ddi trang thai nhd ma tran modal M nhu vay thi mach phan héi
chinh 14 ma tran dudng chéo chiia cac diém cuc dang c6 4; , i=1,2, ... ,n cta hé. Do d6,
mudn hé théng nhan t4t ca cac gia tri dit trude s; , i=1,2, ... ,n lam diém cuc méi ta chi

cén ndi song song véi G mot khoi khac ¢6 S—G (hinh 3.12b), trong dé:

s 0 -+ 0
0 e 0

S=1. 5:2 .. |=diag(s;)
0 0 - s,

Dinh ly 3.33: Hé vdi so 6 kh&i m ta & hinh 3.12b c6 cac diém cuc la s, , i=1,2, ...

Chitng minh:
Tit s6 d6 khoi ctia hé ta c6 mé hinh trang thai:

% = (G+S-G)z+M 'Bu = Sz+M 'Bu

o M_1%=SM_19£+ M'Bu o %=MSM—1£+ Bu

.

Do d6 hé sé& c6 cac diém cuc 1a gia tri riéng cia MSM ™ '. Nhung gi4 tri riéng cta

MSM ™' ciing 1a gi4 tri riéng cia S vi MSM ! va S 1a hai ma tran tuong ducng, nén hé

~ - <R N . ~ < " ., PN 9
sé c6 cac diém cuclas;, i=1,2, ... ,n  (cling la c4c gia tri riéng cua S).

M—l

E- ot

m

ll%

Hinh 3.12: Minh hoa phuong phap thiét k€ modal
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Viéc con lai 1a phai dua hé trong hinh 3.12b) vé dang thuc hién dudc trong thuyc té,
ttc 12 vé& dang ma diém héi tiép phai 13 diém trang thai x va ddu ra cta khau hdi tiép
phai két hop duge véi w. Ap dung quy téc vé dai s6 so db khéi, trude tién dé dang c6 ngay
s0 d6 khéi nhu hinh 3.12c), vi M 1a ma tran khéng suy bién.

Dé tiép tuc, ta chuyén diém héi tiép t6i trudec khau B. Van dé sé rit don gian néu B
12 ma tran khéng suy bién. Khi d6 ta chi cAn chon:

T=M'B)'=B'M (3.75)
12 duge va bo diéu khién phan hdi Am R khi d6 s& 1a:
=-TS-G)M! (3.76)

Song néi chung do B khong phai 1a ma tran vudng (B c6 n hang, r cot v6i n>r) nén
tich M~ 'B ciing ¢6 n hang, r cot va do d6 khong thé tinh T theo (3.75). Néu nhu ring
tich M~ 'B c6 hang 1a r thi ta c6 thé gia st ring r vector hang dau tién ctia né la doc 1lap
tuyén tinh. Diéu gia st nay hoan toan khéng lam m4t tinh ch&t téng quat ciia phucng
phap vi tich M “'B phu thudce vao M nén lic no ta ciing c6 thé sép xép lai thi tu cac
vector riéng bén phai ctia A trong M dé ¢6 dugc r vector hang d4u tién trong M~ 'B la
doc lap tuyén tinh.

Khi M™'B ¢6 r vector hang dau tién 1a doc lap tuyén tinh, tic la:

K, (3.77)
K )

n—r

M 'B =(
trong @6 K, 1a ma tran vudng khéng suy bién bao gém r vector hang diu tién cta
M ™'B, thi thay vi xac dinh 7 theo (3.75) ta chi 18y T', 1a ma tran nghich déo ctia K,

T, =K,* (3.78)
Lic nay, do T, chi con 1a ma tran kiéu rxr nén cong thtc (3.76) cing phai dugc stta d6i
lai cho phu hgp v6i phép nhdn ma tran nhu sau:

R =-T.(S,-G,) K, (3.79)

trong 46 S, , G, 1a cac ma tran vudng kiéu rxr dinh nghia nhu sau:

51 0 cee O ﬁ'l O e O
0 cen 0 0 e 0

Sr=| 3:2 ) G,=| . /12 oo (3.80)
0 0 - s, 0 0 - A4

D& biéu din dudc cac coéng thic (3.77), (3.78) dusi dang gon hon ta st dung mot
tinh chat sau ciia dai s6 ma tran. Néu:

M = (Cil’ LR a_n)
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12 ma tran modal ctia A , trong d6 a; , i=1,2, ... ,n 1a cac vector riéng bén phai cua A
tng v6i gié tri riéng 4; , i=1,2, ... ,n cta né thi khi bién d6i M~ ' vé dang:

T
b

T
b,
cac vector b;, i=1,2, ... ,n lai chinh la vector riéng bén trdi clia A ting véi 4;, ttc la

of (LI-A) = 07 véimei i=1,2, ... ;0 (3.81)

Véi tinh chét vita néu trén ctia ma tran A thi khi ky hiéu M, 1132 ma tran gdém r vector
hang dAu tién cia M ', ta sé c6:
b b7B)
Ml=|: |, T,=|": (3.82)
by b, B
Ta di dén thut toan xac dinh bd diéu khién R dich chuyén diém cuc cho d6i tudng
c6 hang ctia B 1a r va A 1a ma tran gidong duong chéo, nhu sau:
—  Xac dinh r vector riéng bén trai b, , ... , b, cia A theo cong thic (3.81).
-  Tinh M, vaT, theo (3.82).

— Xacdinh S, , G, tu s;,4;, i=1,2, ... ,n theo (3.80).
—  Tinh R theo cong thiic (3.79).

Dinh ly 3.34: B diéu khién R tdng hop theo thuat toan trén chi dich chuyén duge r diém
cuc A; , i=1,2, ... ,r trong s6 n diém cuc cia d6i tugng (gia tri riéng cta A) téi r gia
tri mong muén s; , i=1,2, ... ,r. N6 khong lam thay déi vi tri cAc diém cuc con lai
cla d6i tugng. N6i cach khac, hé kin thu dude s& c6 cac diém cuc 13 s, ... , S, ,

/lr+1 9 s /ln

Chitng minh:

Do gi4 tri riéng cia ma tran (diém cuc ciia hé) bat bién véi phép bién d6i tuong
duong nén gia tri riéng cia A—BR ciing 1a gi4 tri riéng cua:

M '(A-BR)M = G-M 'BRM = G+M 'BT,(S,-G,) M.:'M
T
K b
= G+[ r j Kr_l(sr_Gr) . (a_l 9 e 9 a_n)
Kn—r T
b,
Nhung vi:
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b’.lwa‘: 1 néu l:]
=/ |0 néu izj

K71

n—-r r

I
M Y (A-BR)M = G+ [K r ](S,—G,)(I, , 9)

trong d6 I, 14 ma tran don vi kiéu rxr. Suy ra:

-1 r Sr _Gr o
M “(A-BR)M = G+ 1 |8-G,, ©) = G+ 1

n-r ; Kn—rK; (Sr _Gr) o
s - 0 0 - 0
_ 0 SI‘ 0 O
X X Aria 0
X eee X 0 /171

v6i X 12 mot s6 thuc nao d6. Tt ddng thic sau cing ta ¢6 duge d.p.c.m. a

Vi du 3.34: Minh hoa phuang phap modal

Hay thiét k& bd diéu khién tinh, phan héi trang thai hoan toan cho d6i tugng c6 mé

hinh:
dx (0 2 1
—_= x + u
dt (1 - 1) = (OJ

dé hé méi nhan s,= -1 va s,= -3 lam céc diém cuc.
Do B c6 hang 1a 1 véi hang d4u tién ctia né doc 1ap tuyén tinh (khac 0) nén thuat
toan néu trén chi chuyén duge mot diém cuc. D6i tudng c6 hai diém cyc 1a A;=1 va

As=—2. Ta s6 sti dung thuat toan dé xac dinh R chuyén 1,=1 téis,;=-1.

Bay gid ta x4c dinh b, 1a vector riéng bén trai ctia d6i tugng ting véi 1,=1

1 -2 1
b (mI-4) =0" = Zz?(_l 2J=QT: Q1=[J

Tiép theo la:
Sl_Gl =-1-1=-2

Suy ra:
-1
M'=@1,1) va T, :{(1,1).[(1)]} =1

= R=-T,(S,-G,)M'=2(1,1)=(2, 2).
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Thit lai véi bo didu khién R tim dudge thi hé kin véi:

aoer= 1 5 fo)e =75
1 -1) o 1 -1

ro rang 13 ¢ mot diém cuc méi s;=-1 va mot diém cuc cit 1y= 2. a
Nhu vay, bé diéu khién R khéng chuyén dugdc tit ca n diém cuc 4, , i=1,2, ... ,n
cla d6i tugng téi n gia tri méis; , i=1,2, ... ,n nhu mong muén ma chi chuyén duge r

trong s6 chiing, néu nhu B c6 hang 14 r. Song véi k&t qua dinh 1y 3.34 thi diéu d6 hoan

toan khong han ché kha nang ting dung ctia thuat toan vi hai Iy do sau day:

1) Thoéng thudng, & cic bai toan téng hop theo nguyén ly cho trude diém cuc it khi

2)

ngudi ta dit ra van dé dich chuyén tit ca n diém cuc ma chi nhiing diém cuc mang
tinh quyét dinh t6i su thay ddi chét lugng ctia hé théng. N6i cach khéc, thuat toan
8 dugc ap dung truc ti€p cho bai toan c6 s cac diém cuc phai dich chuyén 1a r it hon

s6 cac diém cuc von cb ctia d6i tugng 1a n.

Trong trudng hop s6 cac diém cuc phai dich chuyén lai nhiéu hon r ho#c phai dich

chuyén toan bd n diém cuc cha d6i tugng thi dua vao dinh 1y 3.34 néi riing nhiing

diém cuc duge dich chuyén sé 1a cac diém duge sp xép trong S, ciing nhu trong G,

va thuat toan khéng lam thay d6i vi tri nhiing diém cuc con lai, ta ¢6 thé 1an lugt
thuc hién cac buée nhu sau:

a)

b)

¢)

St dung thut toan d& néu dé xac dinh bo diéu khién R; nhdm dich chuyén r
diém cuc A5 1=1,2, ... ,r téis;, i=1,2, ... ,r.

Xem hé théng gom d6i tugng va bd didu khién R; d4 tim dude nhu mot d6i

tugng méi. Vay thi d6i tugng méi nay sé c6 cac diém cucla sy, ... , S, , Ao,
e, Ay,. Sép x&p lai cac diém cuc, chdng han nhu theo tht tu 4, , ..., An=r »
Sper+1 » e » Sy Y01 lai st dung thuat toAn mot 14n nita dé tim bo diéu khién R,
thtt hai nhdm chuyén r trong s6 n—r diém cuc 4, , ... , A,_, téi cac diém cuc
méi sy, ..., S, (hinh 3.13).

Ct nhu vay, ta thuc hién budc b) T _i_)éi_IﬁaFmé_rﬁ &5

nhiéu 14n dé c¢6 dugc cac bo didu

1 1
1 1
1 1

i DPéi tugng | -
khién R, long nhau cho t6i da : didu khién :
chuyén dugc hét tat cid cac diém | :
2 N ~ A LN ! :
cyc. Cach tong hgp nhiing bd diéu ! R, :
khién R, 16ng nhau nhuvaydécs: | ~~~777TTTIZToTooTo

R=YR, 2]
k Hinh 3.13: Nguyén tic téng hdp bo diéu
duge goi 1a didu khién cascade. khién cascade nhd phuong phap modal.
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Vi du 3.35: Minh hoa thiét k& cascade véi phuong phap modal
Hay thiét k& by diéu khién tinh, phan héi trang thai cho déi tugng ¢ mé hinh:
dx 0 2 1
—_= x + u
dt (-1 3)7 (0
sao cho hé méi nhan s;= s,=—11am céc diém cuc.

Déi tuong c6 hai diém cuc 14 ;=1 va 1,=2. Do B c6 hang 1a 1 v6i hang d4u tién
ctia né doc 1ap tuyén tinh (khac 0) nén phuong phap modal truc ti€p chi c6 thé chuyén
duge nhiéu nhat mét diém cuc. Trude tién, ta sé chuyén A;=1 t6is;=—1. Theo (3.80):

S-G; =-1-1=-2
Vector riéng bén trai b, cua déi tugng ting véi 1,=1 la:

B (A I-4) =0 = l_aZ’G _§]=QT - gl=[1]

Suy ra:

-1
1
M'=@1,-1) va T, =[(1, —1)-[()}] =1
Do détacoR;:
Rl = - Tr(Sr_Gr) Mr_lz 2(1 ’ _1) = (2 ’ _2)
Th lai v6i bo diéu khién R, tim dudc thi hé kin:

(0 2} (1 (-2 4
o[22 3

6 cac gia tri riéng s,= —1, s9=4y =2. Nhu vay R; méi chi chuyén A,;=1 téis;=—-1 con
A9=2 thi khong.

Xem hé kin gbm d6i tugng da cho va bd diéu khién R, viia tim dude nhu mot dsi
tugng méi thi d6i tugng nay c6 mé hinh:

dx _(-2 4 1
—_—= X + u
dt [— 1 3] (0]

N6 c6 hai diém cuc 1;=2, Ay =—-1. Ta & tim Ry dé chuyén nét 4,=2 téis;=-1. T

-

4 —4
b (WI-4) =0 = 1_»?(1 1j=QT > by

-1
1
M'=(1,-4) va T, =[(1, -4)-[0]} =1
Ngoai ra:
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Vay:
Ry=-T.(S,-G,) M;'=3(1,-4) = (3, -12)

Thit lai v6i b didu khién R, tim duge thi hé kin:
—2 4) (1 -5 16
A-BR, = | @3, -12) =
-1 3) o -1 3

rd rang cb cac gia tri riéng s,= s,= —1. a

3.4.2 Diéu khién tach kénh

B& diéu khién phdn héi trang théi téch kénh Falb-Wolovich

C6 r&t nhifu bo diéu khién duge tng dung thanh cong lai chi dung dude cho hé
SISO, bd diéu khién PID 1a mot vi du dién hinh. Vi mong muén st dung cac bo diéu
khién d6 cho hé MIMO ngudi ta da nghi dén viéc can thiép so bo trude vao he MIMO,
bién mot hé thong MIMO thanh nhiéu hé SISO véi mdi dau ra y;(¢) chi phu thudc vao

mdt tin hidu dau vao w;(t).

Wy —-------= > Y1

Wy, Ym

Hinh 3.14: Muc dich clia diéu khién tach kénh.

Xét ddi tugng MIMO tuyén tinh, c6 m dau vao uq,usg, ... ,u,, vacing cé m diu ra

Y1sY2s v 5Ym MO ta boi:

{ﬁ = Ax+Bu
dt
y=Cx

D& tach kénh, ta phai xac dinh céc bd didu khién R va M nhu & hinh 3.14 mé t4, sao cho
d4u ra y,;(¢) chi phu thudc vao mét tin hiéu dau vao w;(¢) véi i=1,2, ... ,m. Su phu
thudc d6 duge mo ta trong mién thdi gian bdi phuong trinh vi phan bac r; hé s¢ hang:

dy: di Yy, dliy.
a;0Y; +ai1 dj;L + +ai,ri_1 dt,i;)lll + dt‘Zl

=bw;
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dliy. L gk
EA Y a4y == b, (3.83)
s oo O dt

trong d6 b; va a;;, i=1,2, ... ,m, k=0,1, ... , r;—1 1a cac tham s6 tu do dugc chon tuy ¥

theo chat lugng dét trudc cia tiing kénh. Néi cach khac, nhiém vu thiét k& dat ra 6 day
12 phai xac dinh hai by diéu khién tinh R va M dé véi né hé kin ¢6 ma tran ham truyén
dang duong chéo:

Gy(s) - 0
G(s) = ’ :
0 - G,
v6i cac phan tit G;(s) 1a nhiing ham truyén:
G(s) = b (3.84)
@ +a;S+ +ai’ri7lsri71 +5'
c6 cac hé s6 b; va a;p, i=1,2, ... ,m, k=0,1, ... , r;—1 dugc chon trudc, tuong ting véi
chét lugng mong mudn cla ting kénh, chdng han chon q;, a;;, ..., i1 la nhiing hé

s8 ctia da thiic Hurwitz dé G;(s) én dinh va b, =q dé c6 sai léch tinh bang 0.

Trudc hét ta ban téi van dé bacr;, i=1,2, ... ,m clia mo6 hinh (3.83), cling nhu cia
ham truyén (3.84) can phai cé, tiic 12 xét xem véi r; nhu thé nao thi v& phai cua (3.83)

chi c6 w;(¢) chti khong c6 cidc dao ham ctaa w;(¢).

Dé xac dinh r; cho riéng kénh thi i ta st dung khai niém béc tuong dsi t6i thiéu da

dugc dinh nghia 6 muc 3.2.1. Ky hiéu¢; , i=1,2, ... ,s la vector hang thii i cia ma tran
T
G

C, ticla C=| i |, thi bac tuong d6i t6i thiéu r; cho kénh thit i sé duge xac dinh theo
T
Cs

dinh 1y 3.5, ma cu thé 14 céng thiic (3.19) nhu sau:

=07 khi 0<k<r-2
(_:lTAkB =43 - !
£07  khi k=r-1
Khi d6 ta sé c6 tit phuong trinh mé hinh trang thai véi dau ra thi i:

_ T
Yi—= ¢ x

cac quan hé sau:

dy; d R T
dytl =c/ d—g‘: =c!' (Ax+Bu) = ¢f Ax (vi¢/ B=0")
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néu 0<gk<r;—1

=cTATx+cT AT'Bu=cT A+ ¢’ AT B-(Mw - Rx)
=’ (A’i — Al _IBR)§+QL.TA"' “1BMw

K&t qua trén cho thiy bac r; cta phuong trinh vi phan (3.83) chi c6 thé 1a bac tucng
d6ir; cua kénh tht i. Tu day ta suy ra duge cho (3.83):

-1
giT(A’i —A’i_lBR)g+ngAri_1BMy = - kzoaikngkz +bw;

va
r-1 -1
o (A’i —ArleR) =-Y apcl AP o TATIBR=CTAT+ Y gyl AR (3.85)
k=0 k=0
va
TAri_lBM — T pr;-1 —
[ w= biwi A ¢ A BM = (0’ ’O’bi ’O’ ’O) (386)
t phan t& th i
Viét chung lai (3.85) va (3.86) cho tat ca cac kénh i=1,2, ... ,m ta di dén:
n-1
T Ak T An
A+ AN
Q{Arl—lB kgo V35 4]
: R= : = R=E’'F (3.87)
T pr,-1 -1
A" B Y @At +e, A
E k=0
F
va
qew) (4000
: M=, . | > M=E'L (3.88)
T ar 1 oo .o
QmAr B 0 0 - b,
-
E ;

L

Hai cong thitc (3.87) va (3.88) chinh 12 16i gidi R va M cta bai toan tach kénh. Ciing
tit hai céng thiic 6 ma ta thdy didu kién dé bai toan c6 nghiém 14 E phai 13 ma tran
khong suy bién.

Vay thuat toan tim cac bo diéu khién R va M cho bai toan tach kénh s& nhu sau:
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1) Xac dinh vector bac tuong déi téi thiéu (rq, ... , r,,) cia déi tugng

2) Chon tuy § cac tham s6 b; va a;; , i=1,2, ... ,m, £=0,1, ... , r;—1. Ta cling ¢6
thé chon chiing theo chit lugng dinh trudc cho ting kénh, ching han:

a) Chonayy, i=1,2, ... ,m, k=0,1, ... , ri—1 dé c6
n-1 no—
ajota;st o ta, 45" st = (s=s;1)(5-85) o H(s—s,)
V6i8;1, Sigs .. »8;, lacac diém cuc chon trude cho kénh thi i.
L

b) Chon b,=a;, dé kénh thti i khong c6 sai léch tinh.

3) Lap cac matran E, F, L roi tinh M, R theo cic cong thic (3.87), (3.88).

Vi du 3.36: Thiét ké bo diéu khién tach kénh

Xét @61 tugng co hai tin hiéu vao, hai tin hiéu ra va ba bién trang thai mé ta béi:

d -1 1 0 10 010
fE_11 —2 1|x+|0 0l , y=
dt = {0 01
o 1 -3 01
Trudc hét ta xac dinh bac tuong d6ir, , ry clia hé.
0 10
¢ =1 = 'B=(0,1,0)[0 0/=(0,0)
0 01
-1 10
T _ _ T
= c;AB=(0,1,0) 0 0|=(1,1)=#0
0 1
Vayr, =2
0 10
— Tp _ _ T
¢y =|0 = c;B=(0,0,1)|0 0|=(0,1)=0
1 01
Vay ry=1

Tiép theo ta tinh:
T
AB 11 - 1 -1
E=|9"]= = E'=
¢, B 01 0 1
Bay gid ta chon cac hding s6b, , by VA aig, @11 5 Ggo Vi diéu kién by = a4, cling

nhu by = a5, dé khong c6 sai léch tinh, va tiing kénh 14 6n dinh, chdng han nhu:

bi=a; =2 , by =agy=3 , a1 =1
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Véi cac tham s6 dude chon thi:

L_[z 0] e ape) +agicl Av T A? _[—z 6 —4)
0 3)’ 0209£+95A 010

Suy ra cac b didu khién can tim la:

_ 1 -1)(2 2 -
M=E'L = 0)_ 3
0 1){o0 3 0 3
_ 1 -1)/(-2 6 -4 -2 5 -4
R=E'F= = )
0 1 0 1 0 0 1 0
Bd diéu khién tach kénh Smith—-McMillan

Phép bién d6i Smith-McMillan trinh bay sau day cho phép thiét k& cac bo diéu
khién nhim bién d6i moi ma tran ham truyén S(s) cla d6i tugng, khéng cin phai
vuéng, ttc 14 khong cin phai c6 gia thiét d6i tugng c6 s tin hiéu vao bing s6 cac tin hiéu
ra, vé dugc dang ma tran dudng chéo, tic la:

Gy(s) -+ 0

: - : G,(s) - 0 0 - 0
Go=| o Il hee Gy = 0 b

Lt 0 - Gy(s) 0 - 0

0 -« 0

Piéu d6 néi ring moi hé théng MIMO déu c6 thé tach dude kénh.
Phép bién ddi Smith-McMillan dua vao viéc thay d8i cc dong hay cot clia ma tran
bing nhiing dong, cot méi tuong duong (phép bién déi tuong duong). Ching bao gom:
—  Hoan d6i vi tri vector hang thi i v6i hang thi k cia S(s). Viéc nay tudng tng
phép nhan I,, véi S(s), trong dé6 I;;, 12 ma tran khéng suy bién thu dugc tir ma
tran don vi I sau khi d6i chd hai hang thit i va & (hoéc hai cot). Vi du:

1000 0)(t, —) (t, —
0000 1[[t, —| |t, —
I,;8()=]0 0 1 0 0|ty —|= |ty —
00010/, —| |t, —
0100 0)t;, —) |t —

—  Hoan d6i vi tri vector cot thit i v6i cot thi k& ctia S(s). Viéc nay tuong ting phép
nhan S(s) véi I;;, trong d6 I;, 12 ma tran khéng suy bién thu duge ti ma tran
don vi I sau khi d6i chd hai hang thit i va & (hoic hai cot). Vi du:
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S O o+
o O © ©

S(s)125=[£1 ty I3 14 §5]

o O = O O
SO = O O O
SO O © ~ O

01

— Hang thi i dugc cong thém véi tich cua ¢ va hang thi & trong S(s). Viéc nay

tuong ting phép nhan C;, véi S(s), trong d6 C;;, 1a ma tran khong suy bién thu
duge tit ma tran don vi I sau khi thay phan ti 0 tht i%2 bang phan té c¢. Vi du:

1000 0)(t; — 4 —
01 0 c 0|ty — totety —
C34S(s)=|0 0 1 0 O||t3 —|= L2 -
00010||t, — b,  —
0 000 1)ty — ts —

— Cot thi & dugc cong thém véi tich ctia ¢ va c¢ot thi i trong S(s). Viéc nay tuong
{ing phép nhan S(s) véi C;;, trong d6 C;; 12 ma tran khéng suy bién thu duge ti
ma tran don vi I sau khi thay phén t& 0 thit iz bang phén t& ¢. Vi du:

1 00 00O

01 0 c¢c O
S(s)C24=[£1 iy i3 1y §5] 00100 :[h Iy t3 tytciy §5]
B | ] ol U A

00 001

Phép bién d6i Smith-McMillan dude tém tit nhu sau:
4) Viét lai S(s) thanh %P(s), trong d6 d(s) 1a da thiic bdi s6 chung nhoé nhit caa
s

tat ca cac da thiic mau s6 cb trong cac phan ti cia S(s) va P(s) 1a ma tran c6 cac
phén ti 1a da thiec. Vi du:

1 -1
s2+3s+2 s2+3s+2 1 -1
215-4 2s2-5-8 1
S(s) = 32 3 == s2+s—4 2s®-5-8
$"+3s+2 s +3s+2| s”+3s+2 2_y 952 _8
s—2 2s—4 d(s) s S
s+1 s+1 P(s)

5) St dung cac phép bién déi tuong duong da néi & trén dé dua P(s) vé dang "dudng
chéo" bing cach dua dan cac phan ti khong ndm trén dudng chéo vé 0 théng qua
viéc cong trit hang va cot. Pidu nay da duge Smith-McMillan chuyén thanh nhiing
buéc ctia thuat toan sau:
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a) Datdy(s) = 1.
b) Chon d;(s) 12 uéc s6 chung 16n nhit ctia tat ca cac phan ti cta P(s). Vi du
dy(s) = USCLN{1, -1, s*+s—4, 2s%—s—4, s~4, 25>-8 } = 1

¢) Chon dj(s) 1a udc sd chung 16n nhat clia tat ca cac phan ti la dinh thic ma
tran vudng kxk 18y tit P(s). Vi du:

dy(s) =USCLN{det[ 1 -1 J,det( 1 J

s2+s-4 2s2-5-8 s2-4 2s2-8

2 2
det!| ;rs—4 2s 2—3—8 }
s“ -4 2s“ -8

= USCLN{ 3s%-2s-4, 3s>4, s(s~4) } = (s+2)(s-2)
d) Ma tran "dudng chéo" G(s) tuong duong véi S(s) s& c6 cic phan tit Gy(s) 1a:

G,(s)=——
U dGs) dy ()
Vi du:
_
1 0 (s+1)(s+2)
G(s)=————| 0 (s+2)(s-2) |= 0 s=2
s“+3s+2 s+1
0 0 0 0

Hinh 3.15: Thiét k& bd diéu khién tach
kénh theo Smith—McMillan.

Nhu vay phép bién d8i Smith-McMillan khéng cin cé gia thiét S(s) phai 14 ma
tran vudng va c6 E khong suy bién. Ma tran G(s) dugc tao thanh 1a tuong duong véi
S(s) theo nghia:

G(s)= S1(s)S(s)Sp(s)

trong d6 Sp(s) va Sp(s) 1a nhitng ma tran khong suy bién (v6i phan 1én cac gia tri s),
duge sinh ra tit nhiing phép déi hang cot ciia S(s). Chung chinh 14 hai b diéu khién
tach kénh d61 tugng S(s) nhu mo ta ¢ hinh 3.15.
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3.4.3 Diéu khién phan héi trang thai t3i uu

Piéu kién cdn va céc buéc tdng hop bd diéu khién t8i uu

Xét hé tuyén tinh tham s6 hang:

d
%2 _ Ax+Bu (3.89)
dt
trong d6 x=(x,, *1, ... , x,) € R" 1a vector trang thai vd u=(u;, u, ... , u,) e R™ la

vector céc tin hiéu diéu khién. Nhiém vu diéu khién t6i wu dit ra ¢ day 1a phai tim bo
diéu khién phan héi trang thai (hinh 3.16):

. L S )
u =-Rx trongdé R=(ry)=| i . 1 |erR™" (3.90)
Tm1 Tmn

sao cho khéng phu thude diém trang thai ddu x(0)=x,, hé 1a 6n dinh va luén cé:

T( "Ex+u"Fu)dt - min (3.91)
0 R

l\')lr—A

trong d6 E, F dugc gia thiét 1a hai ma tran déi xitng, E bdn xdc dinh duong va F xdc
dinh duong, tic 13 E=ET>0 va F=F'>0. Viéc gia thiét E,F d6i xtng khong lam mét
tinh téng quat cta bai toan, vi trong truong hop E,F khong d6i xtng thi ti tinh vé
huéng cia ham muc tiéu (3.91), ta hoan toan thay thé né dugc béi:

1 T
Q=5(Q+Q")
1% T
_I E+E ‘i F+F dt g_c‘
20 - = 2 = "
1°° —~
=—_[(xT X+ U Fu)d
2 o
véi Hinh 3.16: Thiét k& bd diéu khién
T T phan héi trang thai t6i uu
E=E+2E va ﬁ=F+2F

lai 12 hai ma tran d6i xting. Gia thiét E>0 (ban xac dinh duong) va D>0 (x4c dinh
duong) dé dam bao ring luén c¢6 @0, Vx,u va nhu vay bai toan t6i uu sé ¢6 nghiém.
Bai toan t61 uu trén c6 ¥ nghia ting dung nhu sau: Sau mot tac dong ttc thoi, vi du
nhu tac déng cta xung dirac 8(¢), danh bat hé (3.89) ra khéi diém can bang 1a gdc toa do
0 trong khéng gian trang thai R”, thi bo difu khién t&i wu (3.90) s& kéo hé quay trd lai
diém gbc 0 ban ddu va nang lugng @ chi phi cho qua trinh quay vé géc 0 d¢, tinh theo
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(3.91), 12 nho nhat. Chinh vi ¢6 § nghia nhu vay nén ham muc tiéu @ (3.91), thuc chat c6
dang nhu mét phiém ham (functional), con dude goi 1a ham tén hao (cost function).

D& xac dinh diéu kién cn, tic 1a diéu kién ma bd didu khién t6i uu R cin phai co,
ta thay bo diéu khién (3.90) vao ham muc tiéu (3.91):
Q :%M (E+ RTFR) xdt :éjf}@dt véi K =E+RTFR (3.92)
0 0

va vao md hinh hé thong (3.89). Khi d6 hé kin (hinh 3.16) s& c6 m6 hinh:

dx
dt

Theo yéu cAu bai toan t6i vu 14 hé kin con phai 6n dinh, thi bd didu khién R phai déng

(A BR)x+Bw Ax+Bw v6i A=A-BR

thoi lam cho @ >min va A = A— BR 1a ma tran bén.
Ky hiéu x(¢) 12 quy dao trang thai tu do ctiia hé kin (quy dao ting v6i w=0) thi:
x(t) = e*x, Vi x, = x(0) 1a diém trang thai dau

Thay vao ham muec tiéu (3.92) ta dugc:
17 4 \" 17 7( ATty A
ngi(e tgo) K(e xo)dt—gg O(e 'Ke t)godt

:Exo [_[ A" Ke Atdt}xo Zgngo v6i P = jeATtKeAtdt (3.93)
0
Nhu vay & day P phai 12 ma tran d6i xting, ban xac dinh duong, tic 1a P=P7>0, hoic
chit hon nita thi né con phai déi xting xac dinh dusng (P=P7>0), vi luén c6 @=0, Vzx,.
Diéu kién can dugc 4p dung & day 1a khi ham muc tiéu (3.93) cé gia tri nho nhat tai R
dinh nghia bai (3.90), thi tai d6 né phai théa man:
B_Q =0 & oP

o, ory,

=0 v6i i=1,2, ... ,m va k=1,2, ... ,n (3.94)
Tiép tuc, ti cAu tric cia ma tran P dinh nghia trong (3.93) ta con c6 véi AeAt = eAtA :
PA = [I eATtKeAtdtJA = é I (eATtK)(eAtA) dt = %j. (eATtK)(AeAt)dt
0 0 0

= ]?(eATtK)i(eAt)dt = eATtKeAt ) —Ti(eATtK) e‘zudt
dt 0 9 dt

~p JONTS
— eA tKeAt
0

~[ATeA  KeMdr = K - [ ATeA ' Ke®dt, viA gid thiét 1a bén
0

—-K-A" [ | eATtKeAtdtJ —-K-A"P
0
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Vay, ma tran P=PT>0 phai 1a nghiém cta:
PA+ATP=--K (3.95)

va day chinh 1 dang phuong trinh Lyapunov (3.42) ma ta da biét tu dinh ly 3.21. Ap
dung diéu kién can (3.94) vao phuong trinh (3.95) thi:

AT T T
P% oA" , 0K _ ,3A-BR) AA-BR)" , AE+R"FR)
I Iy i g g oy,

T T

o _pp OB IR prp_ R pp prp iR

Iy, Iy oy, oy,

PN (RTF PB) oR  ORT (FR—BTP) ye) (3.96)

Tik arik

trong dé © 1a ky hiéu ctia ma tran c6 tit ca cic phan ti déu bang 0. Do Ok 14 ma tran
Tik
¢6 phan ti thit ik bing 1, cAc phin ti con lai déu bang 0, nén:
(R"F- PB) oR
Tik
phai 1 ma tran c6 cot thi & 1a cot thi i cia RTF-PB, cac phan ti & cot con lai déu bing
0. Tuong tu:

oR" (FR —BTP) = ((RTF PB) oR j
arik Tik

14 ma tran c6 hang tht k& 12 hang thi i caa FR—BTP, cac hang con lai déu bang 0. Nhan

xét nay cho thay ti (3.96) ring FR-BTP phai ¢6 hang thd i déng nhat bing 0. Cho i
chay tu 1 t6i m ta dugc:

FR-B"P=0 < R=F 'B'P (3.97)
Cuoi cuing, thay ngugc (3.97) vao (3.95) ta di dén:

P(A-BR)+(A-BR)' P=-(E+R"FR)
& P (A - BF’IBTP) + (A - BF’lBTP)T P=-E- (F’IBTP)T F (F’lBTP)
&  PBF'BTP-PA-ATP=E wi (F-l)T = (FT)_I =F! (3.98)

Phuong trinh (3.98) c6 tén goi 14 phuong trinh dai s6 Riccati (ARE), né cho phép ta xac
dinh dugc ma tran P tu cac ma tran A,B,E,F da cho.

Téng két lai ta di dén diéu kién can, phat biéu nhu sau:

326



Pinh Iy 3.35: N&u u '=—Rx 1a tin hiéu didu khién t5i uu, tic 1a R 12 b didu khién phan
héi trang thai téi uu theo nghia cling lam cho @ »min va A=A-BR la ma tran
bén, thi né phai théa mén (3.97), trong d6 P=P>0 la nghiém cia phuong trinh dai
s6 Riccati (3.98).

Hai cong thiic (3.97) va (3.98) ctia diéu kién cin ciing tao thanh thuat toan thiét ké&
b6 diéu khién t6i vu R gbm cac bude nhu sau:
1) Xac dinh nghiém P d6i xting, ban xac dinh duong (P=PT20) cua phuong trinh dai
s6 Riccati (3.98).
2) Thay nghiém P tim dudc vao (3.97) dé c6 bo diéu khién t6i vu R.

Cha y: V@ thuat toan thiét k& trén ta nén luu y m&y diém sau:

-~ Néu P xac dinh duong thi duong nhién né cting ban xac dinh duong (P>0=P=>0),
nhung diéu ngugc lai khéng ding. Bdi vay trong truong hgp phuong trinh Riccati
(3.98) c6 ca nghiém ban xac dinh duong va nghiém xac dinh duong, ta chi nén 14y
nghiém x4c dinh duong. D& kiém tra tinh xac dinh duong ctia ma tran P, ta st
dung dinh ly 3.22 ctia Sylvester.

—  Hai budc thiét k& trén dudc xay dung hoan toan tit diéu kién can (3.94) cia ham
muc tiéu @ —min. Néi cach khac, néu phuong trinh Riccati (3.98) c6 nhiéu nghiém
thi khéng phai tdt ca cac nghiém d6 ciing déu dua dén bd diéu khién R cho bdi
(3.97) 1a t6i uu theo nghia dong thoi dat dude cd hai muc dich @ —»min va
A=A-BR la ma tran bén.

— Vi diéu kién c&n (3.94) chi dudc xay dung cho @ = min, chti khéng phai cho ma
tran bén A =A-BR nén ngay c trong trudng hop phuong trinh dai s6 Riccati
(3.98) chi c6 mot nghiém P bdn xdc dinh duong duy nhat, tic 1a chi ¢c6 mot bo diéu
khién R duy nhét, thi ta ciing chi méi dam bao duge ring sé c6 @ »min chi chua
khing dinh dugc A = A—BR c6 bén hay khéng, ttc 1a chua khing dinh dugde hé
kin c6 6n dinh hay khéong. Béi vay trong moi trudng hop ta luén phai kiém tra lai
tinh 6n dinh cta hé kin 6 hinh 3.16.

— T cong thiic (3.93) ta con thay gia tri toi uu
cia ham muc tiéu @ (gia tri nho nhit) con
phu thudc diém trang thai dau x,. Hon thé
niia, trong trudng hgp nghiém P ctia phuong
trinh (3.98) chi ban xac dinh duong, diém

cudi x_ =limx(¢) cla quy dao trang thai t6i
t—oo

¢

t=0 t=oc0
uu ciing rit c6 thé sé khong két thuc tai goc
toa @6 (do d6 hé khéng 8n dinh), giéng nhu
qu§ dao @ 6 hinh 3.17.

Hinh 3.17: Minh hoa quy dao trang
thai t6i uu cla hé kin.
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Vi du 3.37: Thiét ké bo diéu khién LQR

Xét @61 tugng c6 mo hinh trang thai:

ﬁzAx+Bu=0 0x+1uvéi A=O 0 véle
dt - 1 0/)— (0 1 0 0

Nhiém vu diéu khién 14 xac dinh bd diéu khién phan hdi trang thai t6i wu R 1lam hé 6n
dinh, ttc 14 sau khi bi nhibu tic thoi danh bat ra khéi gée 0 va bi dua dén mét diém
trang thai x;, nao d6 thi R sé& dua déi tugng quay trd lai dudc x..=0 va ning lugng t6n hao
cho qua trinh quay vé tinh theo:

< < 5 0 5 0
Q=l_[(xTEx+uTFu)dt:l_[ X! x+u’|dt véi E = vaF=1
2\ T T 0T 2517 L0 4)7 0 4

12 nhé nhat. Gid st P = (pl pgj , thi phuong trinh dai s6 Riccati (3.98) sé& la:
Ps Do
, pi—2py—5=0
[ i pﬂ;B]_[%S 1;2}_[173 gj:(g 2] e Ipt-4=0
p
Pibs b3 ’ Pips =Py =0

Hé phuong trinh trén cé cac nghiém sau:
- P3=2 ;p1=3;py=6
- Pp3=2;p1=-3;py=-6
- P3=-2;p1=1;py=-2
- p3=—2;p;=-1;py=2
trong d6 chi c6 nghiém diu tién mdi lam cho P xac dinh duong, do d6 né ciing 14 ban xac

dinh duong, téc la theo dinh ly Sylvester (dinh ly 3.22), nghiém nay c6 p;>0 va
DP1Ds —pg >0 . Suy ra:
P 3 2
2 6
va bo diéu khién R théa mén bai toan dude xac dinh theo céng thiic (3.97) 1a:

3 2

_ 1 1pTp _ _
R=F BP—(l,O)[z 6]_(3,2)

Do bd diéu khién t6i uu nay chua dam bao dude sé c6 x..=0 hay khong nén ta cin phai
kiém tra lai tinh 6n dinh hé kin. Hé kin (hinh 3.16) ¢6 mé hinh:

-3 -2 1
ﬁ:(A—BR)oc+Bw:[ 3 Jx+[ ]w
dt - 1 0)” \0

véi da thic déc tinh
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3 2
O:det(sl—(A—BR))zdet(s+1 ]=s2+33+2
- S
1 da thtc Hurwitz. Vay hé kin 1 én dinh. m)

Vi du 3.38: Thiét k& bo diéu khién LQR

Tim b6 diéu khién R phan hdi Am trang thai cho d6i tugng:

ﬂ=A.7C+Bu=0 2Jc+0uvc'ii A=0 2 va B=O
dt - 1 0)7 (1 1 0 1

d€ khi bi nhiéu ttc thsi danh bat ra khéi géc 0 va bi dua dén mot diém trang thai x o hao
d6 thi R s& dua d6i tugng quay trd lai duge x.=0 va ning lugng tén hao tinh theo:
7 < 3 4 3 4
Q=lj'(xTEx+uTFu)dt:l_f x! x+u?|dt véi E= vaF=1
2, - © ~ 2,7 4 13)7 4 13

P D3
P3s Do

[pl psj [OJ(O 1 (pl sz_[pl ng [0 2}_[0 1] (pl pgjz[?) 4J
py p)\1) Py py) \ps po)\1 0) \2 0){p;s py) \4 13

o [ p; —2p; pzp3-2p1-pz]=[3 4]
PaPs =2, — Py P§—4P3 4 13

14 nhé nhat. Ky hiéu P = ( j khi d6 phuong trinh Riccati (3.98) trd thanh:

P:)% —2p3 =3
And DgP3—2p; —py =4
P —4p; =13
Hé phuong trinh trén c6 cac nghiém sau:
- p3=3;p2=5;p1=3
- Pp3=3;py=-5;p,=-T7
- p3=-1;py=3;p;=-5
- p3=1l;py=-3;p;=1
nhung chi c6 nghiém dau tién la xac dinh duong, tic la thoa mén diéu kién Sylvester:

p1>0 , ppy-pi>0

Suy ra
p_ 3 3
3 5

Vay bd diéu khién R cin tim duge x4c dinh theo (3.97) sé 1a:

_ m1pTp _ 3 3)_
R=F B’P—((),l)[8 5]—(3,5)
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Bo diéu khién t6i wu nay chua ddm bao duge s& ¢6 x=0. Do d6 ta cin phai kiém tra lai
tinh 6n dinh hé kin. Hé kin (hinh 3.16) v6i bo phan héi (4m) trang thai R ¢6 mé hinh:

ﬂ:(A—BR)x+Bw=[O 2}x+(OJw
dt - -2 -5)7 (1

va da thiic d4c tinh ctia né

-2
0=det(sI—(A—BR))=det(s ]=32+5s+4
2 s+5
la da thtic Hurwitz. VAy hé kin 14 8n dinh t5i vu. a

Ban vé finh 8n dinh cla hé kin t8i uu va bai toén mé

Sau day, khéng mat tinh téng quat, ta s& xét cu thé tinh 6n dinh ctia hé kin phan
héi 4m 6 hinh 3.16, bao gém d6i tugng tuyén tinh (3.89) va bd diéu khién phan héi (Am)
trang thai t6i vu (3.97) c6 ma tran P 14 nghiém déi xitng bdn xdc dinh duong ciia phuong
trinh dai s6 Riccati (3.98). Viéc khao sat nay 1a cin thiét vi hai 1y do:

—  Thti nhat 14 trong phan dién giai truéc d6 va phan chiing minh sau nay cta dinh
1y 3.35, cong thic (3.95) da st dung gia thiét rdng diém cudi cia quy dao trang
thai t61 uu 1a géc toa dd nhu mot diéu méic nhién chd hoan toan khong duge kiém
chiing. N6i nhu vy dé thy ring bo diéu khién t6i vu (3.97), (3.98) tim dugc c6 thé
dua quy dao trang thai hé kin tit mét diém trang thai ddu x, tuy § cho trude téi

mot diém cudi x_ = lim x(£) bat ky nao khac ciing cho trude ngoai goc toa do, vin
t—seo

théa méan diéu kién (3.95). Khi d6 hé kin sé khéng 6n dinh.

— Tht hai, trong truong hop (3.95) c6 K xac dinh duong va phuong trinh dai s
Riccati (3.98), ma ban chat 1a tuong dudng véi (3.95), c6 nghiém P d6i xiing x4c
dinh duong (cht khong chi ban xac dinh duong), thi ti dinh 1y 3.21, ta dén ngay
dude A =A-BR 1a ma tran bén. Didu nay dam bao cho tinh én dinh ctia hé kin &
hinh 3.16. Tuy nhién kha ning tén tai tai nghiém P xac dinh duong ctia phucng
trinh dai s6 Riccati (3.98), chit khéng chi 14 ban xic dinh duong, lai hoan toan
chua dugc khao sat.

Trudc tién, ta gid st phuong trinh Riccati (3.98) c6 nghiém P d6i xting ban x4c dinh
duong va chi khao sat diéu kién da dé véi né bd didu khién t6i vu (3.97) sé 1am hé kin &
hinh 3.16 14 6n dinh. T gia thiét cta bai toan t6i wu ring phi€m ham muec tiéu (3.91) ¢6
E d6i xting ban x4c dinh duong va F d6i xting xac dinh duong, ta c6 dugc ngay véi dinh 1y
Barbalat tinh chét sau ciia diém trang thai cusi x..:

Quin =% g («"Ex+u"Fu)dt<eo =  lim(x"Ex+u"Fu)=0

t—>oo

& x'Ex_=0 va limu(t)=0 (3.99)

t—o ™
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Nhu vay, trang thai cudi x_ = lim x(t) cta quy dao t6i uu phdi la dang cdn bang ctia hé

t—co

kin, ttic 14 ho#c 14 diém can bing hoic 14 dao dong tu do (hinh 3.17).

Pinh ly 3.36: Gia st phuong trinh dai s& Riccati (3.98) c¢6 nghiém P d6i xting, ban xéac
dinh duong. Khi d6 bo diéu khién t6i wu phan héi (Am) trang thai (3.97) sé lam hé
kin & hinh 3.16 6n dinh, néu mot trong cac diéu kién sau dudc théa méan:

a) det(A-BR) # 0 va hé kin khéng dao dong.

b) E do6i xiing xac dinh duong,

¢) al(E+PA)a >0, Va#0 , hay (2E+PA+ATP) 1a d6i xting x4c dinh duong,
d) E+PBF'BTP dsi xting xac dinh duong.

Chitng minh:
a) Hé kin t61 vu 6 hinh 3.16 ¢6 mé hinh trang thai la:

‘ff =(A-BR)x+Bw

va diéu kién a) chi ring hé kin chi can bang duy nh4t tai géc. Suy ra x..=0.
b) Néu E d6i xting x4c dinh duong thi tit (3.99) ta ciing suy ra dudc x..=0.
¢) Thay cac céng thtc (3.97), (3.98) vao phi€m ham muc tiéu (3.91) thi doc theo quy dao

trang thai t6i vu sé& phai cé:

Q——_[(x Ex+u Fu) —%T(XT(E+PBF_1BTP)£)dt
0

=5 £ (ET(ZE +ATP+ PA)E) dt = I(J(E + PA)g)dt

Vi @ 1a gia tri hitu han (gia tri nhé nhat cia ham muc tiéu), tic 1a tich phan vé han & vé
phai 12 hdi tu, nén theo dinh 1y Barbalat, ham duéi dau tich phan phai tién vé 0. Diéu
nay din dén x..=0, vi a¥(E+PA)a >0 , Va=0.

d) Tu phuong trinh Riccati (3.98) va két qua ctia c) ta cé:

Q= I(;T(E + PA)E) dt = %I(ET(E +PA)x+x" (E+ ATP)g)dt

T(ET (E+PA+E+ ATP)g) dt = T(ET(E 4 PBF‘lBTP)g) dt
0 0

1 1
2 2

va diéu tuong tu lai xay ra nhu phan chtng minh ciu c). a

Chuyén sang bai toan thia hai 13 kha nang ton tai nghiém P xac dinh duong cla
phuong trinh dai s6 Riccati (3.98).

331



Bai toan md (Chua c6 I5i gidi): Xét phuong trinh dai s6 Riccati (3.98) v6i E, F 14 hai ma

tran dé6i xidng cho trudc, trong dé E ban xac dinh duong, F xac dinh duong va A, B

12 hai ma tran thuc. Hay xac dinh diéu kién cin va da cho A va B dé phuong trinh

c6 nghiém L d61 xting xac dinh duong.

Cap ma tran A va B lam cho phuong trinh Riccati (3.98) véi E, F 1a hai ma tran d6i
xting xac dinh duong cho truéc, c6 nghiém P ciing d6i xing xac dinh duong, dugdc goi 1a
cip ma tran én dinh Riccati. Tuy rang bai toan md trén chua c6 191 giai, song da c6 mot
s0 két qua nghién ctu thu duge duéi dang hé qua, lién quan téi n6é nhu sau:

— Néu A 1a Hurwitz thi ludn ton tai B dé (A,B) 14 6n dinh Riccati.

— Néu (4,B) 1a 6n dinh Riccati thi (aA,aB), Ya>0, cing én dinh Riccati.

—  Néu (A,B) la 6n dinh Riccati thi (SAS™',SB), VS khéng suy bién, ciing én dinh
Riccati (st dung phép ddi bién z=Sx).

— Néu (4,B) diéu khién dugc va E xac dinh duong thi (A,B) 14 6n dinh Riccati.

Phuong phdp tim nghiém phuong trinh Riccati

Bé qua bai todn mé trén day dé gid thiét rdng phuong trinh dai s6 Riccati ¢6
nghiém P d6i xting xac dinh duong, thi nhiém vu ciia cac phan tiép theo 1a phai xac dinh
duge nghiém dé.

Phuong trinh Riccati (3.98) khong phai 1a phuong trinh tuyén tinh nén can cé
nhiing phuong phap dac biét dé tim nghiém, néu nghiém d6 ton tai. Tén goi phuong
phap tim nghiém truc ti€p cia muc nay khong cé ¥ néi ring ta sé giai truc tiép phuong
trinh Riccati ma ngudc lai né sé& xac dinh P théa man (3.98) truc ti€p ti muc dich bai
toan téng hdp bd diéu khién t6i wu R 1am hé kin 6n dinh.

Phuong phép trinh bay sau day thudc vé Kleinman. DAy 1a mot thuat toan truy hoi
giai phuong trinh (3.98). Diéu dic biét ctia thuat toan nay la né khong chi xac dinh
nghiém P cta (3.98) ma con cho ra duge ludn bd diéu khién t6i uu R tinh theo (3.97) sau
mdi buéc 1ap.

Xuat phat tit cong thiic (3.98) va do P, F 1a nhiing ma tran d6i xtng, ta c6:

PBR = PBF 'B™ = pTB(F "BTpP = RTBTP
Bai vay cuing v6i phudng trinh Riccati (3.98):

PBF 'B"P-PA-A"P=E
ta di dén dugc:

(A-BR)'P+P(A-BR) = -E-R"FR (3.100)
va d6 chinh 1& phuong trinh Lyapunov (3.42) da biét tit dinh 1y 3.21.

Kleinman da dé xuét tim truy héi P, tit R, dua vao dang cai bién ctia (3.100):
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(A-BR,)"P, + P,(A-BR,) = -E— Rl FR, (3.101)
cling nhu Ry, tit P, v6i su cai bién (3.97) thanh:

R,., = F'B'P, (3.102)
trong d6 £=0,1,2, .... Gia tri khéi ddu R phai dugc chon sao cho (A-BR,) 1a ma tran
bén, ch:ing han nhd cac phuong phéap gan diém cuc (muc 3.4.1). Khi d6 tai mbi bude tinh
ta luoén thu duge ma tran bén (A-BR;,) va P, xac dinh duong. Day {P,} thu dudc sé hoi
tu dén nghiém P cta (3.100) va R;, héi tu téi nghiém R cua (3.97).

Tém tét lai, thuat toan Kleinman c6 nhitng buéc tinh sau:

1) Xac dinh R, sao cho (A-BR,) 14 ma tran bén bing cach st dung cac phuong phap
thiét k& bo diéu khién gan diém cuc. N&u ban than ma tran A da 12 ma tran bén thi
¢6 thé chon R,=0.

2) Thuec hién 1an lugt véi £=1,2, ... cac buée sau:

a) Giai phuong trinh Lyapunov (3.101) dé ¢6 P, tit R,.
b) Tinh R, tit P, theo (3.102).

Nhu vay, thuat toan ctia Kleinman c6 st dung thém phuong phap tinh giai phuong
trinh Lyapunov. Hién c6 kha nhiéu phuong phap hitu hiéu phuc vu viéc giai phuong
trinh Lyapunov. Nhiéu phuong phap trong s6 chiing con dudc cai dit thanh céng cu
chudn rét tién ich (chdng han nhu lénh lyap cla MatLab).

Bén canh céc phuong phap tinh d6, néu dé ¥ thém t6i tinh bén cta Ak = A-BR,,
tic 1a tat ca cac gia tri riéng cua Ak nim bén trai truc ao, thi nghiém P, clia phucng
trinh Lyapunov (3.101) con c6 thé duge xac dinh truc tiép theo cong thiic:

L, = [eM'Ee™dt, trongds E,= E+R!FR,
0

Cuoi ciing, con mot diéu can ban dén 1a khi ndo thi nén két thiic qua trinh tinh truy
héi trong thuat toan Kleinman. Ta th4y do diy {P;} héi tu dén nghiém P nén qua trinh
tinh truy hdi c6 thé dugc két thiic néu nhu sai s6 | L,+1—-L; || da théa man diéu kién cho
phép:

IZy+1-Lill<e

trong d6 £14 mot s6 duong dt nhd duge chon trude. Chuan ma tran |Ly.,—Ly| thuong
duge ding 13 chuén bac hai, tic 14 gia tri suy bién 16n nhat ciia ma tran:

[P = Bull= A (B = BT (B = )

V61 Apay 12 ky hiéu cta gia tri riéng 16n nhat.
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3.4.4 Diéu khién bam (tracking control) biing phan hdi trang thai

Bai toan dat ra ¢ day 1a diéu khién déi tugng SISO mo ta béi:

ﬁ =Ax+bu
dt - - (3.103)
y=clx

sao cho tin hiéu ra y(¢#) ctia n6 luén bam dugc theo tin hiéu mau y,,(¢!) mong muén.
Nhim can thiép vao d6i tuong (3.103) dé dat duge nhiém vu dit ra, ngudi ta vita c6 thé
thiét k& by didu khién (phan hdi trang thai hodc tin hiéu ra), vita c¢6 thé xéac dinh tin
hiéu dat u,,(¢) thich tng & ddu vao. Trudc tién, ta xét bai toan c6 déi tugng don gidn véi

dang chuén diéu khién theo bién z:

0 1 0o - 0 0
dz 0 0 1 - 0 :
—==| . . . .|zt u
t : : : . : 0 (3.104)
-ay —a; —ay —a,_ 1 1
y = (51 ’ 62 3 bl En)é

w U | PGitugng | Y
(3.104)

Hinh 3.18: Diéu khién bam véi ddi tuong (3.104)

N

C6 thé th&y ngay, khi sit dung b diéu khién phan héi trang thai R =a’ véi:

u = w+a_T§ trong d6 a_T =(ag, @15 eee s Qp_q)
thi do hé kin ¢ hinh 3.18 lic niy ¢6 md hinh:

o1 -0 0

dz |: + . :
== z+| |w
t 150 (3.105)
00 -0 1
y=(615625”'56n)§
= w——dZ” _2y va =2, +C &+ R 4"z
dt di" Y =62 16 dt n gt
nén & dau vao ta chi can dit w,, (¢) véi:
n
W) = —— S Im) (3.106)
€ +CeS+ 0 +0C,8"
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trong dé W,,(s) 1a anh Laplace cta w,,(¢t) va Y,,(s) 1a anh caa y,,(¢), 12 s& nhan dudc

¥, (t) & ddu ra nhu mong muén (hinh 3.18).

M3 réng ra cho d6i tugng (3.103) ban dau, ta thiy dé gidi quyét bai toan thi don
gidn nh4t 14 tim phép d6i bién z=Sx chuyén né6 vé dang (3.104) ma cu thé la:

92 _ Azibu
dt - =
y=c'z
v6i1
0 1 0 0
A=SAs'=| | p=8b=|’ (3.107)
0 o .- 1 - - 10
_ao _a1 v _an71 1
va e =c"ST=(¢ 0, 0, 0,)
ciing nhu cac phan tti a,, £=0,1, ... ,n—1 trong (3.107) 1a hé s6 ctia da thiic dic tinh

cia déi tugng (3.103), tic la:
det(sI-A)= ayta s+ - +an_1sn—1+sn

Nhé lai dinh 1y 3.32 thi phép d6i bién &6 chinh la:

s=| & voi sT=(0,0, . 1)(b,Ab, -, A"B) (3.108)
§TAn71

Tuong ting, bd diéu khién phan héi trang thai R 2=a T dugc thay bang (hinh 3.19):

Rx=Rz=a"Sx (3.109)

St dung thém dinh 1y Cayley-Hamilton (dinh 1y 3.8) dé bién déi tiép coéng thiic
(3.109) cho bd diéu khién phan héi trang thai R, ta con dén duge:

n-1
R=aTz=7Y sTa,A" = —sTA" (3.110)
k=0
w u Déituong | Y
(3.103)
X
Hinh 3.19: Didu khién bam cho ddi tugng (3.103) —
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Téng két lai ta di dén:

Dinh ly 3.37: Néu d6i tugng (3.103) 1a diéu khién duge thi by diéu khién phan héi trang
thai (3.110), véi §T va ma tran S dugc xac dinh theo (3.108), cling nhu tin hiéu mau
dat truée w,,(¢) thoa man (3.106), trong do:

(1,8, ,6,)=cTS™

s& tao 6 diu ra cua hé kin (hinh 3.19) tin hiéu y,,(¢) nhu mong muén.

Tuy ring da tao dugc ¢ diu ra clia hé kin (hinh 3.19) tin hiéu v,,(#) mong mudn,
song do khi d6 hé kin ¢6 mé hinh trang thai theo bién z 1a (3.105), tic 1a ¢6 diém cuc
$=0 boi n nén hé kin ¢ hinh 3.19 14 khong 6n dinh. Piéu nay néi ring néu trong qua
trinh diéu khién, c6 mét tin hidu nhidu tic thoi lam trang thai z(¢)=Sx(f) cta hé kin
léch ra khéi qu§ dao mong mudhn z,,(¢) ¢6 anh Laplace (Z,, Z4, - , Z,)" véi cac phan

ti duge suy ra tit mé hinh (3.105) va cong thiic (3.106) nhu sau:

k-1
Y
Zy(s) = Zy(s)=——5 Tm(®) — ., k=12, .. .0
€ +Cy8+ - +C,S
_dy d" 'y
= 2k :[ym ) d—;" s W—lm (3.111)

trong d6 y,,(¢) 1a tin hiéu c6 anh Laplace:
Y,.(s)

€ +CyS+ -+ +C,S

Y, (s)= (3.112)

n-1

thi sau d6 hé sé& khong tu quay vé dudc vector quj dao mong muén z,,(¢) nay. Bdi vay,
nhiém vu tiép theo 1a ta phai lam cho hé kin (hinh 3.19) 6n dinh, ttc 1a phai can thiép
thém bing mét b diéu khién R, sao cho véi n, sai léch:

e =22,
tién duge vé 0 (hinh 3.20). Piéu nay tudng duong véi viéc xac dinh R, dé ma tran:

A+b@’ -R,) (3.113)
c6 tat ca cac gia tri riéng s; , ... , s, niam bén trai truc o.

Pé tim R . ta lai ap dung dudc cac phuong phap gan diém cuc ma & day tién lgi nhat

14 phuong phap Ackermann (vi chi ¢c6 mdt tin hiéu vao, ciing nhu A va é da c6 dang
chuéin diéu khién). Ching han, khi ky hiéu

Re:(r15r27"'7rn)

thi do (3.113) lic nay tré thanh:
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A+b@’ -R,)= '
bla ) 0 0 1
R T
nén cac phn ti r, £=1,2, ... ,n cta bd didu khién R, dugc xac dinh mét cach don gidn
tit nhiing gi tri cho truéc sy , ... , s,, ndm bén trai truc ao theo:
(s—51)(s=89)(5=8,) = ri+rgs+ - +r,s" 1+s" (38.114)

Ddituong| ¥
(3.103)

Ym | B6 tao céc
fin hiéu mau

Hinh 3.20: Thiét ké& bd didu khién gan diém
cuc dé 8n dinh hba hé théng diéu khién
bam cho d6i tugng (3.103).

Cubi cung, téng két lai ta di dén:

Pinh ly 3.38: Hé thong diéu khién c6 ciu tric mé ta & hinh 2.20 véi w,, (¢) 1a tin hiéu
mau dat truée théa man (3.106), ma tran S duge xac dinh theo (3.108), z,,(#) la
vector trang thai miu (3.111) ca cac tin hiéu y,,(¢) dugdc xac dinh theo (3.112),

R,=(ry, rg, ... , ;) c6 cac phan ti r, , k=1,2, ... ,n xac dinh tit nhiing gia tri
riéng s; , ... , 8, cho truéc ndm bén trai truc ao theo (3.114), sé tao ra dugc & dau

ra clia d6i tugng (3.103) mdt tin hidu y(¢) luén bam theo tin hiéu mau mong mudn
¥, () cho du cé tac dong ctia nhidu. Néu cac gia tri riéng s, , ... , s, dudc chon

nim cang xa truc ao vé phia trai, téc do baAm cang cao.

Chitng minh: Xem phan dién giai & trén.

3.4.5 Diéu khién phan héi trang thai thich nghi
Trong diéu khién ta thudng hay gap nhiing bai toAn ma & d6 mo hinh mé ta déi

tuong c6 chita nhiing thanh phan bit dinh. Ngudn géc ctia nhitng thanh phan b4t dinh
nay c6 thé 1 sai 1éch mé hinh (d& duge phan tich vé tinh bén viing ctia hé kin & chuong
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2) va ciing c6 thé 1a do su tac dong cta céc tin hiéu ngoai sinh khong biét truée. Ching
dugc goi chung lai duéi tén goi 1a cac tac dong tap nhidu (disturbance).
M5 hinh b4t dinh cta cic d6i tugng tuyén tinh MIMO déu c6 nét chung nhu sau:

%:AJ_C+B|:E+G(§)(1:| (3.115)

trong @6 x(¢£)e R™ 1a vector bién trang thai, u(¢)e R™ 1a vector cac tin hiéu dau vao (tin
hiéu diéu khién) va d(¢)e R” 1a vector cac thanh phin bat dinh (khéng biét trude va
ciing khong do dugc) ctia d6i tugng, A va B 1a hai ma tran hing, con G(x) 1 ma tran cé
cac phén ti phu thudc x. Nhiém vu dat ra & day 1a phai thist k& bo diéu khién phan hdi
trang thai dé diéu khién d6i tugng (3.115) sao cho hé théng ¢6 duge chit lugng mong
mudn va chit lugng nay khong dude phu thudc vao vector tap nhidu d(¢) cia mé hinh
déi tugng (3.115). Bai toan d6 c6 tén goi 1a didu khién thich nghi khdng nhiéu.

Trudng hop déi tugng dé cé chdt lugng mong mudn khi khéng cé nhiéu

Truée tién, xét truong hop don gidn 1a 6 d6i tugng MIMO (3.115) ta da biét thanh
phan nhidu d= d . Khi dé né sé dugc loai bé hoan toan bing tin hidu bu u=w-G(x) d &

d4u vao va hé (3.115) s& c6 md hinh mau 1y tudng:

d.
In — Ax, +Bw (3.116)
dt -
trong d6 A 14 ma tran cé gia tri riéng s; , ... , s, nim bén trai truc do tuong tGng véi

chat lugng mong muén. Diéu nay, theo dinh ly 3.21, phuong trinh Lyapunov (3.42):
ATP+PA = -@ (3.117)
{ing véi ma tran @ déi xting xac dinh duong cho truée, ludn c6 nghiém P duy nhat ciing
d61 xting va xac dinh duong.
Nhung vi gia thiét 8=d— E =0 1a khong thé, hay ludn tdn tai sai léch b4t dinh 620
nén thuc t& khi duge bu bang u=w-G (x) E , hé phai c6 m6 hinh:

% = Ax+B[w+G(x) 0] (3.118)

T day ta di dén ¥ tudng 14 chuyén nhiém vu diéu khién sang hiéu chinh thanh phén sai
léch ba't dinh 6(¢) dé hé (3.118) ludn bam duge theo mé hinh mau (3.116), theo nghia:
e=x—x, >0 (3.119)

Thay (3.116) va (3.118) vao (3.119), dugc:

% = Ae+BG(x)0 (3.120)
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St dung ham xac dinh duong:
V(e.0) = ¢"Pe + 8"HO

v6i H 1a ma tran d6i xiing xac dinh duong chon truéce tuy y va P 1a nghiém d6i xting xac
dinh duong ctia phuong trinh Lyapunov (3.117), sé c6:

T T
AV _[de) ppyotpde [0V pp, g0
dt \dt) — ~ dt \dt) ~ 7
= (Ae+BGO)T Pe + T P(Ae + BGO) + ZQTH%
= eT(ATP+ PA)e +2(BGO)T Pe + QTH% =—eTQe+26" (GTBT +H

0
dt
Bdi vay, 46 —— xéc dinh 4m theo bién e, diéu kién dé ¢6 e—0 ta chi cin hiéu chinh
6(t) theo:
4 gGTBTpe
dt -

ttc 14 chi cAn b thém & dau vao u mdt thanh phén tin hidu £(¢) nhu sau (hinh 3.21):

de _
= = _H'G(x)"BTPe
dt = = (3.121)
&=Gx)0
w ¥ | pa&ituong X
(3.115) -
BU bdt dinh
p (3.121)
Hinh 3.21: Biéu khién khang nhiéu hé tuyén tinh
bat dinh c6 ma tran hé théng 1a ma tran bén. M6 hinh méu

(3.116)

Cha y: V6i bo bu bat dinh (3.121) ta c6:

_ T
7 e Qe

nén téc do tién vé 0 cla sai léch e, dude quyét dinh bdi cac gia tri riéng clia ma tran Q.

Néu cac gia tri riéng clia ma tran @ d6i xing, xac dinh duong (nén cac gia tri riéng la
nhiing s6 thuc duong) cang 16n, toc do tién vé 0 cla e sé cang cao.
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Trudng hop téng quét

Trong trudng hgp ddi tugng bat dinh ban dau (3.115) véi ma tran A chua cé dugc

nhiing gia tri riéng s; , ... , s, mong mudn, thi t4t nhién ta c6 thé can thiép so bd trude
béng bo diéu khién phan héi trang thai R (hinh 3.22) &€ c6 dugc:
% = (A-BR)x+B[v+G(x)d] (3.122)

v6i ma tran A=A-BR nhan nhiing gia tri riéng cho trude d6 1lam diém cuc. Sau d6 lai
ap dung bd bu bat dinh (3.121) va mé hinh mau tuong ting:

dx,,

= (A-BR)x,,+Bv = Ax,,+Bw (3.123)

Dé xac dinh bo diéu khién R tit hai ma tran A, B cta d6i tugng (3.115) va cac diém

cyc mong muéns; , ... , s, théa man:
det(sI- A) = det(sI-A+BR) = (s—s,)(s—s3) -+ (s-5,)
ta ap dung cac phuong phap thiét k& bo diéu khién gdn diém cue da biét & muc 3.4.1.

a) b)

1R

Y1 5situong P3i tuong
(3.115) > (3.115)

| I
<
1R

| I
N

v

B& diéu khién
; g | (3120 |
BU bét dinh = 1=
é (3.121) 'Tdb .| M& hinh mau
¢ T- 3.123) [z,
M6 hinh méu
(3.123) Lm Hinh 3.22: Diéu khién khang nhiéu déi tugng

bat dinh tuyén tinh bat ky.

Hinh 3.22a) mé ta ciu tric diéu khién khang nhibu néu trén. Néu dé y thém ring:
u=w+é-Rx = w+G(x)0—-Rx
- 9

thi ta c6 thé ghép bo diéu khién phan héi trang thai R va bd bu bat dinh (3.121) chung
v6i nhau thanh mot bd diéu khién thong nhat nhu sau (hinh 3.22b):

a8 _ -H'G(x)T BT Pe
dt = = (3.124)
¢=G(x)0-Rx
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trong d6 H 12 ma tran ciing d6i xiing xac dinh duong dugc chon tuy § va P 1a nghiém d6i
xting xac dinh duong cta phuong trinh Lyapunov:

ATP+PA=-Q véi A=(A-BR) (3.125)
c6 @ 1a ma tran ddi xting, xac dinh duong chon truéc.

Chi y: Do A la ma tran bén nén phuong trinh Lyapunov (3.125) véi @ 14 ma tran
d6i xting, xac dinh duong cho truée ludn cé nghiém P d6i xiing xac dinh duong (duy
nhAat).

3.4.6 Diéu khién phan héi tin hiéu ra

Pat vén dé
Trong phan nay ta sé ban téi bai toan thi hai da duge dua ra 6 muc 3.4.1 (hinh
3.10b). D6 12 bai toan tim bd diéu khién R phan héi d4u ra cho d6i tugng:
{ﬂ = Ax+Bu
dt

y=Cz

trong d6 Ae R™", Be R"*™, Ce R™"

{ﬁ: (A-BRC)x+Buw
dt

sao cho hé kin thu duge v6i mé hinh:

y=Cx
¢6 dugc cac diém cucs; , ... , s, la nhiing gia tri cho trudc.

D& thiét k& bo diéu khién modal phan héi ddu ra R, ta ciing b4t du véi thuat toan
tim b diéu khién modal phan héi trang thai R, , rdi sau d6 tim cach chuyén diém héi
tiép titx vé y nho ma tran Qe R™™" (hinh 3.23). Ma tran @ phai théa man:

QC =1 (3.126)

Néu C khong suy bién thi ta dé& dang cé dugc:

Q=C"
Khi C suy bién, ma diéu nay thudng géip phai (vi C 1a ma tran khéng vuéng, cé n hang, r
cot), ta phai tim @ bing cach gidi hé phuong trinh (3.126) véi n> phuong trinh cho nxr
an s6'1a cac phan ti cia Q. N&u r2n thi c6 thé (3.126) con c6 nghiém, song ngudge lai khi
r<n hé phuong trinh (3.126) thudng 14 v6 nghiém. Truong hgp vo nghiém nay lai hay

gdp & cac bai toan diéu khién, vi néi chung s6 bién trang thai ciia d6i tugng bao gis cling
nhiéu hon s6 cac tin hiéu d4u ra cta né.
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Hinh 3.23: Phuong phap thiét
k& modal phan héi dau ra.

DR Qe

Ngudi ta danh phai chdp nhan mot giai phap dung hoa hon 14 khong tim @ théa
man (3.126) ma thay vao d6 la:
ceec =cC (3.127)
Phuong trinh trén ldc nao ciing c6 nghiém @, tham chi 14 v6 s6 nghiém. Mot trong cac
nghiém d6 la:
Q =c’cchH™ (3.128)
Tt day ta c6 thuat toan tim R gébm cac budc nhu sau:
— St dung thuat toan modal phan héi trang thai da cho trong muc 3.4.1 d8 tim b
diéu khién R, (c6 thé 1a gom nhiéu bo diéu khién 16ng nhau).
- Tim @ thda man (3.127). C6 thé xac dinh @ theo (3.128).
- TinhR=R,Q

Song mot diéu cin chi ¥ 14 hang ctia @ théa man (3.128) khong 16n hon hang cta C,
ttic 12 khong thé 16n hon r, nén hang cta bo diéu khién R tinh theo (3.129) ciing chi ¢6
thé nhiéu nhét 1a ». Piéu nay néi ring by diéu khién R khong thé chuyén hét duge n
diém cyc cit A; , ... , A, (14 gia tri riéng cta A) téi n vi tri méis; , ... , s, (& gia tri
riéng cia A—-BRC) ma nhiéu nhat chi c6 thé 1 r trong s6 chiing.

Thuat toan trén con ¢6 moét nhuge diém 16n han ché kha ning tng dung so véi thuat
toan tim R, phan héi trang thai 1a cic diém cuc khéng duge dich chuyén ciing bi 4nh
hudng. Chinh xéc hon 1a ching ciing duge dich chuyén song khéng téi duge vi tri da chon
truée. Nguyén nhan ndm d ma tran @ da dudc tim theo (3.128).

Vi du 3.39: Minh hoa phuong phap modal phan héi dau ra

Xét déi tugng c6 md hinh:

d 3 2 1 1 0 10 0

GE_| 9 1 4 x+|—-1 O|u va y= X

dt =010
-2 -2 -4 0 1

Cung v6i by didu khién phan héi trang thai R
9 -5 -1
R, =
-3 -3 -3
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hé kin thu duge c6 cac diém cuc
§1=-2, s9=-3 va s3=—4

Dé chuyén bd didu khién phan héi trang thai R, thanh b diéu khién phan héi dau
ra theo (3.129) ta phai tim ma tran @ théa méan (3.127). Tim @ theo (3.128) ta dudc:

1 1
Q=clcechHt=|-2 -1
1 0

va bo diéu khién R phan héi diu ra la:

11
-9 -5 -1 -8 -4
R=R.Q = 9 -5 _g —1|="8
-3 -3 -3 0 0
1 0

Véi bo diéu khién R phan hdi dau ra do, hé kin ¢6 mo6 hinh:

; 11 6 1 1 0
d—fz(A—BRC)oL+B&= 10 -5 4 |x+|-1 0|lw
2 -2 -4 0 1

va céc diém cuc 1a s,= -2, s9= -3, s3= —1. Nhu vay diém cuc s5 d4 bi dich chuyén mot

cach khong mong muén ti vi tri cit —4 téi vi tri méi —1. a

Do khéng kiém soat dugde cac diém cuc khong duge dich chuyén nhu vy ma ciing
khong st dung dude nhiéu 14n thuét toan tim R phan hdi ddu ra nhdm tao nhiing bd
diéu khién cascade giéng nhu & phuong phap phan héi trang thai. Hon niia ciing vi
khong kiém soat dugde cac diém cuc con lai nén rat cé thé ching lai bi di chuyén té6i
nhiing vi tri bat 1¢i cho chat lugng hé théng, ching han nhu sang phia phai truc 0. Do
d6 thuat toan khong cé y nghia @ing dung.

C6 18 khi doc d&n phan nay, mot s6 ban doc sé& c6 cau héi 1a tai sao khéng xac dinh
@ giong nhu 7', khi phai chuyén tin hiéu hdi tiép vé tit sau ra truéec khéi M~ 'B & thuat
toan thiét k& bo diéu khién phan héi trang thai. Tic 1a ciing chia CM thanh:

L

r
n—-m

CM:[
L

v6i gia thidt C c6 hang 1a r va tich CM c6 r vector hang d4u tién 14 doc lap tuyén tinh.
Sau d6 xac dinh @ la:

Q=L
Ta sé& thay cach suy nghi tu nhién d6 sé din dén truong hop 1a v6i by diéu khién R tim
duge hé kin ¢6 diém cuc 14 gia tri riéng cla (xem lai 161 chting minh dinh 1y 3.34):

343



M Y(A-BRC)M = Sm
X Ay 0
X e X 0 ln

v6i X 12 mot s6 hang nao d6. Néi cach khac, né sé khong c¢6 duge cac gia tri riéng sq , ...
, s, nhu bai toan dat ra, tham chi chila s; , ... , s, 6 bai toan chuyén m diém cuc
trong s6 n diém cho trudc ciing khéng duge (v€ phai khong phai 14 ma tran tam giac).
Cubi cting, ta khong nén bi quan 1a s& khong c6 bd diéu khién gan diém cuc nao lam
viéc theo nguyén 1y phan héi tin hiéu ra. Vi du, don gidn nh4t 13 ta vAn c¢6 thé st dung
b6 diéu khién modal phan héi trang thai, cong thém cac bd quan sat xac dinh trang thai
x tU nhiing tin hiéu vao u vara y, la ta da c6 bo diéu khién phan héi tin hiéu ra y lam
viéc gian ti€p theo nguyén 1y gan diém cuc (hinh 3.24).
Nhu vay, bai toan thiét k& bs diéu khién phan hdi dau ra dude thay bing bai toan
thiét k& bd quan sét trang thai. Cé hai bé quan sat trang thai dién hinh la:
— B0 quan sat Luenberger va

— B0 quan sat Kalman (con goi 1a b loc Kalman)

wooou DG tugng Y
_ diéu khién -
Hinh 3.?4: biéu khién phan hc‘).i daura B X [ B quan sat 'J
nhd bd quan sat trang thai. x [ trang thai
B6 quan sdt Luenberger
Xét déi tugng hop thic chéit véi mé hinh trang thai:
dx _ Ax+Bu
dt - T (3.130)
y=Cx+Du

Y tudng chinh ctia phuong phap thiét k& bo quan sat trang thai Luenberger 1a st dung
khau c6 mé hinh:

%:A§+BE+L(3/—C§—DE) (3.131)
lam bd quan sat dé c6 duge su x4p xi z=x it nhat 1a sau moét khodng thoi gian T da

ngén, néi cach khéc 14 ¢6 dude (hinh 3.25):
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le@le=lx@®-—2z®le =0  khi ¢T. (3.132)

Nhiém vu thiét k& 1a xac dinh L trong (3.131) @8 c6 dudc yéu cau (3.132). Trude tién
ta lap sai léch tit hai mé hinh (3.130), (3.131) va dudc:

e(t) = x(t)-z()

= % =—d(£d;§) = A(x-2)- L(y-Cz~Du)
= A(x-2z) - L(Cx+ Du—-Cz - Du)
=(A-LC)e

Nhu vay, ré rang dé e(t)—0 thi A—-LC phai 1a ma tran bén. Sai léch e(¢) sé cang tién
nhanh vé 0, ttc 1a thoi gian T can thiét cho viéc quan sat tin hiéu vao ra sé cang nho,
néu cac gia tri riéng cia A—LC ndm cang xa truc 4o (vé phia —). Do d6 ta c¢6 thé cha
dong tim L v6i mot téc do tién vé 0 cia e(¢) da duge chon trude bing cach x4c dinh L sao
cho A-LC c6 cac gia tri riéng phut hop véi téc do dé.

Néu dé y thém rang gia tri riéng clla ma tran bat bién véi phép chuyén vi, thi cong
viée xac dinh L sao cho A~LC c6 dudc nhiing gia tri riéng chon trude ciing ddng nghia
v6i viée tim LT &:

Aa-Lo)y"=a"-c'L”

nhan cac gi4 tri cho truée s; , ... , s, lam gia tri riéng va do6 ciing 12 bai toan thiét k&
b6 diéu khién cho truée diém cuc da duge trinh bay tai muc 3.4.1. Néi cach khac, bai
toan xac dinh bd quan sat trang thai Luenberger chinh 12 bai toan thiét k& bo diéu khién
cho trude diém cuc Gng véi hé déi ngdu clia déi tugng da cho. Piéu kién dé ap dung duge
phuong phap thiét ké& cho trude diém cuc 14 d6i tuong phai diéu khién dugde thi nay,
théng qua hé d8i nglu duge chuyén thanh diéu kién d6i tugng phai quan sat dugc.

u ﬁ:A.&‘FBl
dt
y= Cx+Du

1N

Hinh 3.25: B quan sat trang thai clia ' ﬁ =Az+Bu+ L(y—-Cz—-Du)
Luenberger. dt - - - - -

Ta di dén thuat toan tim L cha bd quan sat trang thai Luenberger cho déi tugng
(3.130) quan sat dudc gbm hai buéc nhu sau:

1) Chon truée n gia tris; , ... , s, c6 phin thuc 4m tng véi thoi gian T mong mudn dé
quan sat tin hiéu vao ra. Cac gia tris; , ... , s, dudc chon ndm cang xa truc ao vé
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phai trai (c6 phan thuc cang nhd) so vdi cic gia tri riéng clia A, thi thdi gian T sé&
cang ngén va do d6 sai léch e(¢) cang nhanh tién vé 0.

2) Su dung céac phuong phap da bigt nhu Roppenecker, modal ... dé tim bd diéu khién

L7 phan héi trang thai gan diém cucs; , ... , s, cho ddi tugng:
% =ATx+C"u

ttc 12 tim L thoa méan phuong trinh can bang:

det(sI-A+LC) = (s—s1)(s—sg) -+ (s=s,) , Vs (3.133)
u ﬁ:Ax+Bu
= dt -
y= Cx+Du

%:Ag+Bg+L(Z—C§—Dg)

Hinh 3.26: Hé théng diéu khién kin c6 su tham gia clia bd quan sét trang thai Luenberger.

Mot diéu cin chd ¥ 1a b quan sat trang thai thudng duge st dung kém véi b diéu
khién phan héi trang thai (hinh 3.26). Néi cach khac trang thai z(¢) tim duge sé 1a tin
hiéu d4u vio ctia bd didu khién. Béi vay thdi gian xac dinh trang thai x&p xi z(¢) cha d6i
tugng khong thé cham hon thsi gian thay d8i trang thai x(¢) ctia ban than d6i tugng. T
day suy ra diéu kién chon s;, ... , s, cho bd quan sat 1a chiing khéng dugc ndm bén
phai céc diém cuc ctia d6i tugng (cac gia tri riéng clia ma tran A) do bd diéu khién phan
héi trang thai R mang lai, tic 1a gia tri riéng cia A-BR.

Gidm béc bd quan sat Luenberger
Xét doi tuong 1a hop thiic chit (D=0) tic la:
dx

—==Ax+Bu , xeR"
dt (3.134)

y=Cx , yeR"

Khong m4t tinh tong quat néu ta gia st ring ma tran C véi Rank(C)=r c6 r cot dau tién
ctia né 1a doc 1ap tuyén tinh. Khi @6 ti (3.134) véi:

x
y=Cx=(C ,Cz)[;1j=01§1+02§2 , CLerR™, x eR”
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trong d6

T s T
X = (xla eee xr) va Xg = (xr+1a see xn)
ta da xac dinh ngay dugc r gia tri trang thai ddu tién x,, ... , x, trong sd n bién trang
thai mét cach rat don gian theo cong thic:
x; = Cr'(y - Cyxy) (3.135)
v6i gia thiét 1a da bi6t n—r trang thaixy = (%41, ... , X,) . Bdi viy nhiém vu ctia bo

quan sat trang thai bay gid chi con 14 xac dinh x, € R™™" tit tin hiéu vaora u ,y .

Viét lai md hinh d6i tugng (3.134) theo bién trang thai méi:

[gl _[ClNy=Coxy) | (it —cicy (Y Y)_ga[=
L2 X3 e ! Xo Xo EY)

C
véi phép bién d6i tuong duong C , ta cé:

y) - - - o (y) -
DI 26 (Ax+ Bu) = CA| T |+ 6 Bu=C"AC| 2 |+C'Bu
dt X - X9 - X9 -
:(Al Agj y +[Blju: Ay +Ayx, +Bu
Ay Ay )\xy) \By)™ |Ayxy+Agy+Bou
== —
CTAC C-'B

trong d6 A;, Ay, A3, A,, B, By la nhiing ma tran con cia C'AC va C™'B c6 s& chiéu
tudng tng. Tu day ta suy ra dudc:

dx u I
&2'=A4z2+(BZ,A3)[yJ va y=——Ay-Bu=4x,

Vay, thay vi phai st dung bd quan sat (3.131) v6i bac n, ta chi can sit dung bd quan
sat bac n—r cho hé con trén véi cau tric:

dz u _
d—;:A4§+(Bz ’As)(z}rL(Z—Azé)

2 A CEURN R LA .z EEPN 9 N A P N A
c6 ma tran L phai tim dé tat ca gia tri riéng cia A,~LA, ndm bén trai truc ao, diéu kién

N N 30 3R 2 T s 3~ 2 - ~ ~ 2 2
cAn va dua dé ¢6 z > x, =(%.q , X9, =+, %,) . Khiddco x,e R" ta cling sé c6 cac
e PR . T
bién trang thai con laila x, =(x; , %y, -+ ,x,) € R" theo (3.135).

Bd quan sat Kalman

V6i bo quan sat trang thai Luenberger, phai sau khodng thdi gian T nhat dinh ta
méi phét hién dude su thay déi trang thai x(¢) trong d6i tugng. Diéu nay da han ché kha
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ning ting dung cua né, tic 1a né chi st dung duge khi nhiéu tac déng vao hé thong la
nhiéu tic thdi va khoang thdi gian gifia hai 14n nhidu tac dong khong duge nhoé hon T.

Da c6 ldc ngudi ta tim cdch nang cao kha ning ting dung cho bd quan sat
Luenberger bang cach gidm thdi gian quan sat T thong qua viéc chon cac gia tri riéng
$1, ... , 8, cang xa truc 4o vé phia trai. Song diéu nay lai gip su gi6i han bdi kha nang
tich hop bd quan sat, vi khong bao gio ta c6 thé tich hop duge mot thiét bi k§ thuat cé
hing s6 thoi gian nho tuy ¥ (hing s6 thdi gian cang nhod, gia tri riéng ndm cang xa truc
40 vé phia trai). Nhiing thiét bi c6 hing s§ thdi gian rat nhé dén nbi c6 thé bé qua duge
(quén tinh gan bing 0) 1a khéng ton tai trong thuc té.

Qxl
n
Ly
d
u 9L _ Ax+Bu+ n, J
; X+Bbu+n
y=Cx+Du+n,
Hinh 3.27: B6 quan sét trang thai cla 2 P |
Z z
Kalman. <—d—;=A§+Bg+L(y—Cg—Dg)A

Dé loai bd nhuge diém trén ctia bo quan sat trang thai Luenberger mot céch triét
dé, Kalman da dé nghi phai xét luon sy tham gia cdc tin hiéu nhidu n,(¢) va n,(¢) cta
d61 tugng trong quéa trinh xac dinh ma tran L ctia bo quan sat. Néi cach khac mé hinh
mb ta d6i tugng phai thé hién duge su tham gia cta tin hiéu nhibu.

Xét d6i tugng bi nhiéu n,(¢), n,(¢) tac dong, mo ta boi:

dx _ Ax+Bu+n,
dt - T = (3.136)
y=Cx+Du+n,
Hai tin hiéu ngiu nhién n,(¢), n,(¢) dugc gia thiét la:
—  Chiing 14 tin hiéu ngau nhién egodic.
—  Chung c6 ky vong (gia tri trung binh) bang 0, tic 1a m, =m, =0.
— Ham hd tuong quan caa chiing c¢6 dang xung dirac:
T
r, (¥) = M[n (tn, (t+7)] = N, 87
(0 =M[n O t+0)] = N, &)
trong d6 M[-] 1a ky hiéu cho phép 14y gia tri trung binh (ky vong), N, va N, l1a
hai ma tran hing déi xtng, xac dinh duong.

- n,(?), n,(¢) khong tuong quan véi nhau va n, khong tuong quan véi x.
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Bd quan sat trang thai ctia Kalman, hay con goi 1a b6 loc Kalman—Bucy, cling ¢c6 md
hinh gidng nhu b quan sat ctia Luenberger (3.131), ttc la:

dz

7 =Az+Bu+L(y-Cz-Du) (3.137)
nhung khac véi Luenberger, Kalman da tim L sao cho:
n
Q = M[ng] = Y M[e?] - min! (3.138)
i=1

trong d6 e(¢)=x(¢)—z(t). Cé6 thé thdy ngay dudc ring néu c6 (3.138) thi ciing phai c6
e(t)—0, vi dé tich phan v6 han:

T
Q=Mle"e] = lim — [ e edt
e'el=Jim ] e

hoi tu thi ham duéi d4u tich phan phai tién vé 0. Nhu vay trong bd quan sat Kalman sé
chtia dung ludn ca tinh chat cia bd quan sat Luenberger.

Tu (3.136) va (3.137) ta co:

& —a-10)e+n,~Ln,
Suy ra:

e(t)= o(A-LOY o - j P(A-LC)(t-7) [Qx(f) _ L@y(fﬂ dr (3.139)

0
Thay (3.139) vao (3.138) ¢6 dé y dén cac gia thiét vé n,(¢), n,(t), sau d6 tim L dé @

¢6 gia tri nhd nhét bang cach x4c dinh nghiém cta ?)_I;Q: 0, v6i g—glé ky hiéu chi ma
tran Jacobi ctia @ ta sé nhan dugc:

L" = N;'cp (3.140)
trong d6 P 1a nghiém ctia phuong trinh Riccati:

PC" N;'CP-PA"-AP = N, (3.141)

Diéu thu vi 6 d4y 1a cac cong thiic (3.141) va (3.140) dé xac dinh b6 quan sét trang
thai Kalman hoan toan giéng nhu (3.97) va (3.98) & bai toan thiét k& bo diéu khién t6i
uu phan hdi trang thai (bai toan LQR da néi 6 muc 3.4.3), trong d6 vai tro cia d6i tugng
(3.89) nay dugc thay bing hé d6i ngiu véi né nhung khéng cé nhidu:

X _ 4Ty i 0Ty (3.142)
dt - -
va ham muc tiéu (3.91) thi dugc thay bdi:

Qx = = [ (" Nx+u’ N,u)dt (3.143)
0

1
2
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T day ta dén dudc thuat toan tim L cho bo quan sat trang thai Kalman theo mo
hinh (3.137) gdm cac buéc nhu sau:
1) Xéac dinh hai ma tran N, va N, 12 ma tran ham hb tuong quan cta n,(t), n,(2).
2) Thiét ké bo diéu khién t6i uu phan héi trang thai LT phan héi Am (bd didu khién
LQR) cho d5i tugng d6i ngiu (3.142) va phiém ham muc tiéu (3.143).
3) Thay L tim dudc vao (3.137) @8 c6 bo quan sat.

Thiét ké bd diéu khién t3i uu phdn héi ddu ra LQG

Bay gi ta chuyén sang bai toan tdng quat hon 14 thiét k& bo diéu khién t6i wu phan
hoi tin hiéu ra cho d6i tugng c6 nhiéu n, (), n,(t) tac dong, duge mo ta béi (3.136), sao
cho véi no co:

Qp = %J'(ETE§+ETFQ)dt — min (3.144)
0
|
n,
w u ﬂ=A3£+Bu+n_x Y Yy
— ————»

o > dt

y=Cx+Du+n,

z .

RLQR:F_IBTL 0 d—;=A§+Bg+L(2—C§—Dg)

1N

Hinh 3.28: Hé thdng diéu khién phan héi dau ra LQG (Linear Quadratic
Gaussian) dugc xay dung theo nguyén ly tach.

Bo diéu khién phan héi dau ra LQG (inear quadratic Gaussian), md ta & hinh 3.28,
12 b diéu khién bao gdm mot bd diéu khién phan héi trang thai téi uu Rygr dude thiét
ké& theo thuat toan da trinh bay & muc 3.4.3, ttc 1a cho d6i tuong khong cé su tac dong
ctia nhiéu (bai toan LQR):

ﬁ=A3€+Bu,
a - - (3.145)
y=Cx+Du

va phiém ham muc tiéu (3.144), con sy anh hudng cua nhiéu n,(¢), n,(t) s& duge gidm
sat (dudc loc) bdi bé quan sat trang thai Kalman (3.137), trong dé L dugc xac dinh theo
(3.140) va P 1a nghiém ctia phuong trinh Riccati (3.141).
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Nhu vay, dé thiét k& bo diéu khién LQG ta phai st dung hai 14n thu4t toan thiét k&
b6 diéu khién LQR:

- Lén tht nhét la dé xay dung bd diéu khién phan hoi trang thai t6i uu Rrgp cho
d61 tugng (3.145) théa man (3.144).

— Lan tht hai 1a dé xac dinh ma tran L cta bd quan sat Kalman theo (3.140) véi P
12 nghiém ctia phuong trinh Riccati (3.141), hay LT chinh 1a b6 diéu khién phan
héi trang thai t6i uu LQR cho d6i tugng d6i ngau (3.142) va phi€m ham muc tiéu
(3.143).

K&t luan vé chdt lugng hé kin: Nguyén ly tach

Bay gio ta sé kho sat sy anh hudng ctia bd quan sat trang thai d6i véi chat lugng
hé kin phan héi dau ra théng qua vi tri cac diém cuc cta ching.

Trudc tién ta xét hé kin phan héi ddu ra mé ta & hinh 3.26, bao gém bo diéu khién
phan héi trang thai va bo quan sat trang thai Luenberger 6 mach hdi tiép. Hé kin nay cé
tin hiéu vao w, tin hiéu ra y, mo ta bdi:

dx x

—;=A.£+BE=A£+B(L_U—R§)=(A , —BR)(_j+Bli1
z

va %=A§+BE+L(Z_C§—D2)=A§+B(1£_R§)+LC(£_£)

= LCx+(A-LC-BR)z+Bw=(LC ,A—LC—BR)[£}+Bz£
z

Ghép chung cac phuong trinh d6 lai v6i nhau sé duge mé hinh trang thai hé kin:

R P N ("

B&i vay diém cuc ctia hé s& 1a nghiém ctia phuong trinh dic tinh:

det| T4 BR -0 (3.146)
-LC sI-A+LC+BR

Do dinh thtic ciia ma tran khong thay d6i néu ta thém hoidc b6t nodi dung cia mét hang
hay cot mét gia tri gdm t6 hop tuyén tinh clia nhiing hang hay cot khéc, nén phuong
trinh d4c tinh (3.146) sé tuong dudng véi:

sI-A+BR BR sI-A+BR BR
det =0 o det =
sI-A+BR sI-A+LC+BR (] sI-A+LC
& det(sI-A+BR) det(sI-A+LC) = 0

Hoan toan tuong tu ta cling c6 cho hé LQG st dung b quan sat Kalman vi khi so
sanh v6i bd quan sat Luengerger, thi hai bd quan sat nay chi khic nhau 6 phuong thtic

xac dinh ma tran L :
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—  Luenberger xac dinh theo nguyén téc cho trude diém cuc,
—  Kalman xac dinh theo cuc tiéu phi€m ham muc tiéu,

Tu day ta rat ra dude két luan:

Binh ly 3.39: B quan sat trang thai cia Luenberger va cia Kalman khong lam thay d6i
vi tri cac diém cuc cit det(sI-A+BR)=0 cta hé théng. N6 chi dua thém vao hé
théng cac diém cuc méi 14 nghiém cta det(sI-A+LC)=0.

Dinh 1y 3.39 nay (con goi 1a dinh 1y tach) cho thay & hé tuyén tinh, viéc thiét ké bo
diéu khién phdn hoi tin hiéu ra la tdch dudce thanh hai bai todn riéng biét gom bai todn
thiét ké" b diéu khién phdn hoi trang thdi va bai todn thiét ké b quan sdt trang thdi

(nguyén ly thiét kétdch).

Cha ¥: Néu d6i tugng c6 bac n thi hé kin phan héi diu ra & hinh 3.26 hoiic 3.28 s& ¢6
2n bién trang thai x, z va mo hinh trang thai day da cta hé kin 1a:

2o A_;@%BRJ@;@J@

(3.147)
y=Cx-DRz+Dw=(C, —DR)(‘J+D1£

Z

M6 hinh (3.147) niy c6 ma tran hé thong kiéu 2nx2n. Tuy nhién, vi gitia hai vector
trang thai thanh phan x, z ¢6 quan hé x4p xi x~z nén c6 nhiéu kha nang hé kin tré
thanh hé khéng c6é bac nhé nhat. Trong trudng hop nhu vay hé kin sé chia cac bién
trang thai thita z. Do d6 né s& khong théa mén cac tiéu chuén diéu khién dude, quan sat
dugc da duge dé cap d muc 3.3.3 va 3.3.4 va ma tran ham truyén caa hé:

Ge)=(C, -DR)| T4 BR (B),p
Sy -LC sI-A+LC+BR) |\B

ciing rét c6 thé sé chi co bac 1a n.

Vi du 3.40: Minh hoa phudng phép thiét k& bo diéu khién phan hoi dau ra theo nguyén ly tach
Xét d6i tugng didu khién bac 2 SISO mo ta béi:

1 2 1
ﬂ: x+ u=Ax+bu va y=x,=(0,1)x=cTx+du
dt -1 1) (0 - -

trong do

x:[le,A:(l Zj,b:m va ¢=(0,1), d=0
— \x -1 1)~ (0

Bo6 diéu khién phan hdi d4u ra theo nguyén 1y tach, bao gdm bo diéu khién phan hdi
trang thai R va bd quan sat trang thai Luenberger (3.131) 1am hé kin & hinh 3.26 6n
dinh v6i tat ca cac diém cuc déu bing -2, ¢6 cac ma tran:
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R=(r,, rg) va Lz[llj
L

duge xac dinh nhd phuong phap truc ti€p cin bing cac hé s6 hai v€ ctia phuong trinh
(3.63) va (3.133) nhu sau:

R=(ry, ry) = det(sI—A+QR)=det(s_11+r1 _2”2]:(“2)2

s—1
2 2 n-2=4
= s°+(n-2)s+(B-n-np)=s"+4s+4 &
3-n-nr=4

53 R=( ,n)=(6, -7
va

-2+

l -1
L=|"'| = det(sI-A+Lc")=det y
1 s-1+]

_ 2
L J—(s+2)

l,-2=4

=N S+ -2)s+(B -1 L) =s"+4s+4 & {3_11_1224

ol

Nhu vay mé hinh (3.147) ctia hé kin véi 4 bién trang thai x,, xo, 27, 29, dudc viét lai cho
hé SIS0, sé la:

1 2 -6 1 1
d(x A -bR x) (b -1 1 0 0f|=x) |0
- = + T |w= +| |w
di\z) (LT A-Le"-bR)\2) (B 0 -7 -5 16|\z) |1
0 6 -1 -5 0
— —
A b

va  y=(c", ‘dR)(ﬂerw:wg]

2

trong d6 z = [ j . Suy ra, hé kin c6 ham truyén la:

23
G(s)=c"(sI-A)'b=(0 1 0 0)

hay
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X X X x\(1
G(S)Z;(O 10 0) (s*+10s+41) x 6s+37 x
det(sI — A) X < x  xl1
X X X x )\ 0
_—32—43—4_ -1

(s+2)*  (s+2)?
trong d6 x 1a nhiing phan tii ta khong cdn phai quan tAm trong tinh toan.

Tt cong thiic ham truyén nay ta nhan thay mic di mé hinh trang thai 1a bac 4 (c6
4 bién trang thai x;, xg, 21, 25), song vi c6 chiia hai bién trang théi thita, ma cu thé &
day 1a z=(z;, z5)7, nén cuéi cing bac clia ham truyén G(s) tuong tng gidm xudhg chi
con bing 2.

Ciing nhan dip & vi du nay ta xac nhan lai 1an niia nhan dinh truéc day é muc 3.3.3
va 3.3.4 (xem vi du 3.21) v& su ton tai cac hé diéu khién dude, nhung lai khéng théa man
tiéu chuéin Kalman hay Hautus. R rang hé kin phan héi tin hiéu ra thu duge & vi du
nay 1a diéu khién duge ciing nhu quan sat duge, song md hinh trang thai bac 4 ctia né lai
khéng théa man tiéu chuédn Kalman cho trusng hgp diéu khién dude:

1 -5 16 —44
. 0 -1 4 -12
Rank(b Ab A% A3b):Rank =2<4
= = 0= = 1 -5 16 -44
0 -1 4 -12
e’ 0 0 0
~T 7
A 1 1 0 0
va Rank < __|=Rank =4 )
T A2 2 1 6 -7
oAl -1 -89 -11 117

Két qua vi du trén dan ta t6i két luan tdng quét cho riéng hé SISO phan héi dau ra
theo nguyén ly tach nhu sau:

Pinh ly 3.40: Bo diéu khién phan héi diu ra theo nguyén ly tach cho d6i tudng diéu
khién SISO béc n nhu mé ta & hinh 3.26:

% pvvbu, y=cTsrdu v xeR”

6 khong 1am thay d6i diém khéng ctia d6i tugng. Hé kin ¢6 ham truyén bac n 1a:
sI-A —QJ

et( 7
d
Gs)=—— = )
det(sI - A+ bR)
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Chitng minh:
Tu mo hinh trang thai hé kin:

C PR S LR (R

ta c6 ham truyén:
-1
s[-A bR b
Gs)=(c", -dR)| = b 4-B6)
- —Le¢* sI-A+Lc" +bR b A(s)

trong d6 B(s) 1a da thic ti s§ va A(s) 1a da thic mau s6 cia ham truyén. Theo noi dung
dinh Iy 3.39 ta c6 ngay:

A(s) = det(sI - A+bR)-det(sI - A+ LeT)

va véi cong thic (3.62) suy ra tit cong thiic cia Schur dé tinh dinh thic cia ma tran khéi
ciing nhu tinh chdt ring dinh thiic cia ma tran khéng thay d6i néu ta thay hang/cét caa
né bing téng tuyén tinh giia né véi hang/cot khac, thi:

s[—A bR -b sI-A+LcT  —sI+A-LcT 0
B(s)=det| ~-Lc" sI-A+Lc" +bR -b|=det| -LcT sI-A+Lc" +bR -b
e’ —dR d c’ —dR
sI-A+Lc" e 0 sI-A+Lc" e 0
=det| -Lc” sI-A+bR -b|=det| -Lc” sI-A -b
2T ET —dR d ET ET
T sI-A -b
=det(sI —A+Lc" )-det r -
C
Vay
r sI-A -b sI-A -b
det(sI —A+Lc")-det T d_ det r d_
Gs) = B _ 4 4 I

A(s)  det(sT-A+bR)-det(sI —A+Lc?)  det(sI - A+bR)

Piéu khién khéng nhiéu bdng phan héi ddu ra

Tuy ring viéc gan diém cuc bing phan héi d4u ra truc tiép khong kha thi trong
nhiéu trudng hgp, nhung thay vao dé ta lai c6 dinh 1y tach (dinh 1y 3.39) cho phép thuc
hién dugdc gian tiép théng qua bd quan sat trang thai. Hon thé niia, v6i bd quan sat
trang thai ta khong nhiing chi gan duge diém cuc con nang cao dude ca kha nang bén
vitng véi nhidu Gauss n,(¢), n,(t), tac dong vao hé théng nhu mé ta ¢ mé hinh (3.136),
nhd bd quan sat trang thai Kalman. Song phuong phap diéu khién gian tiép nay bing
dinh 1y tach lai c¢6 nhuge diém c6 ban 1a lam tang g&p d6i bac cta hé kin so véi bac cia
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d6i tugng diéu khién, do d6 ciing tao ra thém su phiic tap cho dong hoc ctia hé théng. Bdi
vay, sé 1a khong t6t, néu ta ci bdo thi ap dung nguyén 1y tach cting bo quan sat trang
thai Kalman cho moi bai toan diéu khién c6 su tac dong cta nhiéu, ké ca nhidu d6 1a do
dude. Phuong phap diéu khién khang nhiéu n(t) do duge sau day sé cung cdp cho ta
thém mot kha ning thist k& b didu khién bén viing ma khoéng 1am tang thém bac cho hé
théng.

Xét hé bi nhiéu n(¢) tac déng, mo ta bdi:

X _ Ax+ Bu+En(t)
ae - 7= (3.148)

y=Cx

va gia thiét ring nhidu n(¢) 1a do dugc (hoiic nhan
dang dugc). Nhiéu n(¢) nay tac dong vao hé thong
qua ma tran E. D& khang lai su anh hudng cia

nhidu trong hé, ta st dung bd diéu khién phan
héi dau ra (hinh 3.29):

Hé
(3.156)

u=w-Ry-Kn
trong d6 R va K 13 hai b6 diéu khién cin tim.
Mb6 hinh hé kin la:

% =(A-BRC)x+(E - BK)n+ Bw

Hinh 3.29: Diéu khién khang nhiéu

Bdi vay, dé loai bd hoan toan dude nhiéu n(¢) ra khéi hé kin, ta chi cAn chon K sao cho:

E-BK=0 < E=BK = K=BTB) 'BTE (3.149)
Bo diéu khién R con lai sé dugc chon dé hé c6 dude chit lugng mong mudn, chdng han
nhu dé @& chuyén dich cac diém cuc khong 6n dinh sang bén trai truc ao.

Ngoai ra ta con thdy dude ring cong thic (3.149) thist k& bo didu khién K 1a kha
thi, vi v6i hé (3.148) diéu khién dugc c6 bac n t6i thiéu v6i m<n tin hiéu vio ta luén cé
Rank(B)=m va do d6 ma tran BTB kiéu mxm s& c6 Rank(B'B)=m, nén la ma tran
khéng suy bién, do dé nghich dao dudc.

3.4.7 Loai bd sai léch tinh bing bd tién xtr ly
O cac muc trude ta di nhiéu 14n dé cap dén van dé sai léch tinh trong hé kin. Sai
léch tinh nay vAn c6 thé tdn tai ngay ca khi hé én dinh. Didu nay lam cho dap tng Z(t)

chi bam dugc theo dang ctia tin hiéu lénh w(¢), cht khéng phai bam theo ban than w(¢),
ttic 1a & ché d6 xac 1ap sé ton tai sai léch tinh. Nhim loai bd sai léch tinh nay ngudi ta
thudng tién hanh mot trong hai giai phap:
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—  Tao cho hé hd c¢6 thanh phan tich phan (dinh 1y 2.28).
— St dung thém bb tién xt 1y V (hinh 3.30).

a) b)

w e

Poitugng | = <

I Poitugng | = <
diéu khién

diéu khién

Hinh 3.30: Loai bd sai l&ch tinh bang bo tién xtr ly.

Trong khi gidi phap tht nhat dude 4p dung nhiéu & hé SISO thi gidi phap thi hai
kha thich tng cho hé MIMO, dac biét khi ma bo diéu khién R dude thiét k& theo phuong
phap gan diém cuc. Hon nita, viéc dua thém vao hé hé khau tich phan dé& din t6i nguy co
lam thay ddi vi tri cac diém cuc da duge gan nén giai phap thi hai cang cé tinh uu viét.

Gia st rang d6i tugng dudge mo ta béi (hinh 3.30):
—_— = A&"‘BQ ) Z = C£

va d6i tugng duge diéu khién theo nguyén ly héi ti€p bang bd diéu khién R (tinh). Tin
hiéu phan héi vé c6 thé 1a trang thai x nhung ciing c6 thé 1a diu ra y . Trong ca hai
trudng hop, hé kin chua c6 bo tién xti 1y V sé ¢6 mé hinh:

dx _

22 - Ax+Bw , y=Cx
dt - - = -

trong do
~ |A-BR né&u tin hiéu phan héi 1a x
" |A-BRC néu tin hiéu phan héila y
Vay thi ma tran ham truyén cta hé kin khéng c6 bo tién xi 1y (hinh 3.30a) sé la:
Y(s) = C(sI- A)"'BW(s) = G(s)W(s)

=  G(s)=CGI-A)'B

Néu nhu bd diéu khién R da duge thiét k& sao cho hé kin 6n dinh (cac gia tri riéng
nim bén trai truc 40) thi ma tran (sI— A) sé khong suy bién trong toan bo mién héi tu
clia tich phan Laplace (bén phai truc 40), do d6 ma tén tai (sI— A) .

Khi dudc néi thém bd tién xi Iy (hinh 3.30b) quan hé vao ra caa hé sé la:

Y(s) = G(s)VIW(s)
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Nhiém vu ctia bd tién xt 1y 1a phai lam sao tao ra dudc tin hiéu ra y(¢) & ché& d6 xac

lap giong nhu tin hiéu lénh dau vao w(?), tic la:
y =limy@)=limw()= W = y =limsY(s)=1lim sQ(s)Vw—“’
=0 fseo t—>o0 -  s>0 s—=0 S
S y_= GO)Vw.. = GO)YV =1 (vi Xm:&”)

Khi hé théng c6 s6 cac tin hiéu dau vao ra bang nhau thi G(0) 14 ma tran vuéng.
Gia thiét thém G(0) khong suy bién. Vay thi bo diéu khién tién xi 1y V sé 1a:

-1
1 R [C(BR —A)‘IB} néu phan héi trang thai x
V=GO =[c-A'B] = L
[C(BRC —A)’lBJ néu phan hdi du ra y

Hoan toan tuong tu ta ciing c6 thé thu duge b didu khién tién xtt 1y V(s) dé diét sai
léch tinh cho trudng hop bd diéu khién phan héi R khéng phai 14 bd diéu khién tinh (R
khéong phai 1a ma tran), ma 1a mot bo diéu khién déng, ching han:

£=E2+Fy
R: idt — =

q=Gz+Hy

Vi du 3.41: Loai bd sai léch tinh

Trong vi du 3.35 ta da thiét k& bo diéu khién tinh, phan héi trang thai R cho dbi
tugng ¢6 mo hinh:

dx 0 2 1

—== x+ u

d (-1 3)7 o

y=(1,1)x
B6 diéu khién R d6 gém hai bo diéu khién R, va R, 16ng nhau (hinh 3.13) nén:

R=R+Ry; = (2, -2)+(3,-12) = (5, -14)

Cung v6i R tim duge, hé kin ¢6 mé hinh:

dx -5 16 1

= = x+ u

=3 Dl

y=@1,1x

Hinh 3.31 biéu dién ham dap tng y(¢) cta hé kin khi duge kich thich béi w(t)=1(¢)
cho hai truong hgp khéng c6 va c6 bd tién xii 1y:

V = [C(BR-4)'B]! =_Tl a
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2 h() 4 h(t)

e

Khéng c6 b tién xa Iy .
\ 90 b y / C6 bo tién xir Iy
2

Hinh 3.31: Minh hoa vi du 3.41.

3.4.8 Hién tugng tao dinh (peak) va bai toan chon diém cuc

Khi thiét k& bo diéu khién (phan héi trang thai hay phan héi dau ra) bing phuong
phap gan diém cuc, bao gid ta ciing phai xac dinh trude cac diém cuc (gia tri riéng cia
ma tran hé thoéng) cdn c6 ctia hé kin ti nhiing yéu ciu chit lugng dong hoc dat ra cua
bai toan thiét k&. Ching han tit yéu cAu chit lugng hé kin phai én dinh, qua trinh tu do
khéng cé cuc tri va tién vé goc 0 nhanh hon ham e %! thi cac diém cyc s; (cho ca bd quan
sat trang thai) dudc chon phai 1a nhiing s6 thuc Am va nhd hon —2. R rang c6 vo s6 cac
b6 diém cuc nhu vay.

Van dé cAn nghién ctiu thém & day 14 trong v s6 cac bd diém cuc ciing mang lai cho
hé mét chat lugng gidng nhau, bd diém cuc nao s& con mang dén cho hé théng nhiing
chét lugng d6ng hoc khac t6t hon. Vi du, néu ta chon bd diém cuc ndm cang xa truc o vé
phia trai, hé sé c6 qua trinh qué dé cang ngén, song nguy cd phai tra gia 1a hé c6 thé sé
c6 dd qua diéu chinh cang cao, vi cip chi tiéu chat lugng "thdi gian qua d6—do qua diéu

chinh" bao gi¢ ciing d6i nghich nhau.
Xét hé tuyén tinh SISO hgp thiic chit:

—==Ax+bu , trong d6 xe R"
dt - - (3.150)
Y

Diéu kién cin dé tin hiéu ra y (¢) ctia hé (3.150) c6 d6 qua diéu chinh y,,,. 12 hé phai c6 it
nh&t mot diém khong, tic 1a hé phai c¢6 bac tuong déi r<n (xem muc 2.3.4). Gia thiét
rang hé 1a 6n dinh, tic 1a t4t ca cac gia tri riéng s,=0;+j ®; cla ma tran A trong (3.150)

déu c6 phan thuc 4m 0;<0. Khi d6 dau ra y(¢) & ch& d6 tu do (#=0) sé tit dan theo dang
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t6 hop tuyén tinh ctia cac ham e’ . Bdi vay dé xac dinh mét cach dinh tinh d6 qua diéu
chinh y,,. ta chi cin tinh gia tri tich phan:

Q = [y®?de=[(x"(ccNx)dt (3.151)
0 0

vi khi d6 tich phéan (3.151) sé 14 mot ham bién thién don diéu tang theo |y pay |-

Dinh ly 3.41: Néu hé (3.150) 14 6n dinh thi tich phan (3.151) clia qué trinh tu do y(¢)
ing v6i mét trang thai dau x, tiy ¥ cho truée, sé dugc tinh bdi:

Q= [ y(t)2dt = xl Px, (3.152)
0

trong d6 P 1a nghiém ctia phuong trinh Lyapunov (3.42), tiic 12 ma tran P d6i xting,
xac dinh ban duong, théa man:

PA+ATP=—ccT (3.153)
Chitng minh:

T (3.151), (3.153) ciing nhu cong thic tich phan toan phan va x(e)=0 vi hé 1a 6n
dinh, ta c6 ngay:

< * « dx =(dx )
Q= (j)(gT(gT ) dt = - g («" (PA+ ATP)x)dt = - g) gTP[d—;] dt - (j)(d—;j Pxdt

=x"P + xdt-]|

= 7d"P) w[ﬁ
0 o dt 0

T
j Pxdt = x; Px, O
Vi du 3.42: Biém cuc dugc gan ndm cang xa truc ao vé phia trai, d6 qua diéu chinh cang cao.

Cho d6i tugng diéu khién SISO c6 mé hinh trang thai dang chuéin diéu khién:

ﬁzA.9c+bu=[0 1]x+(0]u, trong d6 x:(le
da - - (-1 1)7 1 =

Goi R=(r;, ry) 12 bd diéu khién phan héi (Am) trang thai dé gan hai diém cuc s;, ss.
Khi d6, bing phuong phap can bang hé sé hai da thiic (3.63) ta cé:
-1

det(sI-A+bR) = (s—s1)(s—s3) < det[
1+, s-1+rn

J = (s-s1)(s-s2)
S s2+(r2—1)s+(r1+1) = sz+(—sl—sz)s+slsz

L =585,—1
1= 515
<:> {
rp=1-s -5y
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(= R:(5152—1 s 1—81—82)

V6i bd diéu khién nay, tic 14 véi u=w-Rx, hé kin (hinh 3.10a) sé ¢c6 mé hinh:

8§+ 8y

0 1 0
ﬂz(A—bR)x+bw= x4+ |w
dt -0 —81S9 -1
Y =%
va do d6 tng véi trang thai dau x, = [xw] thi khi w=0, ta sé c6 theo dinh 1y 3.42, cu
%20
thé 14 theo cac cong thic (3.152) va (3.153):

2 .2
$189%10 + %20

25, +5) (3.154)

Q = [y(®)*dt=
0
Céng thiic (3.154) chi ring ting véi trang thai dau x ¢6 2100 thi khi cac diém cuc
51,59 dugdc gan nam cang xa truc ao vé phia trai, @ sé cé gia tri cang 16n va do dé d6 qua
diéu chinh |y .« | ciing cang cao. Tham chi khi chon s;— v s3—> trong hé sé xay ra
hién tugng tao dinh cyc dai |y nax|= (peak) clia qua trinh ty do. Hinh 3.31 biéu dién d6
9 20 2+ 3A X -1 N s R
thi qua trinh tu do y (¢) cua hé kin @ing véi trang thai dau x, =[ 10j =( 0 j va cac diém
%20

cuc (s1,85) duge gan 1an lugt 1a (-4,-4), (-=5,-6), (-9,-10). a

Hinh 3.31: Minh hoa vi du 3.42. Diém cuc
dudc gan ndm cang xa truc 4o vé phia
tréi, d6 qué diéu chinh cang cao.

Vi du 3.42 cho théy su tra gia khi chon diém cuc xa truc ao vé phia trai dé c6 thoi
gian qua do ngin. Song diéu nay khéng phai xay ra & moi hé ciing nhu véi moi diém
trang thai ddu x,. Ching han tit diém trang thai d4u c6 x;9 =0, x50 #0 thi ngugc lai,
diém cuc s1,5, cang ndm xa truc 4o vé phia trai, @ cé gia tri cang nhd (qua trinh tu do
y(¢) khong ¢6 d6 qua diéu chinh). Vay thi giiia diém trang thai diu x, va d6 quéa diéu

chinh y .« 6 quan hé nhu thé nao? CAu tra 16i s& 1a hai dinh 1y sau:
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Dinh ly 3.42: Bo diéu khién phan héi trang thai R khong lam thay d6i dude diém khong
cua d6i tuong, do d6 né cing sé khong thay déi dude tinh pha khéng cuc tiéu thanh
pha cue tiéu cho hé.

Chitng minh:

Tit dinh 1y 3.2 ta da dugc biét ring d6i tugng mé ta bdi ham truyén:

Gis) = Co+eCS+-+c,s _ B(s) (3.155)

ap+a S+ + anflsnfl +s"  A(s)

luén c6 mé hinh trang thai (3.150) chudn diéu khién véi:

0 1 o - 0
0
0 0 1 - 0 .
A=l 5 .. . b= :
0 0 0 1 .
—Qy —0; 0y —Q,1
va
QT = (Co, C1, *** cm505 A 10)
Khi d6, ciing v6i bo diéu khién phan héi (Am) trang thai R = (rq,rg, +-+ , r,), ticla véi

u=w-Ryx, hé kin s& c6 md hinh (ciing 6 dang chuén diéu khién):

ﬂ: (A-bR)x+bw

dt - -

y=c'x

v6i
0 1 0 0
0 0 1 0
A-bR = : : : . :
0 0 0 1
AT T TR TGy ry e TG T

Bdi vay né sé c6 ham truyén véi cing da thic ti s8 nhu déi tudng (3.155):

Cotes+-t+e,s”

le’n (S) =

(ag+nr)+(a+1)s++(a, 4 +rn)sn—1 + 5"

__B(s) |
Ay (8)

Tu dinh 1y 3.43 ta con suy ra dugc thém:
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¢"(s1-A)ug;b = ¢"(sI-A+BR) ,4;b.

ludn ding v6i moi R, trong do6 adj 1a ky hiéu chi toan ti 14y ma tran bu.

Dinh Iy 3.43: Xét ddi tuong diéu khién (3.150). Goi m 1a s6 cac diém khong ctia d6i tugng

va R 13 bo diéu khién phan héi trang thai gan cac diém cucs;, i=1, ...

trai truc 4o &€ hé kin 6n dinh. Ky hiéu:

V=span(b, Ab, -, A" " 'b)

Khi d6, véi tat ca cac diém cuc duge gan ddng thdi 1a —eo (s;=—o0, i=1, ...

gia tri tich phan @ tinh theo (3.152) sé la:

Q= 0 khi x5eV
oo khi x5eV

Chitng minh:

Gia st d6i tugng va hé kin cung c6 dang chuén diéu khién. Khi d6 sé cé:

0 1 o - 0

0
0 0 1 - 0 .
A-bR =| : : o : , b=\’
0
0 0 0 1
1
-a, —-a; -« -a,_;
Vé QT = (COa Ci, *** Cmao, A 70)
trong d6 ag,ai, ... ,a,—; 1a hé s6 cua da thic:

A(s) = (s=81)(5=83) -+ (s=s,) = agtas+e+a, 1" '+s"

vas;, i=1, ... ,n la cac diém cuc dudc gan cho hé kin. Ngoai ra vi:
00 - 1
(b, Ab, -, A" 'b) =
X
X
nén V=span(e,+1, &m+2, = €n)

v6i e; 1a ky hiéu chi vector don vi thii i cia khong gian trang thai.

Phuong trinh Lyapunov (3.153) cho hé kin la:

P(A—bR)+(A—bR)TP=—ccT=[C’" ej
= = = e o

trong do6

,n nam bén

(3.156)

,n), thi

(3.157)

(3.158)

(3.159)
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Cg Cocl A Coc

m
¢ C ¢ . e 1
Cp=| % T A e
2
CmCo CnC1  Cp

va ®e R" ™7 13 ma tran c6 céc phan ti bing 0. K&t hop véi (3.158), nghiém P xéc dinh
duong cua (3.159) c6 dang:

p= P, ©
O 0
v6i P, =(p;), 1,j=1,2, ... ,m c6 phan ti p;; chi sai khac mot héng s6 so véi:

—¢;C;(5185 8,
(51 +89)(89 +83)+ (5,1 +5,)

Pij
BG&i vay, theo dinh 1y 3.42, cu thé 1a theo cong thiic (3.152) ta sé c6:
Q Zﬁgpﬁo = fngmKOm

Xo1 Xo1
trong d6 x5 =| l1a ky hiéu chi trang thai dau va x,,, =| la vector gobm m+1

Xon, Xom

phan ti diu tién ctia né. Ré rang khi x,¢ V ta sé c6 x,,,#0. Do @6 néu s;=—, i=1, ...
,n, thi @—eo. Ngugc lai, khi x,e V ttc 1a khi x,,,=0 thi s& c6 Q=0 va d6 chinh 1a diéu
phai chting minh. m)

Cau hoi on tap va bai tap

1. XAc dinh xem nhiing hé nao trong s6 cac hé sau 1a tuyén tinh:

2 .
3x1 +4t°x9 +uq sint
dx (cos(2f)xg +u dx ! 3 2
— = 3 —_— = t X9 +x1
a) dt X1 +t X9 b) dt
.X'2 +QC3 +u2

y =sin(¢? )xq + 29
y =2x; +cos(t)xs

dx [x1%9+u
C) dt - X1+ X9

y=x1 +X9

1 2 0
2. ChoA= [2 4] . Hay xac dinh Im(A), Ker(A) va kiém tra tinh truc giao ctia ching

L A 1s L At .
3. Xac dinh ma trdn ham ma et vei:
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2 -1 0

1 1 1 2
a) A=(5 3) b) A:[2 3] ¢cgc A= 9 4 6
R ot -8 0 -3
-2 0 1 3 -1 1 211
d A=| 0 -1 2 e A=|0 1 0 D A=|1 2 1
0 2 -4 0 2 1 0 01

Cho hé SISO c6 mo6 hinh trang thai:

trong dé A 12 ma tran cho trong bai tip s6 3 & cic cau c), d), e) va f). Hay xac dinh:
a) Bac tuong d6i ctia hé théng.
b) Dap ting ctia hé khi duge kich thich bdi 1(¢) tit trang thai ban dau x,.
¢) Ham truyén G(s) ctua hé.
d) Cac mb hinh dang chuéin diéu khién va chuén quan sat tuong duong ctia hé.

Cho hé SISO mb ta béi

dx _ Ax+bu beRr"
dt
Chiing minh ring néu ma tran M = (b, Ab, --- , A" 'b) khéng suy bién thi phép

d6i bién z=M'x s& chuyén hé da cho vé dang:

00 - 0 -a

1
5 |10 0 -q .
_f: 01 0 —ay |z+| |u
R : o
00 - 1 -a,,
trong déag, aq, ... , @,—1 1a cac hé sb clia da thic dac tinh ma tran A, tic la:
det(sI—A) = a()+a1$+ +an—1sn_1+sn

Hay xac dinh qué trinh cudng btic va qua trinh tu do cia nhiing hé théng duge mo ta
bdi cAc mo hinh trang thai sau khi né dugec kich thich bing tin hiéu 1(¢) 6 dau vao.
Vé quy dao pha cia qué trinh tu do va bién luan tinh én dinh cta hé.

dx [—7 1] [oj dx [—3 —2} (1}
dt \-12 0 1 dt 1 0 0

dt (-1 -2 1 dt (6 —4 2
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dx 1 a 0 dx (—-a 1 b
e) —_—= g_c + u f) —_= 3_5 + u
dt \-a 0 1 dt -1 a 1
7. Cho hé SISO c6 ham truyén
1
1

G(s) =
s"+as"+ - +a,;5+a,

a) Chiing minh rang qua trinh tu do ctia hé mé ta dudc bing moé hinh trang thai:

0 1 o - 0 0 0
b, 0 1 - 0 0 0
. 0 b, 0« 0 0 0|
—sza_c= . . .. E . . .
0 0 o 0 1 0 |«
0 0 0 - b 0 1
0 0 o0 0 -b, -b
trong d6
b1=D19b2:&9 by = D3 9""bk: Dk—SDk , k=4,5, o1
D, DDy Dy 92Dy
a a 0
va D; =det ? 2
Qi1 Qg " G

b) Chiing minh ring ma tran dudng chéo:
n+l-i

Q=diag(g;) véi gq; =[] &, i =12, ...,n
k=1

x4c dinh duong khi va chi khi t4t ca cac hé s6 b; , i = 1,2, ... ,n 12 duong.
¢) Chting minh ring ham V =x"Qx c6 % =—2b%x2 . Tit d6 chi ra m&i lién hé gitta
tiéu chuén Lyapunov va tiéu chudn Hurwitz.

8. Hay x4c dinh qué trinh tu do va bién luan tinh 6n dinh ctia nhiing hé théng duge mo
ta bdi cac mé hinh trang thai sau:

d 1 0 d a 1 0 0
a) d_fz[‘; ]3_c+{1]u b) —fz 0 a 1|x+|0lu
@ 0 0 a 1

9. St dung dinh 1y Geschgorin @8 chi ring hé phu thugce tham s8:

d -3 a O 1
—= 2 -3 0 |x+|0|u
a+b 1 -4 1
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chéc chin 6n dinh néu |a|< 3 va |a+b|< 3. Hiy chon m{t cip tham s6 a,b cu thé

dé chi ring dinh 1y Geschgorin chi 14 diéu kién du.

10. Cho hé tuyén tinh c6 vector x(¢) gom 7 bién trang thai, mo ta bdi:

11.

12.

13.

dx »
== Ax+Bu véi AeR™", BerR™"™,

dt

trong dé u(t) 1a vector ctia m tin hiéu dau vao.

a) Gia st rdng hé 1a diéu khién dugde. Goi xo va x; 1a hai diém trang thai bat ky
trong khéng gian trang thai, cing nhu uy(¢) 1a tin hiéu dua hé ti diém trang
thai ban dau x, vé goc toa do trong khodng thoi gian hitu han T,. Hay x4c dinh
mot tin hiéu diéu khién u,(¢) dua hé tit diém trang thai ban ddu x; vé goc toa do
va khoang thdi gian hitu han can thiét T,.

b) Goi S 12 ma tran modal cua A, tic 1a S=(a;,a, , ... ,a,) v6i a; la vector riéng

bén phai ting v6i gia tri riéng s, ctia A. Chiing minh ring néu S khong suy bién
(A 12 ma tran giéng dudng chéo) thi diéu kién cAn va di d8 hé da cho diéu khién
dugce 1a cac vector hang ting v6i cing mot gia tri riéng cta tich S “'B phai doc

lap tuyén tinh véi nhau.

Hay kiém tra tinh diéu khién duge va quan sat duge clia hé mé ta bdi mo hinh trang

thai nhu sau:

e [720 =250 0
2) d—fz 16 20 0|x+| 3 |u va y=0 3 -1)x
3 4 1 -1
4 [00 -2 0 1 Lo o1
b) —£=10—43_c+12g va = x
dt 270001 1
01 -3 11

Hay xac dinh diéu kién cho tham s8 a dé hé sau diéu khién dudge:

PN 0 1
d—fz a -1 0lx+|1 0lu
0 0 a 11
Cho hé mé ta béi:
0 1 0 o0 0
0 0 1 o0 0
dx _ x+| |u va y=(1,10,10,0)z+u
d |0 0 o0 1 0
6 -k -11 -5 1

a) Xac dinh diéu kién cho tham s6 % dé hé 6n dinh.
b) Xac dinh diéu kién cho tham s6 % dé hé diéu khién dugc.
¢) Heé c6 quan sat duge hay khong khi £=40.



15. Xét hé tuyén tinh tham s hang:

—==Ax+Bu
dt - =

Chiing minh rang hé sé diéu khién dugc khi va chi khi v6i moi ma tran riéng bén

trai by, cia A luon c6 b B= 0" .

16. Xét hé tuyén tinh tham s6 hang:

ﬁzAJc+Bu
de  — =
y=Cx+Du

Chting minh ring hé sé quan sat dugc khi va chi khi véi moi ma tran riéng bén phai

aj, cia A ludn c6 Cay=0.

17. Cho déi tugng c6 md hinh trang thai:

01 0
dx _ x+| |u, y=x,, trongdé x= o
dt 4 0 1 X9

a) Hay thiét k& bo diéu khién phan hdi trang thai sao cho véi né, hé théng c6 hai
diém cuc méi 1a s;=s,=—2 va x4c dinh tinh pha cuc tiéu ctia hé kin thu duge dé
tit d6 chi rdng bo diéu khién khong lam thay d6i tinh pha cuc tiéu cta d6i tuong.

b) Hay x4c dinh bo quan sat trang thai Luenberger dé tinh x4p xi z=x trang thai
ctia d6i tugng véi hai diém cuc cho trude 14 4,=—4 va A,=—5.

¢) Viét phuong trinh trang thai va ham truyén cho hé kin.

18. Cho dé6i tugng cé md hinh:

; 3 2 1 1 0

GX_l_9 -1 4 |x+|-1 0lu

dt = =
—2 —2 -4 0 1

va ba diém cyc mong mudh s;=-2 , s9=—3 , §5=—4.
a) Thiét k& bo didu khién phan héi trang thai theo phuong phap Roppenecker.
b) Thiét k& b didu khién phan héi trang thai theo phuong phap modal.
19. Hay xac dinh bo diéu khién tach kénh cho d6i tuong sau dé médi kénh c¢6 ham qua do
h;(t), 1=1,2 ditu0tdi1, khong c6 sai léch tinh va c¢6 dang hinh chi@ S.

1 3 0 10

020
d£= -2 2 |x+|0 O|u , :[ jo_c

¥ Y
= 0 01
dt 0 -4 -3 0 2

20. Cho @61 tugng v6i mot tin hidu vao v md ta bdi:
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dx 0 2 0
—= x+|  |u
=) o))

Hay xac dinh bo diéu khién phan héi trang thai LQR dé én dinh d6i tugng theo
quan diém t6i uu ning lugng, tic 1a véi bo diéu khién dé, khi c6 mot nhibu tac dong
ttic thoi danh bat hé ra khéi diém can bing 0 thi sau d6 hé c¢6 kha ning tu quay vé
diém can bang 0 véi chi phi nhé nhat:

< 21
Q= j X7 x+lu2 dt — min.
o\~ 3 5)7 4
21. Cho bai toan t6i uu LQR:

—==Ax+Bu
dt - =

Q =éI(£TE§+gTFE)dt?min véi E=ET >0 va F=FT >0
Goi R 12 bd diéu khién phan héi trang thai (phan héi Am) cta bai toan trén, ttc 1a
bo diéu khién duge xac dinh theo:
R=F7'B"P
trong do6 P=PT>01a nghiém cua phuong trinh dai s6 Riccati:
PBF'B"P-A"P-PA=E

Chting minh ring néu nghiém P ctia phuong trinh Riccati con 14 xac dinh duong thi
bo diéu khién R sé& con 1am hé kin én dinh.

22. Xét lai bai toan t6i uu LQR cho & bai 21. Chting minh ring néu (A,E) la cip ma
tran quan sat duge thi bd diéu khién t6i uu R phan héi trang thai sé con lam cho hé
kin 6n dinh.

23. Hay thiét k& bo diéu khién LQG cho di tugng véi mot tin hidu vao u md ta béi:
de (0 1 0
== x+|_ |u+n,
dt \2 0 1
y= (0 , 1) x+n,
v6i ham muc tiéu
< 2 3
Q=lj x! x+u? |dt — min
2 o\~ 3 12)~

va cac tin hidu nhidu Gauss n,, n, c6 ma tran ham tuong quan:

8 6
N { ] N,-1
6 9

24. Xét bai toan diéu khién phan héi trang thai t6i uu:
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£:M+Bu
dt - =

Q:é_[(gTE§+L_¢TFz_4)dt—>min véi E=ET >0 va F=FT >0
0 u

va gid st bai toan ¢6 nghiém u = —Rx . Chting minh ring nghiém R d6 thda man:

1

1
Quin = 525 Px, = Etrace(onzg )

(A-BR)'P+P(A-BR)=—(E +RTFR)
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4  PIEU KHIEN HE KHONG LIEN TUC

4.1 Tin hiéu va cong cu toan hoc
411 Tin hiéu khdng lién tuc déu

Mb té qué trinh trich méu

Tu chuong 1 ta da c6 dinh nghia vé tin hiéu khong lién tuc, d6 12 tin hiéu ma ham
thoi gian x(¢) m6 ta né la ham khéng lién tuc, ttc 14 ham c6 mién x4c dinh 1a tap cac
diém rdi nhau trong trudng s6 thuc (hoéc phtic). Tin hiéu khong lién tuc duge mé ta bing
day céac gia tri xp, k=...,—1,0,1.... Néu nhu day céc gia tri d6 xac dinh tai nhiing diém
thdi gian cach déu nhau, ttc 14 mién xac dinh D cta x(¢) 14 tap diém cach déu nhau trén
truong so thuc (hoic phtc):

D={kT,eR |kez va T, la hing s6 thuc }

hay x,=x(kT,), k=...,—1,0,1..., thi tin hiéu khéng lién tuc {x,} s& dudc goi la déu
(periodic distance). Ngugc lai né sé duge goi 1 tin hiéu khong déu (aquidistance). Tdt cd
cdc tin hiéu khong lién tuc duge dé cdp trong chuong nay la nhitng tin hiéu déu. Hinh 4.1
minh hoa qua trinh trich mau, ttic 13 qua trinh tao tin hiéu khéong lién tuc va déu {x,} ti
tin hiéu lién tuc x(¢), ciing nhu dé thi biéu dién x5, k=...,—1,0,1.... St dung khéi niém

ham mé rong delta 6(¢) va ham trich mau s(¢) véi chu ky T,:

st)= Y 8(t—kT,) (4.1)
h=—oo
thi qua trinh trich mau x,=x(kT,), k=...,—1,0,1... tif tin hiéu lién tuc x(¢) sé& la:
{oxp) = x(t)s(t) (4.2)
{ocr}
o Q
1 1
T ¢ 10
Hinh 4.1: M6 ta qua trinh trich mau __%(8) > Wb Ty 2T + @ it
va tin hiéu khéng lién tuc déu T, -2T, -T, i 5 3T, 4T, 5T,
e}
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Day s, finh héi tu va gié tri gi6i han

Ta c6 hai cach biéu dién tin hiéu khéng lién tuc, d6 14 truc tiép trong mién thdi gian
duéi dang day s6 xp, k=...,—1,0,1..., ttic 12 duéi dang ham thuong {x,}, va cach thd hai
12 dusi dang ham md rong theo nghia (4.2). Néi nhu vay dé thay ring khi truc tiép khao
sat, phan tich tin hiéu khong lién tuc dang ham thuong {x,}, ta phai st dung dén cac
cong cu toan hoc lién quan téi diy s6. Do d6, sé 14 cén thiét néu ta 6n nhanh lai § day
mot s6 khai niém cd ban vé day s6, tinh hoi tu va giéi han ctia né.

Mbt tap con dém dwgc gom cac phan tl x;,, k=...,—1,0,1... thudc khéng gian vector
X, sép x&p theo mét thi tu nhat dinh, dude goi 1a ddy s6'va ky hiéu bing {x;}. Dé biéu
dién day s6, ngudi ta c6 thé:

— St dung anh xa f: kB > x; gAn modi phan ti k clia tap cAc s6 nguyén Z véi mot
phan tl x;, nht dinh cia tap X. Khi d6 ngudi ta con viét thanh x,=f(k). Ching
han x, = (-1)**"1%2.

— St dung cong thiic truy hoi x,=f(x4_1, Xp_g, ... , ;) Xac dinh phan ti thi & ti
cac phan tl truée d6. Vi du x,=x;_+x;_5 v6ix;=0 va x5=1 (goi 1a day Fibonacci),
hay x,=x,_;+a v6ia la hing s6 (goi 1a ddy cong), hay x,=axj_; cling véi a 13 hang
s6 (goi 1a day nhan).

Mbot day s6 {x;} dudge goi 1a don diéu ting (ho#c don diéu gidm) néu ludn cb x;,<xp 4,
(hoac xp>x4 1) ding v6i moi k.
Néu trong khong gian vector X ta dinh nghia thém s6 thuc d(x,y) dé xac dinh
khoang cach gifta hai phan ti x, v, goi la metric, thda man:
1) d(x,y)=0 khi va chi khix=y
2) d(x,y)=d(y,x)
3) d(x,y)+d(y,2)= d(x,z)

thi khong gian vector X dudc goi la khong gian metric. Viéc dua thém do do metric
d(x,y) vao khong gian vector X da 1am cho X ¢6 thém tinh gidi tich. Chng han:

— Phén ti y dudc goi 14 thudc 1an can £ctia phan ti x néu d (x,y)<e.

- Tap O, ={ yeX|d(x,y)<e } dudc goi la 1an cAn m4 clia x.

- Tap (’1:{ yeX|d(x,y)<e } duge goila lan can déng clia x.

—  Phén tixe X dude goi 1a diém trong clia X néu ton tai moét 1an can O, ctia n6é nim
hoan toan bén trong X. Ngugc lai, néu moi 1an can O, clia phan ti xe X luén chita
it nhat mot phén ti ye X thi x dude goi 1a diém trén bién ctia X.

- Mot tap con Y X dudge goi 1a tdp md néu moi diém ye Y déu 1a diém trong ctia Y.
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Day {x;} thudc khéng gian metric X dudc goi 1a Adi tu t61 xe X, ky hiéu la x,—x,

hay lim x, =x, néu vdi moi £>0 ludn ton tai it nhat mét chi s6" ke z dé c6 d(x,x;)<e

k—oo

diing vdi moi k>k,. Phan tii xe X khi d6 dugc goi 1a gid tri gidi han cua day {x,}. Mot

day {x;} thudc khong gian metric X théa man lim d(x,,,x,)=0 trong d6 n>m, dugc goi

m—eo

la day Cauchy.

1
2)

3)

4)

5)

6)

7
8)

9)

Cac day trong khong gian metric X c6 nhiing tinh chat sau:

Néu day {x,} hdi tu thi phan ti gi6i han llim xp =x 1a duy nhét va d(x,x;)—0.
—oo
Moi day con cua day hoi tu {x;} véi %im x;, =x cling hoi tu t6ix.
—oo

Cac phan tit x;, ctia ddy hoi tu {x,} 1a bi chin.

m>X,) =0 trong d6 n>m, hay moi day héi tu

Néu day {x,} hoi tu thi cling c6 lim d(x
m—soo
ciing sé 1a day Cauchy. Néu X 13 khéng gian ctia cac sd thuc R (hoéc phtic C) thi ta
con cé diéu ngude lai, tiic 1a moi day Cauchy ciing s& hdi tu.
Goi {x,} va {y;} la hai day hoi tu trong khéng gian metric X v6i %im X, =x va
—oo

lim y;, =y. Khi d6 ta cling c¢6 lim(x, +y,)=x+tyeX.

k—eo k—oo
Néu {x;}, {y;} 12 hai day hoi tu trong truong sé thuc R (hosc phiic C) véi %im X, =x

—>o0
va lim y, =y, thi cing ¢6 lim(x,y,)=xy va lim X =% , (khiy=#0).
k—e0 k—eo k—eo Y oy

Moi day don diéu va bi chan {x,} déu hai tu.
Day nhan x,=ax;_; véix;=b, ttclax,=ba* !, s6 hoi tu vé 0 néu c6 la|<1

Néuco limx, =a va lim y, =a thi day {z;} v6ix,< 2,< y;, cing ¢6 limz, =a
k—eo k—oo k—eo

Vi du 4.1: M6t s6 day dién hinh trong trudng sé thuc (hoc phiic)

lim {3/7: 1, ding v6i moi a>0

k—oo

k k
im 4% =1, 1imB8_0  lim[1+2]| e . lim[1+%] =et
k—>o0 k—eo k—eo k k—eo k

Néu c6 %im x, =x vaa>0 thi cling c6 %im a*t =a”
—>oo —>oo

Néu c6 lim x, =0 vaa>0 thicingco lima™ =1
k—>o0 k—eo

Néu ¢ %im X, =x VA x,, a 12 nhiing s6 thuc duong, thi cling c6 %im @ =x¢ O
—>o0

—>oo
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41.2 Cong cu toan hoc

Phép bién déi Fourier rdi rac (DFT)

Phép bién déi Fourier roi rac (DFT—discrete Fourier transformation) da trinh bay &

chuong 2, thuc chat 1a phép bién d6i Fourier (2.13) cho tin hiéu khéng lién tuc {x,}:
x,=x(kT,), k=...,-1,0,1...

Nhu vay ta c6 thé thdy ring tén goi roi rac & ddy khong lién quan t6i mién gia tri cta két

qua phép bidn d6i, ky hiéu bdi X(jw), thu duge theo cong thic (2.13) tit mé hinh ham

md rong (4.2) chia day {x;}:

X(jw)= [ x@st)edt = | x(t)( Y S(t—kTa)j et =

—oo —o k=—co

= i T(x(t)e_j’”t)é‘(t—kTa)dt: i xke_j’”kTa (4.3)
be—oo

k=—c oo
Néi cach khéc tén goi rdi rac  day khéng am chi ring mién gia tri X(jw) phai la tap
khéng lién thong. T anh Fourier X (jw) cua {x,} trong (4.3), ta cling lai c6 dugc anh
ngudc {x;,} nhd cong thiic cia phép bién d6i Fourier ngude, dinh nghia béi (2.13) va tinh
chat cia ham xung dirac §(¢) nhu sau:

{o ) = x(t)s(t)—z— _[ X(Ja))eJ“’tda)—Z_ J Z xye 1M gi0 gy

oo h=—c0

o w - T
=3 x $ | e/ HIoge = Y « hmL | /Do g
2 w 27T p

h=—co o A

= Z xk(hmz— | cos((z-kT, )a))da)J i x,0(t—kT,) (4.4)

k=—oo k=

Hai c6ng thiic (4.3), (4.4) tao thanh cip bién ddi xudi va nguge ctia DFT cho tin hiéu
khoéng lién tuc {x,}. Tuy nhién, nhiém vu trong tdm ctia DFT khong phai chi 1a phuong
thic 1y thuyét xac dinh anh Fourier X(jw) cla {x,} theo (4.3) ma la thuc hién cong
thtc (4.8) d6 nhu thé nao bang cic phuong phap s6. Néi cach khac, vdn dé nghién ctu
chinh cta DFT 1a phai cai dit dude (4.3) thanh mot thut toan chay trén may tinh dé
xéc dinh anh Fourier X(jow) cta day {x;}, khi ludn tén tai cac khé khén thuc t& sau:

- Bing thuc nghiém, khong thé c¢6 dude day vé han xp, k=...,—1,0,1... , ma thay
vao d6 chi ¢6 thé c6 duge hitu han N phan ti x, , 21, ... , xy_; cia day do.

—  Véi cac phuong phap s6, khong thé c¢6 duge ham X (jw) ma chi c6 thé c6 dugc cac
gia tri X(jnwa), n=...,—1,0,1,... clia né, v6i @, 1a chu ky trich mau trong mién

tan s6 tuy chon. Tham chi ta ciing chi c6 thé c6 duge hitu han cac gia tri nay.

374



Ky hiéu day hitu han gbm N gi4 tri c6 dugc tit thiic nghiém ctia tin hiéu khong lién
tuc {x.} laxp, £=0,1,...,N—1 thi ti (4.3), ta sé€ co:
~ N-1 4 _ _
X, (jow)= Y x,e e vanéichung thi X,(jw)# X(jw) (4.5)
=0
Sai lach |Xa( jw) - X( ja))| duge goi 1a sai s6 o ri (leakage). Tidp theo, d8 (4.5) thich hop
véi phuong phap s6 thuc hién trén may tinh, ta cAn phai trich miu ham X .(jo) thanh:

(X, (nw,)} = X, (jo)s@) = X,(jo) Y. 5e-na,) (4.6)

n=—oco

Do ham X, (jw) trong (4.5) 1a tudn hoan véi chu ky 2—”, nén sé du néu ta cling chi 1ay
a

N cAc gia tri trich mau X(jna)a) ,n=0,1, ... ,N—1 trong mdt chu ky. Suy ra:
2 2
Nao, SE=LAN w, = ud
T, NT,

va cdng thic (4.6) tré thanh:

N-1 .2

~ . —jnk=—

X,(jnw,)= > xe” N | n=0,1, ... ,N-1 4.7
=0

Anh nguge %(¢) cta {Xa(jnwa)} trong (4.6) la:

x(t) - L | {)E'a(jna)a)}ej“”ala):i [ X,(jw) i S(w-nw,)e do
27—, o2 2. et

_[ Xa(ja))ejwt§(a)— nw,)do = i ZLXG (jnaw, )ejna)at “.8)

n=—oco

1
27 =
va khi so sanh véi cong thic phan tich chudi Fourier (2.12) ctia tin hiéu tuan hoan, thi
x(t) phaila ham tuin hoan véi tan s8 @, , ttc 12 véi chu ky:
2
=2 _NT,

a
c6 hé s6 chudi Fourier cia né la:

c, =$Xa(jna)a) = Xa(jna)a) =27{ ... ,€_1,C0,C1, )
So sanh tiép véi két qua da c6 & chuong 2 néi ring chudi Fourier chi 14 mét trudng hgp
riéng ctia phép bién ddi Fourier thi ddy gia tri trich miu trong mot chu ky 0<¢t<T=NT,
ctia ham tuin hoan x(¢) c6 hé sé chudi Fourier ¢,,, n=...,—1,0,1... nhu trén chinh 1 gia
tri ctia tin hidu khong lién tuc {x,} cho ban dau:

x(kT,)=x,, k=0,1,...,N-1.

Téng két lai cac két qua trén, ta sé dén dude nhiing két luan sau vé DFT:
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1) Anh Fourier X (jw) cta tin hiéu khong lién tuc déu {x,} trong mién thdoi gian véi

chu ky trich mau T, 124 m6t ham tudn hoan chu ky 2z trong mién phtc.
a

2) Két qua phép tinh s6 (4.7) caa DFT thuc hién cong thiic tinh anh Fourier (4.3) caa
tin hidu khong lién tuc déu {x,} sé 12 4nh Fourier ctia tin hiéu tudn hoan x(¢) véi
chu ky NT,. Tin hiéu tuan hoan x(t) nay cé cac gia tri trich mau trong mét chu ky

1a %(kT,)=x,,k=0,1,....N-1.

3) Néu tin hiéu khong lién tuc, déu {x,} cho ban d4u la tuan hoan véi chu ky T=NT,
thi gitia két qua X, (jnw,) thu duge cia DFT theo (4.7) va anh Fourier X(jw) cta

day {x,} tai cic diém tan s6 w=nw,, n=0,1,...,N-1, sé khong c6 sai s& 1o ri.

Két luan 3) cho thay ring khi tin hiéu khong lién tuc {x,} khong phai la tin hiéu
tudn hoan thi trong két qua (4.5), ciing nhu (4.7) cia DFT ludn ton tai sai s ro ri. Ta
ciing da bist duge nguyén nhan xuét hién sai s6 rd ri nay la do &4 chuyén téng vé han
trong cong thiic (4.3) thanh téng hitu han (4.5) dé c6 thé cai dit duge bing cac phuong
phép s6. Né6i cach khac, véi (4.5) ta da khong xac dinh anh Fourier ctia tin hiéu khong
lién tuc {x,}, ma thay vao d6 lai 1a cta {x;lw(t), v6i w(¢) 12 ham ctia s§ xung vudng

(hinh 4.2):
1 khi 0<¢<T =NT
w(t) = 1(t)~1(t — NT,) = Loses a
0 khi ¢¢[0,T)

Biét duge nguyén nhan nhu vay nén néi chung, dé 1am gidm sai s6 rd ri ngudi ta da thay
ham clia s6 xung vudng trén bing mot ham clia s6 khac dé sao cho c6 duge:

sup| X, (jw) - X( ja))| = min (4.9)
@)
wpw®
67y _O- / -
- ) o - ,ﬁ??‘o-
Tt L
AN L
= ,
T, T

Hinh 4.2: Nguyén nhan clia sai s8 ro ri (leakage)
Tuy ring cho t6i nay van chua cé dugc 16i giai thuc su clia bai toan t6i uu (4.9) néu

trén dudc tim th4y, tham chi chi cho mot 16p cac tin hiéu {x,} nh4t dinh, song ngusi ta
ciing da dua ra duge mot vai ham ctia s6 c6 thé tam ch&p nhan dude nhu sau:
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1-9t ~ Y khio<e<T
T 2

0  khite[0,T)

2t-T)
T

— Bartlettw(¢) =

0,5+0,5c0s ™ khi 0<¢<T

— Hanning wy(¢) =
0 khi ¢t¢ [0,T)

72t-T) 272t -T) Khi

0,42 + 0,5 cos +0,08cos 0<t<T

— Blackman wy(t) =
0 khi te [0,T)

Cubi ciing, dé két thiic muc nay, ta ciing nén bist d&n mot hd trg rat hitu hidu dé
thuc hién nhanh cong thic DFT (4.7) 1a ky thuat Fourier nhanh (FFT), duge ap dung khi
N c6 dang liiy thita ctaa 2, tiic 14 N=27. Khi N=2m 14 s6 chén thi véi:

N-1 . _j2z

Py(gy)= > xkq(])e véi gy =e

cong thitc (4.7) trd thanh:

Pyo(g)+q0Py1(gY) néu 0<n<m

X, (jnw,) = Py(qf) = { (4.10)

Po(@ ™) -qy " Py (gi™) néu m<n< N

trong d6
9 m-1 B m-1 " . N
@1 =9 > Foolq) = 2 %007 5 For(qr) = 2 Xgpnqi va m:?
k=0 k=0
Quan hé (4.10) c6 tén goi la canh buom (Butterfly). N6 cho phép ta thuc hién duge cong
thtic DFT (4.7) chi v6i mét ntia s6 phép nhan so véi khi tinh truc tiép. Néu m lai 1a s6
chén thi bing cach ap dung tiép quan hé canh buém (4.10) cho hai da thic con Pyy(q))
va Py(q7"), s6 phép tinh nhan s& giam tiép con Y4. C nhu vay cho trudng hgp N=2" thi
cubi ciing s6 phép tinh nhan phai thuc hién chi con lai 1a 2pN so véi N? ban dau va do d6
toc d6 tinh toan dé thuc hién céng thiic DFT (4.7) ciing dude ting 1én nhiéu 14n.
Phép bién déi Z thuan
Nhu d4 trinh bay 6 chuong 2, muc 2.1.3 thi phép bién d6i Z chinh 14 mét trudng hop
riéng ctia phép bién déi Laplace, duge ap dung cho tin hiéu causal, khéng lién tuc {x;},
v6i x,=0 khi k<0, trong dé tin hiéu khong lién tuc {x;} dudc nhin nhan nhu ham mé

rong theo nghia (4.2). Véi su din dit nhu vay, cong thic dinh nghia phép bién ddi Z
ciing dugc suy ra tit (2.19) ctia phép bién ddi Laplace va c6 dang nhu sau:

X(@)=Z{x,} =Y xkz_k trong d6 z = eTe va T, 1a chu ky trich mau (4.11)
k=0
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Ham X (z) trong (4.11) dudgc goi la anh Z cta tin hiéu causal khéng lién tuc {x,} va Z{-}

12 ky hiéu cta phép bién d6i Z. Vi ban chét cta né chinh 14 phép bién d8i Laplace nén
phép bién d6i Z ciing c¢6 anh xa ngude dude suy ra mot cach tuong tu 1a:

ty) =2 K@)} = ——§X(2) 2z, k=0,1,2,... (4.12)
27j ¢

v6i C 1a duong cong kin trong mit phing phic bao tat ca cac diém cuc ciia X(z) theo
chiéu duong.

Phép bién d6i Z: {x;} - X(z) c6 nhiing tinh chét cd ban sau:

1) Phép bién d6i Z c6 day du cac tinh chit co ban cia phép bién d6i Laplace:
a) Tuyén tinh: Z{ax, +by,} = aZ{x,} +bZ{y,} , a,be R
b)  Noixa: {x}#lyr} = Zlxp#Z{yr}

9 < 9 .9 k
¢) Anh cta tich chap bang tich clia hai anh Z{} x,_;y;} = Z{x;} Z{y;}
i=0

2) Ky hiéu X(z) 1a 4nh Z ctia day {x;}, £=0,1,2,.... Khi dé:

a) (Phép dich trai): Day {y,} v6iy,=x;_,, sé c6 anh 1a Y(2)=2""X(z).

m-1 .
b) (Phép dich phai): Day {y,} v6iy,=x}+, € cbd Y(z)=2" {X(z)— > xizl}
i=0

¢) (Tinh dong dang): Day {y,} v6iy,=a*x, s6 c6 Y(z) = X(ij
a

d) (Tinh ty 1&): Day {y;} v6i y, = Xk 6 Y(2) :i“' X(2" dz'
kT, T,, z'
o) (Hiéu lii): Day {y,} véiy,=xp—x,_; ¢6 Y(2) = L X(2)
V4

f) (Hiéu tién): DAy {y;} v6iy,=x;+1—x; c6 Y(2)=(z-1)X(2)-zx,.
0 . o k ., z
g) (Tong): Day {y;} v6i y, = > x; ¢6 Y(2) :;X(z)
i=0 -

h) (Tich phéan): Day {y,} v6iy,=kTx, c6 Y(2)=-2T,

dX(z)
dz

3) Céac dinh ly vé gi6i han:
a) xp=lim X(2)

Z—00

b) Néu day {x;}, £#=0,1,2,... hoi tu thi %im X, = lin}(z—l)X(z)
—oo z—

4) Ky hiéu {x;}, £=0,1,2,... 1a day gia tri trich mAu cta tin hiéu x(¢) véi chu ky trich

mau T,. Khi d6 giita anh Laplace X(s) cta x(¢) va X(z) ctia {x;} c6 quan hé:
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1 1 & 2r
X g =—x(+0)+— X(s—jk— 4.13
(@), g, =550+ 7 ¥ X(s= b (4.13)

a

5) Anh X(z) chia mot s6 day {x;}, k=0,1,2,... dic biét:

a) Day {a,} véi x,=a” c6 X(z)=—2 (4.14)
= Py n-1_k-n+l _ 4
b) Day {x;} véi x, =C}, a c¢6 X(z)= (4.15)
(z-a)"

Vi du 4.2: Minh hoa phép bién déi Z

Tin hiéu khéng lién tuc {x,} ={1,1, ... } c6 dudgc tit viéc trich mau tin hiéu bac
thang don vi 1(¢) s& c6 anh la:

X)) =1+zt+z22+.. = 2X(@2)=z+1+2 7 4272+

= (-1DXe) ==z s X(@)=-2 )

z-1
Vi du 4.3: Minh hoa phép bién déi Z
Cho tin hiéu {x;} véix, = e c6 anh Z X (z) dugc xac dinh theo vi du 4.2 va tinh
chat dong dang ctia phép bién ddi Z nhu sau:

z

a

x,= (e Te)* va 2{1} =

= X(z) =
z-1 ( ) z—e_Tﬂ

Vi du 4.4: Minh hoa phép bién d8i Z

Dé xac dinh &nh Z cta {x,} v6i x,=cos(wkT,) ta di ti két qua clia vi du 4.3 bing

cach thay e %o béi e/

joT, . _ 2
Z{e e} = T,

va Z{ e Tk, } = el
z—e z

— efj oT,

rdi st dung tinh chét tuyén tinh cta phép bién d6i Z, sé dudc:

ejwkTa +efja)kTa 1 2 2
Z{cos(wkT))} = Z =— — + -
feos(@hT, )} = 24— —— =g | — o+ — S
_z 2z —2cos(aTy,) 2% —zcos(wT},) |
2\ (z—e/e)(z—e 7)) 2% —2zcos(aT),)+1

Vi du 4.5: Minh hoa phép bién déi Z
Tuong tu nhu vi du 4.4 nhung cho {x,} v6ix,=sin(wkT,) ta co:

JokT, _ —jokT,

e

zsin(aT),) 1

. e
Z{sin(wkT )} =Z =
tsin(@kT,)} { 2] 2% —2zcos(wT,) +1
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Vi du 4.6: Minh hoa phép bién déi Z

Anh Z ctia x,=k T, thu duge tit viéc trich mAu tin hiéu ting déu x(¢)=t1(¢) dude xac
dinh nho tinh ch4t vé anh cta tich phan nhu sau:

RT,=1-kT, va Z{1}=—— = Z{kTa}=—zTai( z ]: T, g
z-1 dz\ z- (z-1)

Vi du 4.7: Minh hoa phép bién d6i Z

k
Néu xem tin hi¢u khong lién tuc {(k+1)T,} nhu téng hitu han k+1= )1 thi tit két

=0
qua vidu 4.21a Z{1}= Ll va tinh ch&t anh cta téng ta cé:
o
Z{k+1)T,) =T, Zk+1} =T, 221} =T, 2.2~ T, m)
o e “z-1 “2-1 2-1 (z2-1)
Vi du 4.8: Minh hoa phép bién d&i Z
Goi anh cta {x;} 1a X(z). Khi d6 {y,} v6iy,=x,—x—,, s& c6 anh la:

Y(2) = Z{xp—xp-m} = Z{apt=2{xp-p} = X(2)=Z{xp—}

Ap dung cong thtc phép dich trai dugc:
_ Z" -1
Y(2) = X(2)—2 "X(z) = “——X(2) a
V4

Phép bién ddi Z nguoc
Theo tinh chét noi xa cta phép bién d6i Z thi tit X(z) ta cting sé xac dinh dudc duy
nh&t mot tin hidu {x)} nhan X(z) lam anh Z. C6 ba phuong phap ¢ ban thusng ding dé
tim anh nguge {x,} =2 {X(2)} la:
—  Phuong phap residuence.
—  Phuong phéap bién d6i ngudc ham hiiu ty.
—  Phuong phap phén tich X(z) thanh chudi.

1) Phuong phdp residuence:

Phuong phap nay dude xay dung truc tiép tit cong thiic dinh nghia (4.12) vé phép
bién d8i Z ngude. Ciing giéng nhu 6 phuong phap residuence khi tim anh ngude ctia phép
bién ddi Laplace da trinh bay tai muc 2.1.4 ctia chuong 2, thi néu ham phtic X(2)z* ! chi
¢6 ¢ diém cyc hitu han z;, zg, ... , z, r6i nhau va ngoai nhiing diém cuc d6, ham
X(z)zk_1 ¢6 tinh giai tich, dudng cong 14y tich phan C trong (4.12) sé thay dudc bing q
duong cong kin C; , i=1,2, ... , g v6i mbi dudng cong nay chi bao mét diém cuc z; theo

chiéu duong. Khi d6 cong thiic (4.12) tré thanh:
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X, = ZIZ_SBX(Z) 2" dz

Ky hiéu
Res X ()25 = —— § X(2)-2*'dz
2 272'_] C

1a gia tri residuence tai diém cuc z; , i=1,2, ... , ¢ thi né sé dugc tinh bdi:
l-1 k-1 A
1 . X —z)1
Res X(2)z"! = lim dr 1 (Z)Zl (z=2)"]
z (lz —1)! 2>z dzit

v6il; 1a bac ctia diém cuc z;. Thay (4.17), (4.18) vao (4.16) ta di dén:

i1 k1., Nk
2= Y Res X(2)2h 1= 3 lim & [X(Z)Zl 1(z z)"]
i=1 % i (¢ —1)'z—>z dzti~

Tém lai, phucng phap residuence gbm cac budc:
a) Xac dinh tét ca cac diém cuc z; cua X(2)z"~
b) Tim gia tri residuence ctia X(z)z*
¢) Tinh x, theo (4.19).

Vi du 4.9: Minh hoa phép bién d8i Z nguoc

Hay tim {x,} c6 anh X(z) = _ -0

(4.16)

(4.17)

(4.18)

(4.19)

! cting nhu bac /; cta ching.

tai cac diém cuc d6 theo (4.18).

5 . Do X(z) c6 hai diém cuc laz,=1, z,=a
z°-z(1+a)+a

c6 bac bang 1 (chung 14 nghiém don cua phuong trinh 22—z (1+a)+a=0) nén

k
ReSX(Z)Zkl—th(z)zk 1(z-1)=1lim 22(1—0)(2—1)
-z(1+a)+a
2 0-E-) 2
z-1 (z=-1)(z—a) =z2-1 (z—a)

z—1 z

=1

va ResX(z)zk -l —th(z)zk Yz-a)=1lim M
z-a Z? -z1+a)+a
Fl-a)z-a)_,. 1-a)_ ,
sa (z-1)(z—a) z0a (z2-1)
Bdi vay

Vi du 4.10: Minh hoa phép bién déi Z ngugc
Tim {x}} c6 anh

2
X(z) = 22‘ -z _ 2(z-1)
z°-T7z+10 (2-2)(z-5)

381



Do X(z) ¢6 hai diém cuc 12 z;=2 va z,=5 ¢6 bac bang 1 nén véi:

ko % ko
Res X(2)2t ! = lim 2~ 2" 03 ResX(2)2t! =lim 2 Z— 1 _ 45k
z z>2 z-5 2y 25 z—2 3
ta co:
k
xk:—2—+i5k v6i k20. a
33

2) Phuong phdp bién doéi nguoe ham hitu ty:

Duya vao tinh tuyén tinh ctia phép bién d6i Z ta c6 thé xac dinh {x,} tit a&nh X(z)
cta noé bing cach phan tich X(z) thanh tdng tuyén tinh cta nhiing phan co ban c¢6 dang
quen biét nhu & hai cong thic (4.14) va (4.15). Khi d6 {x,} s& 1a tong tuyén tinh cta cac
tin hiéu khong lién tuc tuong tng.

Pé minh hoa cho phuong phap nay, ta xét X(z) c6 dang ham hiiu ty:

B X B
) _ Xk _ B@)

X(z)= y =
(2) z zA(2)

va gid st hai da thiic B(z), zA(z) 1a nguyén t6 cung nhau (khéng c6 chung nghiém) va
da thtic zA(z) 6 mau s6 c6 cac diém cuc 21, 23, ... , 2, khac nhau dbi mét. Khi d6 X(z)

& phan tich dugc thanh téng tuyén tinh cac thanh phén t6i gian:

L A .. . X(2)
X()=73 v6i hé s6 Heaviside ¢; = lim(z-2;)
i-12-2; z-z; z

C;2

Suy ra, v6i (4.14) ta co:
Xp = i Cizik
i=1
Xét tiép truong hop da thic zA(z) ¢6 nghiém boi. Khong mét tinh téng quat néu ta
cho ring né c6 nghiém z; bdi ¢ va n—qg nghiém con lai Zg+1s 2q+2s +-+ » Zp Khéc nhau doi
mot. Khi d6 tong tuyén tinh cic thanh phan téi gian tuong tng sé la:
4 ¢z Loz

X(2)=)

T(z-2) iZgnz-z

Suy ra, v6i (4.14) va (4.15), tin hiéu {x,} s€ la:

q . . n
X, =, cl,iC{lz{e’lH + Y cizfe (4.20)
i=1 i=q+1

Vi du 4.11: Minh hoa phép bién déi Z ngugc

2
M. Phan tich X&) thanh téng tuyén tinh cac thanh

Xét ham X(z)= 3
(z-2)°(z-1) z

phén tdi gian ta dugc:
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Xz -3 4 7 3 -3z 4z Tz 3z
= + 5+ 5+ o X(z)= + 5+ 5+
z z2=2 (z-2)° (2-2)° =z-1 z2=2 (z-2)° (z-2° =z-1

ta sé c6 véi cong thic (4.20):
x, = —3CP2F +aCi2k ! 4 7C22F 2 4 3.1F =—3.2% 14k 201 4 7@2’“*2 +3

=-3.2F 4 k. 2F 4 TR(E-1)2" a

3) Phuong phdp phdn tich chudi:

Co s6 cua phuong phap nay la cong thtic dinh nghia (4.11) va tinh néi xa ctia phép

bién d6i Z. N&éu X(z) da cho phan tich duge thanh chudi theo z ™ ':

X(z) _B@) _ co+ez tregz P e = i ez "
A(z) £=0

ch&ng han bing cach chia truc ti€p hai da thic B(z), A(z) cho nhau, thi ti tinh néi xa
cua Z{-}, ta duge x,=cy, .

Vi du 4.12: Minh hoa phép bién d6i Z ngugc

zZ

Tu X(z)= va sau khi thuc hién nhiéu lan phép chia da thtc ta cé:

22-1,62+0,8
X(z)=z1+1,622+ -

Suy ra
x0=0, x;=1, x5=1,6, ... a

Chuéi va finh héi tu cGia chubi

Do anh X(z) ctia tin hiéu khéng lién tuc {x,} dinh nghia bdi (4.11) c6 dang chudi
nén cling sé& 14 hitu ich néu ta 6n nhanh lai moét s6 kién thiic co ban ctia chudi va tinh hoi
tu ctia né.

Xét day s6 {x,} trong khong gian metric X. Khi d6, chudi duge hiéu 1a > x5, . Theo

k=1

X ~ 2,0 n ~ A ~
dinh nghia nay thi chudi cling dugc xem nhu mét day {s,} véi s, = > x, va néu day
k=1

{s,} hoi tu thi chudi Y x, s& dugc goi 12 hdi tu.
k=1

Chudi Y x, c6 cac tinh chat sau:
k=1

1) Céan dé chubi hoi tu 1a %im x; =0. Néu c6 thém sgn(x;)=—sgn(x,_,), goi 1a day ddo
—o0

ddu, thi né con la diéu kién da (chudi ddo dau héi tu khi va chi khi %im xp, =0).
—oo
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2) Né&u cac phén ti cta chudi théa man x,=x,_;+a v6i a 12 hang s6, thi dudc goi 1a
XA X A ) n n(x; +x a
chuoi cong. Chuoi cong c6 s, = D x;, = % =nx,; +§n(n -1).
k=1

3) Néu cac phén ti ctia chudi théa man x,=ax;_;=a" 'x, véia la hing s6, thi dudc goi

~ ~ n 1-a” ~
1a chuoi nhdn. Chuoi nhan ¢ s, = > x;, =x; . a (khi a#1). Nhu vay chuéi nhan
k=1 —-a
v6ia#1 hoi tu khi va chi khi |e|<1.
4) Néucé lim Te1] o q hoéc c6 lim k4/|xk| <1 thi chudi sé& hoi tu.
k—>co xk k—oo

5) Néu chudi ) |x;| hoi tu thi chudi Y x;, ciing hoi tu (goi 1a ki tu tuyét doi).
k=1 k=1

4.1.3 Phép bién doi 3

Ky hiéu X(s) 12 anh Laplace cia mot tin hiéu causal x(¢) va X(z) 1a anh Z cta tin
hiéu khong lién tuc {x;} thu dudc ti x(¢) théng qua viéc trich mAu tin hiéu theo mo
hinh (4.2). Néu nhu rdng c6 bai toan dat ra 1a tim X(z) tit X(s) thi ta c6 thé thuc hién
tudn tu cic budc sau:

—  Xac dinh ngudc x(¢) tit X(s) nhd phép bién d8i Laplace ngudc.
—  Trich mau x(¢) v6i chu ky T, thanh {x,} nhd céng thtic trich mau (4.2).

—  Tinh X(2) tit {x,}.

Nhung do gitia tin hiéu xung {x,} va tin hiéu lién tuc x(¢) c6 quan hé (4.2) nén gitia
hai anh X(z) va X(s) ciing tén tai mdt méi quan hé tuong duong. Mo t4 moi quan hé d6
la cong thic (4.13), tic la:

z C+Jj°° X(s)
27[j STa

X(2) = %x(+0) + ds (4.21)

c_jwz—e

Tit (4.13) va (4.21) ta con thay X(z) 14 mot ham tudn hoan véi chu ky phiic ;—”

a

Ca hai cong thtic (4.13) va (4.21) déu cho phép xac dinh truc tiép X(z) ti X(s) ma
khong phai tién hanh ba budc vita néu trén, trong dé (4.21) c6 nhiéu y nghia ting dung
hon. Ca hai cong thtic déu mb ta phép bién ddi 3: X(s) - X(2)=3{X(s)}.

Phép bién d6i ti 2 theo (4.13) va (4.21) 1a khong kha nghich (khong don anh), tic 1a
¢6 thé c6 nhidu ham phtc X, (s), Xy(s), ... c6 chung mot &nh X(z). Diéu d6 1a ciing d&
hiéu vi cac tin hiéu lién tuc x,(¢), x5(), ... thda man x1(kT,) = x9(kT,) = ... sé c6 cung

mdt ké&t qua {x;} sau khi trich m&u (hinh 4.3).
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x(t) ———— {x3}

X(s) /™ X(2)

Hinh 4.3: Toan t& 3 khéng phai la don anh.

Mic dir khéng phai la don anh, song phép bién d6i 2 1a tuyén tinh nén dé thuc hién
cong thiic (4.13) hodc (4.21) ta hoan toan st dung duge phuong phéap residuence:
X(s)

X(2) = %x(+0) +z Res T
s, z—e ¢

aT,

a

vl |z] > e

trong d6 a 14 ban kinh hoi tu tich phan Laplace. Ngoai ra, ta cting c6 thé ap dung tinh
chat tuyén tinh d6 dé xac dinh X(2)=3{X(s)} bing cach phan tich X(s) thanh téng tuyén
tinh ctia nhiing thanh phan X, (s), X4(s), ... don gian, quen biét:

X(s) = i d;X;(s)=d X (s)+dy Xy(s)+ -+ +d, X, (s)
i=1

roi chuyén riéng ting thanh phan d6 thanh X, (2)=3{X1(s)}, X2(2)=3X5(s)}, ..., chéng
han nhu théng qua viéc tra bang. Anh X(z) cin tim sé 1a téng tuyén tinh ctia nhiing
thanh phan nay:

X(2) = X)) = 213 d X)) = 3 d X ()} = 3 d X, (2)
i=1 i=1 i=1

Cha y: Dé tién cho viée tim ngude X(z) tit X(s) rat nhiéu tai lidu d4 cung cp cac
bang tra cho nhiing tin hiéu mau, don gidn. Mot bang tuong tu ciing ¢6 trong quyén sach
nay trong phan phu luc.

Phép bién d6i f c6 mot sé tinh chat co ban sau:

1) Néu G(s) 1a ham thyc-hiiu ty thi G(z) = 3{G(s)} cling 1a ham thuc-hiiu ty.

2) Né&u G(s) c6 mot diém cuc s, thi tuong tng G(z) sé c6 mot diém cuc z, = %l

2rwnj

3) Ung véi hai diém cuc s, , s,, cia G(s) théa man Sp =S, = , neZ chicoé mot

a
diém cuc z, = eI trong G(2).
4) Néu G(s) 1a ham bén thi t4t ca cac diém cuc z,, clia G(z) déu nidm trong dudng tron
don vi, ttic la |z,|<1.
5) Néu G(s) 1a ham hgp thic (bac ctia ti s6 khéng 16n hon bac ctia mau s8) thi G(z)
cting 1a ham hdgp thic.
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6) Néi chung bac ctiia da thttc miu s6 trong G(z) bang bac cla da thtic miu s6 trong
. ) by 2rnj .
G(s). Néu G(s) c6 it nhat hai diém cuc sy , s, thoa mén s, —s,, = 2N ipy bac cua

x 4 9 9 2. x A a
da thiic mau s6 trong G(z) sé nho hon bac cua da thic mau s6 trong G(s).

4.2 Xay dung mo hinh toan hoc
4.21 Khai niém hé khéng lién tuc

Hé khong lién tuc 1a hé co cdc tin hiéu vao ra la nhing tin hiéu khong lién tuc.
Nhiing tin hiéu nay déu c6 mién xac dinh 1a tap diém khong lién théng véi nhau, vi du
nhu tin hiéu xung (khong lién tuc déu). Ngudc lai, hé roi rac 1a hé cé cac tin hiéu vao ra
v6i mién gia tri 14 t4p diém khéng lién thong (tin hiéu roi rac). D& phan biét rd su khac
nhau gifia hé khong lién tuc va hé roi rac, ta sé& 18y viéc trich mau tin hiéu x(¢) va dua
vao bo difu khién trong may tinh hay thiét bi s6 nhu vi xii 1y, vi diéu khién 1am vi du.

Trude tién x(t) duge "trich" mau thanh tin hiéu khong lién tuc {x;}, v6i xp=x(kT,),
dé chuyén vao may tinh. Viéc trich miu nay dude thuc hién bdi cac bd chuyén d6i s&
ADC (digital analog converter). Nhung do may tinh khéng lam viéc véi s6 vo ty va véi
céc s6 hitu ty né ciing chi ¢6 thé xi Iy duge trong moét dai gia tri nhat dinh, nén vé tinh,
gia tri xj, da bi ADC chuyén thanh s¢ hitu ty x, =~ x, gan nhat thugc dai gia tri lam viec
thich hop dé dua vao may tinh. Do tap cac s6 hitu ty 14 khong lién théng nén ban chat
viéc chuyén ddi s thuc x;, thanh s§ hitu ty gan nhédt x, chinh 1a qua trinh roi rac héa
tin hiéu {x;} thanh { %, }. Tin hiéu { x, } cudi cung nay c6 dang thich hgp véi may tinh
(thiét bi s6) va 14 mot tin hiéu s6 (vita khong lién tuc, viia roi rac).

Mic di dAu vao ctia bd didu khién trong mAy tinh c6 vé nhu 14 tin hiéu khéng lién
tuc—rdi rac { x;, }, song trong qua trinh xt ly, gi4 tri x;, nay ludn duge luu git lai trong
bo dém hoc thanh ghi gitta hai 1an trich miu, dé bd diéu khién c6 thé st dung né nhiéu
1an trong khodng thdi gian d6, chit khéng nhat thiét chi st dung ding mot 14n duy nhat
vao thoi diém ¢= kT, tiic 1a & cd nhiing thoi diém khéc trong khoang thdi gian gitia hai
lan trich miu £T,<t<(k+1)T, tin hiéu dau vao ctia bo diéu khién vin c6 gia tri 1a x,, .
Diéu nay chi ring b diéu khién da khong thuin tdy lam viéc véi tin hiéu khéng lién
tuc—rdi rac { x;, } ma la véi tin hiéu lién tuc-roi rac x(t) dudc tao tit { x; } nhu sau:

xt)= Y x,[1¢-kT,) -1t - (k+1)T, | (4.22)
he—oo

C6 thé thay viéc lién tuc hoéa tin hiéu s { &, } thanh tin hig¢u lién tuc—rdi rac x(¢)
theo cong thiic (4.22) nhé thanh ghi hay bé dém trong may tinh chinh 14 qua trinh noi
suy B—Spline bac 0. Do d6 cac thanh ghi hay b6 dém luu giit gia tri x, nay dugc goi la
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khéu giwz tin hiéu bdc 0. Khau git tin hiéu bac 0, duge ky hiéu 1a ZOH (Zero Order
Holding), ¢6 mé hinh toan hoc 14 kam ciza s6 xung vuéng va c6 ham truyén 1a (hinh 4.4):

— _STa
Gron(s) = L{O-1(-T,)} =2 (4.23)
Khdng lién tuc-réi rac Lién tuc-rdi rac
(%) {xp } x(t) R
“k —>{ Gzou(s) —> x(t)
R I
T,

Hinh 4.4: Tin hiéu khong lién tuc—rdi rac va tin hiéu lién tuc-rdi rac

Hinh 4.5 mé ta lai mot cach truc quan nhiing diéu vita dudc trinh bay tai vi du trén.
O heé rdi rac hinh bén phai, néu ghép chung Gyoy(s) véi G(s) thanh:

- _ _STa
G(s) = G5 (5)G(s) = %G(s) (4.24)

thi é(s) ¢6 cac tin hiéu vao/ra khong lién tuc nén né 1a hé khong lién tuc.

Hé khéng lién tuc Hé réi rac
—_— —_—
e — A o) |—] Gls) |4
Trich mau Trich mau ’
va roirac

Hé khéng lién tuc - réi rac
Hinh 4.5: Phan biét hé khong lién tuc va hé rdi rac

4.2.2 Phuong trinh sai phan, ham trong lugng va ham truyén

Phuong trinh sai phan

Tuong tu nhu 6 hé lién tuc tuyén tinh véi mé hinh phuong trinh vi phan (2.28) biéu
dién quan hé vao-ra, thi 6 hé khong lién tuc c6 tin hiéu vao {u,}, tin hiéu ra {y,}, ta
cling ¢6 phuwong trinh sai phdn:

Y+ Y1+ o AV, =bouy oy + - +b,uy . (4.25)

trong d6 a;, b; 1a cac tham s cia mé hinh.
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MBS hinh sai phan (4.25) c6 thé dude xac dinh truc tiép tit hé néu nhu cdu tric héa ly
bén trong hé 1a da r6 va cac dinh luat can bing gitia chiing 14 ciing da biét. Khi nhiing
gia thiét néu trén khéng duge thda man, ngudi ta chuyén sang ap dung céc phuong phép
nhan dang dé c6 duge (4.25). Tuy nhién thudng st dung hon ca 1a ky thuat s6 héa mé
hinh vao-ra dang phuong trinh vi phin (2.28) nhd coéng thiic tinh x4p xi dao ham:

Xp —Xp—1 _ Xp-1 ~Xp—2

2
_ Bén trél @ - xk —xk71 d X - Ta Ta _ xk —Zxk_1 +xk_2
d b

T, dt? T, T

5 see

Xp+2 ~Xp+1  Xpe1 — X

— Bénphdi: — =2k "k 0 22 o a Ty _ Xpep = 2% + %,
Cdt ’

T, de? T, T

5 eee

Véi mé hinh phuong trinh sai phan, ta dé dang xac dinh dugc dap ting {y,} 6 ddu ra
khi da c6 kich thich {u;} & ddu vao va trang thai dduy,, y1, ... , ¥,—; cua hé, truc tiép
trén mién thoi gian ma khéng cin phai c¢6 bt ¢t mot cong cu toan hoc nao khac.

1) Tinh truc tiép: Tu (4.25) ta c6 ngay cong thic 1ip dé xac dinh gia tri cta tin hiéu
{y;} 6 dau ra nhu sau:

Y =boup +orup + o by — (@Y Y y,)
Tuy nhién véi céng thiic lip nay ta chi c6 thé c6 duge gia triy,, k=n,n+1,... chti khé
c6 kha ning st dung ching vao viée phan tich chit lugng hé théng sau nay.

2) Tinh gidn tiép: Do phuong trinh sai phan (4.25) 12 tuyén tinh nén nghiém {y,} cta
né sé 1a téng cta hai thanh phin gém nghiém phuong trinh thuin nhét, con goi 1a
ddp tng tv do, va nghiém riéng, goi la ddp ng cuwong bic.

a) Nghiém thudn nhdt duge hidu 1a nghiém cua:

YetaYpat 0 40, =0 (4.26)

Gié stt n6 c6 dang y;, = c- 2" vdi ¢ 1a hing s6. Khi d6 (4.26) tré thanh:

c-zk’”(z”+alz”’1+ o +a,)=0 = 2" +a" +a, =0 (4.27)

nén nghiém cta (4.26) phai la:

yp =zt veZk+ o we 2k (4.28)
v6izq, 29, ... , 2, 12 nghiém cta da thtc (4.27), goi 1a da thite ddc tinh cta hé,

khi c4ac nghiém nay 1a khac nhau d6i mot. Trong trudng hgp da thiic dic tinh
(4.27) c6 nghiém boi, chiing han c6 nghiém z; bbi ¢, thi thanh phin cl,z{e tuong

ting clia (4.28) s& dugc thay béi 2 (c;; + ¢,k ++ ¢ R0, tiic la:

_ Lk g-1 k k
Y =21 (e tegk+ote R ) HCpzp0 + o H0,2, (4.29)
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b) Nghiém riéng: La mot nghiém cta (4.25). Nghiém riéng nay thuong duge tim
bing cach gia dinh truée cdu tric clia y;, theo u;, da biét nhung c6 cac tham sd
b4t dinh. Sau dé ta sé xac dinh cac tham s& d6 bing cach thay vao (4.25) roi
dong nhat cac hé s6 ctua hai vé&. Bang sau gi6i thiéu mét s8 cau tric clia y,, véi

A va A, 1a tham s6 chua biét, dugce chon theo u:

up=d yr=A up=d-k yr=Ak+tA,
uk=dk up=A dF A, uk=dkcos(k o | yp= A Ak cos(kp+ As)
gk A Ak _ gk i _ ke
u,=d"sin(k @) | y, = A Ay sin(kp+ Ay) | up =d" Y ck v, =d" > Ak
i=0 i=0

¢) Nghiém téng quds: La tong clia nghiém thuin nhat va mot riéng. Trong ca hai
trudng hop ctia nghiém thuidn nhat (4.28) va (4.29) thi nghiém téng quat nay

ludn c6 n hing s6 cAn phai xac dinh, viducy, ¢y, ... , ¢, cia (4.28), hay ¢ i,
C1,2 5 wo 5 C1gs Cgi1s Cgi2 5 v » Cp cUa (4.29). Ching sé dugc xac dinh tit n
trang thai dau da cho yo, 1, ... , ¥, nhd n phudng trinh cin bing cta

nghiém tdng quat.

Vi du 4.13: Xac dinh dap Gng tu phuong trinh sai phan

Cho hé lién tuc ¢6 m6 hinh vao-ra:

—+

de®  dt
Tin hiéu vao, ra ctia hé duge trich mau véi chu ky T,=0,5s thanh {u;} va {y,}. Khi d6 hé
trd thanh khéng lién tuc. Tuong ting, néu st dung coéng thiic x4p xi dao ham bén trai ta
sé c6 phuong trinh sai phén:

Yo =2Ypa * Yhp | Vb= Yi1

T? T,

v6i da thic dac tinh:

=2, & Ty =10y, + 4y, =,

722 -10z+4=0 = 2z, =0,7+0,25)=0,74¢/%" va 2z, =7z =0,74e /%"
Vay hé c6 nghiém thudn nhat la:
Yk =2t + b
Gia st hé c6 tin hidu dau vao 1a u;,=1. Vay thi vé6i nghiém riéng dang y,=A ta sé cé:
TA-10A+4A=1 = A=1 = y,=1
Suy ra nghiém téng quat cta hé 1a (dap tng cta hé):
Vi = clz'{e + czzée +1

va néu hé c6 trang thai dau y,=y;=0 thi:
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¢ +ey+1=0 ¢, =-0,5+0,6j = 0,8¢/7
0.7(c; +¢9) +1+ j0,25(¢; —cy) =0 ¢y =—0,5-0,6j = 0,8¢770:37

= Y=oz ek +1=1,2¢08((0,3+0,1k)7) +1 0

Day gid tri ham trong lugng (hédm trong luong)

Ham trong ludng {g,} ctia hé khong lién tuc véi mé hinh vao-ra (4.25) duge hidu 1a
dap ting & dau ra khi d4u vao c6 dang diy xung dirac {J;}={1,0,0,...} va hé dang &
trang thai dau bing 0. Do moi day gi4 tri tin hiéu vao {u;}, £=0,1,... bat ky luén biéu

dién duge dusi dang téng tuyén tinh ctia cac day xung dirac {J,}:
u, = uo,; , k=0,1,...
i=0

va hé 1a tuyén tinh, nén tin hiéu ra {y,} tuong tng ciing sé 1a téng tuyén tinh caa céc

dap ting thanh phan g, £=0,1,..., ttc 1a
Vi =2 Ui » k=0,1,... (4.30)
i=0

Nhu vay, ham trong lugng {g;} 12 mot mo6 hinh mé ta hé, né cho phép ta xac dinh duge
tin hiéu ra {y,} tit tin hiéu vao {u,} khi hé c¢6 trang thai ddu bang 0, theo cong thic tich
chdp (4.30).

Ham truyén

X6t hd tuvéa ok khons 1o - u_/”ky_y';
ét hé tuyén tinh khong lién tuc mé ta ¢ hinh 4.6 véi

tin hiéu vao {u,}, tin hiéu ra {y;}. Ham truyén ctia hé dugc u Va

hiéu la:

_Y(2) Hinh 4.6: Sa d6 khéi

trang thai ddu=0

trong d6 U(z), Y(z) 1a anh Z cuaa cac tin hiéu {u;}, {y;}. Vi hé 1a tuyén tinh nén ham
truyén G(z) dudc dinh nghia nhu trén hoan toan khéng phu thudc tin hidu vao va ra.
That vay, gia st ring véi cap tin hiéu vao ra {u}; , {yx}1 ta c6 ham truyén G4(z) va véi
cap {uzts , {yrts ta c6 ham truyén Gy(z). Vay thi véi cap tin hidu {up}={u,};+{us}e va

{ye)={yrt1t{yrte , cang nhu Uy, Y, U, Yy 1a dnh Z cta {ug}y , {yrt1 , {urte , rte , tiic

la U=U,+U,, Y=Y,+Y,, ham truyén G = % ctia n6 phai théa man:

GU=Y & GU,+U,)=Y,+Y, =GU, +G,U, ,VU,U, & G=G, =G,
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Tinh chat khéng phu thudc vao tin hiéu vao va ra ctia ham truyén néi 1én riing ham
truyén cfing 12 mo6 hinh mé ta hé. Cung véi ham truyén G(z) thi khi da biét tin hiéu vao

{ur} ta ludn xac dinh dugce tin hiéu ra {y,}:
G(2): {w} - (vt = Z27HG@U(2)} = 27HG(2) 2{w, 1} (4.31)
Xét tiép truong hop hé c6 md hinh ham truyén G(z) va dudc kich thich ¢ dau vao

bing tin hiéu day xung dirac {z,}={5,}={1,0,0,...}. Khi d6, do anh Z ctia tin hiéu dau
vao la U(z)=1 nén tl cong thic (4.31) ta c6 ngay:

e} = Z7HG@U ()} = 27 {G(2)} = (g} (4.32)
Bdi vay ham géc trong mién thoi gian cua ham truyén G(z) chinh la day ham trong
luong {g;} ctia hé. Néi cach khac, néu da c6 day ham trong lugng {g;} ta ciing s& c6 ham
truyén G(z)=Z{g}. V6i két qua nay va cing véi diéu hién nhién rang (hinh 4.7):

G(z) =3{G(s)}
thi ham trong lugng {g;} cling chinh 1a dang khong lién tuc cta ham trong lugng g(¢)

sau khi dugc trich mau véi cing chu ky trich mau 7', ctia tin hiéu vao, ra:

{gri=g®)s (@) (4.33)

-1 8t-kT, Z
o) L gy XY Z o)

Hinh 4.7: Xac dinh ham truyén cho hé
khong lién tuc. g

Cha y: Mic du viét G(z), song khong c6 nghia 14 ham truyén G(z) thu duge tit G(s)

chi don gian bing cach thay s=z trong G(s). Thuc chat G(z) 1a anh Z clia {g} nén né
duge xac dinh tu G(s) qua cac buée (hinh 4.7):

1) Xac dinh g(¢) = £ HG(s)}.
2) Trich mau g(¢) v6ichu ky T, thanh ham trong luong {g;}.
3) Chuyén {g,} sang mién phiic nhd phép bién d6i Z dé c6 G(z).

Ca ba budc tinh trén c6 thé duge thay thé don gian nhd phép bién déi tich:
31 G(s) b G)=2lg,}=2{g()s()}=2{L {G(s)}s (1)}
z CT G(s)
27[j . STa

o G =G = % 2(+0) + ds (4.34)

c—jea €

dudgc suy ra tu (4.21).
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Cuéi cung, ham truyén con c¢6 thé dude xac dinh tit moé hinh phuong trinh sai phan
(4.25) bang cach chuyén ca hai v& ciia (4.25) sang mién phtic nhd phép bién d6i Z, réi lap
ty s6 anh Z ctia tin hiéu ra chia cho anh Z ctia tin hiéu vao:

b b2 e b2

2"t a2 i+ o +a

-1 -m m
Glz) = by+bz"+ - +b,2 (4.35)

-1 -2 -n
l+apz +a2"+ - +a,z -

Vi du 4.14: Xac dinh ham truyén théng qua ham trong lugng
Xét hé lién tuc c6 ham truyén:

1

GO = Tmmare

Gia st tin hiéu vao ra u(t), y(¢) dugc trich mau véi chu ky 7, . Khi d6 hé tré thanh
khéng lién tuc. Ta sé st dung cong thic (4.33) dé xac dinh m6 hinh ham trong lugng cho
hé khéng lién tuc d6. Trudc tién ta cin phai xac dinh ham trong lugng g(£) ctia hé lién
tuc da cho:
1 1 —t 05t
gt)=L" {m} =e -—e
z z

T, 0,57,

Véy gk — e—kTa _e—0,5kTa = G(Z) — Z{e—kTa _e—0,5kTa}: - _ d
z—e ¢ z—e @

Hinh 4.8 14 d6 thi biéu dién ham trong lugng {g;} cta hé tng véi T,=0,5s. a
00] (g4}
0.41
0.2
Hinh 4.8: Minh hoa vi du 4.14 t
0.0
o 1 2z 3 4 & & 7 3

Vi du 4.15: Xac dinh ham truyén nhd phép bién déi 3
Xét hé lién tuc c6 ham truyén:

2s+11

G(s) S
s“+3s+2

Khi tin hiéu u(¢), y(¢) dugc trich mau véi chu ky T,=0,1s , hé trd thanh khong lién tuc.
Ta sé& xac dinh ham truyén G(z) ctia hé khéng lién tuc d6 nhd phép bién déi 3.

Phan tich G(s) thanh téng tuyén tinh cic ham don gidn dudc:
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=7 9
+

G =
®) s+2 s+1

Tu day suy ra (nho bang tra cac tin hiéu co ban):
1 z z

1 z 4 N
= = va = =
3{s+2} z—e2Ta  2z-0,8 3{s+1} z—ele  2-0,9

- 2_
Tz 9z 2z2°-0,9 ™

Vay G(2)= + =
z2-0,8 2z-0,9 22-1,72+0,72

Mot s6 két luéin chung

Trén day ta da lam quen dudgc véi cac dang mo hinh khéac nhau ctia hé khong lién
tuc SISO véi tin hiéu vao, ra 1a {u;}, {y,}, bao gdm phuong trinh sai phan, ham trong
lugng va ham truyén, ciing nhu nhiing quan hé gitia ching. D& tién cho viéc tra ciiu sau
nay, ta sé tdng két nhanh lai & day nhiing quan hé dé:

—  Phuong trinh sai phan (4.25) c6 quan hé v6i phuong trinh vi phan (2.28) cua hé
tuyén tinh lién tuc tuong ting thong qua cac coéng thiic xAp xi dao ham bén trai va
bén phai, chiing con duge goi 1a cong thiic xap xi loai 1 va loai 2. Phuong trinh sai
phén (4.25) ciing ¢6 quan hé (4.35) v6i ham truyén G(z).

-  Ham truyén G(z) c¢6 quan hé (4.32) v6i ham trong lugng {g;} va (4.34) v6i ham
truyén G(s) ctia hé tuyén tinh lién tuc tucng ting. Chd y rang bén canh quan hé
(4.34) d6i khi ngudi ta con st dung nhiing céng thiic khac dé xy dung ham truyén
hé khong lién tuc G(z) tit ham truyén G(s) ctia hé lién tuc tuong tng, ching han:

z-1

a) thay s trong ham truyén hé lién tuc G(s) bang T
a

b) thays= Z:F_l trong ham truyén G(s) ctia hé lién tuc tuong tng,
a
N 2(2 - 1) ” . .
¢) thay s trong G(s) bang ———— (cong thitc Tustin),
T,(z+1)

song viéc st dung phép bién d6i 3 v6i cong thiic (4.34) vAn dugc st dung nhiéu
nhat. Ly do don gian chi 12 vi khi d6 G(z) c6 ban chit dong hoc giong nhu G(s) caa
hé lién tuc goc ma didu nay khong c6 dugc & cac phép bién ddi khac.

Ngoai ra, khi cai d#t mot hé lién tuc véi ham truyén G(s) 1én cac thiét bi s8, nhu vi
xtt 1y, vi diéu khién hay may tinh, thi sau khi trich m&u, tin hiéu khong lién tuc {u;} &
d4u vao ludn duge luu gi vao bd dém hoidc thanh ghi trong qua trinh xt ly. Néi cach
khac dau vao ctia hé lién tuc G(s) lic nay

sé 1a tin hiéu lién tuc (hinh 4.9): u(t) _}\’uk} -GZOH ﬁ(t)- y(t)_),{yk}

u(t)=u, khi kT,<t<(k+1)T,

. A N [ A R A Hinh 4.9: C4u tric cai dat hé vao thiét bi s6
chi khong con la tin hiéu khong lién tuc n aufruc cal det he vao thiet bl so
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{up}. Bdi vay khi xac dinh ham truyén G(z) cho hé khong lién tuc tuong ting, ta phai
ludn luu tAm téi sy c6 mat ciia bd dém d6 nhu mot khau nodi suy B—-Spline ZOH véi ham
truyén> Néi cach khac, thay vi G(z), ta phai xac dinh:

—sT,

a

1-—
GZOH(S) = QT

}ovél z=ele

j= gt

e THG(s), z-1 . G(s)
S V4 S

= GR)=3G,,, ()G} = 11

4.2.3 MO6 hinh trang thai

Giong nhu & hé lién tuc, hé tuyén tinh khéng lién tuc cling dugc md ta bdi phuong
trinh trang thai c6 c4u tric chung nhu sau:

{Ekﬂ = Ax;, + By,

4.36
¥, =Cx;, +Du, (499

trong d6, néu A,B,C,D 1a nhiing ma tran hing thi hé dugc goi 14 tham sé hdng, ngudgc
lai néu ching phu thudc thai gian (phu thudc chi s6 &) thi hé duge goi 1a khong ditng va
khi phu thuéce tham s6 khong gian thi hé duge goi 1a tham s6 rdi. Vector x, dugc goi la
vector trang thai cua hé, ching khéng nhat thiét phai mang mot § nghia vat 1y nao do,
nén ciing khong bt bude phai 1 tin hiéu. S§ chiéu cua x, ciing sé 1a bac cia mé hinh
(va 12 bac cta hé). C4u tric md hinh trang thai trén dung chung duge cho ca hé khong
lién tuc SISO va hé khong lién tuc MIMO.

Xdc dinh mé hinh trang thdi ti phuong trinh sai phan

Xét hé khong lién tuc c6 mo hinh vao—ra 1a phuong trinh sai phéan (4.25). B sung

cachéso6 b, ;=--=0b,=0, déeco:
Vet aypa+ o @Yy = bl + O+ e by,

va sti dung ky hiéu q-x, = x;,; cho phép dich phéi, phuong trinh sai phan (4.25) sé la:

V(@ +a @+ - ) =uy ,(byg" +b,q" T+ - +D,)
byg" +bg " + - +b . _

& Yien _ 209 b novei A(Q)=q"+a, "+ - +a, (4.37)
Goi

xk 1= _Uk_n xk 9 = T uk_n . xk = —qn_l i uk_n

" Ag) " A(g) " A(g)

ta c6 qu—n,l = xk—n,2 ) qu—n,2 = xk—n,S [ qu—n,n = xk—n,n—l
va Uppn = A(q)xk—n,l =QqXp_nn + N Xpnn + o+ Ay 1Xp—n2 + ApXp_p1
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Suy ra

‘xk—n,l 0 ! 0 ‘xk—n,l
0 0 1
xk—n,Z _ . . xk—n,Z
0 0 0 1 :
xk—n,n —Q, 0,1 —Q, 9 - xk—n,n
Ky hiéu tiép
0 1 0 0 0
0 1 0 .
A = . . . . > B - O > zk_n
0 0 0 e 1 1
—a, 0y —Qy 9 —a

thi phuong trinh trén sé viét lai dugdc thanh:
Xpps1 = Ay = A%y, + By
Mait khac ta lai cé:

+b, Yk-n
A(g)

nu _ n—lu ~
Vpn = bO q Upn q k—n
A(g) Alg)

= (bn _bOan )xk—n,l + o

+b;

Béi vay, néu ky hiédu:
C= (bn —a,by , b, —a, 4by 5 o

sé dugc:

b —aby) , D =b,

Yon= Cx, ,+Du,, < Y, = Cx, + Du,,
Ghép chung (4.39) va (4.41) ta c6 md hinh trang thai:

Xpq = Axy, + Bu,
Y = Cxy + Dy,

v6i cac ma tran A,B,C,D cho bdi (4.38) va (4.40).

& x,,,=Ax, +Bu,

:bnxk—n,l 4+ e

0
Up—n
xk—n,l
X
kn.2 (4.38)
xk—n,n
(4.39)

+ blxk—n,n + b()qu—n,n

+ (bl - bOal )xk—n,n + bOuk—n

(4.40)

(4.41)

(4.42)

T mé hinh (4.42) ctia hé khong lién tuc ta con x4c dinh duge truc tiép dap tng {y;}

ctia hé trong mién thdoi gian nhu sau:

x, =Ax, ;+Bu, = A(Aﬁkfz + ng72)+ Bu, , = Asz—2 + (ABEkfz + BE/H)

= A?(Ax, 5 +Bu, 5)+(ABu;_,+Bu, ;)

=A3§k—3 +(AZBEk—1 +Ang_2 +ng_1) = ... =A

k k-1 hei
= 9,=C|Afx + ¥ A¥"Buy, |+ Dy,
- =0

k-1
k k—i-1
Xy + Z;‘) A" Bu,
i=

(4.43)

(4.44)
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Xéc dinh mé hinh trang théi t&r hém truyén

Xét hé khong lién tuc c6 ham truyén G(z) cho béi (4.35) dang thuc—hiiu ty va khong
mat tinh téng quat néu ta cho ring da thiic ti s ¢6 ciing bac nhu da thic miu s6:

Y(z)  by"+b2" T+ - +b,
2

U@) 2"+aqp2" +a2" 2+ - +a,

G(z) =

Do ham truyén nay cé cau tric hoan toan giong nhu mo hinh (4.37) cia phuong trinh sai
phéan, nén mo6 hinh trang thai tuong duong ctia né ciing sé la (4.42) véi:

0 1 0 -0
0
0 0 1 -0 .
A=| 1 B[ C=(bimay e bi-aib) D=
0 0 0 e 1
1
—a, —Qp 1 —Qyu o -a

Xdc dinh md hinh trang thai hé khéng lién tuc & mé hinh trang thdi hé lién tuc
Xét bai toan xac dinh moé hinh trang thai cho hé khéng lién tuc MIMO c6 tin hiéu
vao va ra {u,}, {yk}, nhu mé ta 6 hinh 4.10b, khi phai tich hgp hé MIMO lién tuc lén

thiét bi s6 (hinh 4.10a) c6 dé § dén sy tham gia cta khau noi suy B-Spline bac 0 (khau
ZOH) véi dang tin hiéu vao—ra md ta 6 hinh 4.11, tic la véi:

wt)=u, khi kT,<t<@E+DT,

1- —sT,
= Gron(s) = =
s
Q) b)
) T ARORES ) |2y = Axy +Bu, | 1))
’ Gzou(s) L) dt Az+Bu _—/(4—k> +i C —
_ . y, =Cx, +Du,
y=Cx+Du -

Hinh 4.10: M6 hinh trang thai tuong duong cla hé khong lién tuc.

{urs u(t)

o—— 9 o—

1 111

o— I 100 1

R

T
t I T T T R T R B

& ' ' ! ' ' ' ' 1 1 1 1 1 1 1 | 1
T, 3T, 5T, 7T, 9T, T, 3T, 5T, 7T, 9T,

Hinh 4.11: Tin hiéu vao-ra ctia khau ZOH
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B4t dau ti phuong trinh trang thai hé MIMO lién tuc tuyén tinh:

—==Ax+Bu
e T T (4.45)
y=Cx+Du
ta co
t
x(t) = e* x + [ e P Bu(r)dr
0
kT,
=  x,=x(kT)=eox + [ AMOBu(r)dr
0
(k+1)T,
va  x,,, =2(k+DT,) = F Vx| AGVLTDBY(r)dr
0
kT, (k+1)T,
— eATa AkTa EO + J' eA(kTa *r)BL:L(T)dT + J‘ eA((k+l)Ta *T)BQ(T)dT
0 kT,
(k+1)T,
=etox, + [ ACVLTOBIru, vi u(r)=u, khi kT, <t<(k+1)T,
kT,

Ta
=e*oy, + [ eMBdt-u, véi t=(k+1)T, -7
0

Bdi vay, sau khi so sanh véi mé hinh trang thai ctia hé khéng lién tuc tuong duong:

X = Ax +Bu
Zk+1 Zk Zk (4.46)
¥, =Cx;, +Du,
ta co
- —~ Ta Ta
A=e*"e va B=[e*Bdt= [e*dt-B (4.47)
0 0

Tuong ty nhu cong thtc (4.43), tit mé hinh trang thai (4.46) cia hé khong lién tuc
ta cling xac dinh dugc vector trang thai va dap ting cia hé nhu sau:

_ B=1 .
x, =Ak£0 + z Ak—z—lBEi
=0 (4.48)

1 k=1 i1 5
y,=ClA §O+ZOA "By, |+ Du,
=

Vi du 4.16: Xac dinh mé hinh trang thai hé khéng lién tuc

Xét hé SISO lién tuc v6i mé hinh trang thai:

dx (-1 O 1)_

— = x+ u -1 0 1

dt 0o -2)7 1 = A= ,B= ,C=(1,1),D=0
0 -2 1

y=@1,1x
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trong d6 u =u, khikT,<t< k+1)T, vaT,=0,1s. T két qua:

—t
M =rYsI-A) Yy = (e 0 ]
0

e—2t

A:eATa = e_o,l 0 = 0,9 O
0 02| L0 081

01( —t 01( -t 1-¢701
- Uitle 0 1 > oe 0,1
B= j -2t (Jdt B j 2 =l 0.2 :[0 095}
ol 0 e ole 5(1 -e %) )

Vay mé hinh khong lién tuc ctia hé la:

0,9 0 L[ 01
X = X u
k170 0,81)7% 10,095 "

y=(1,1)£k a

ta co

Xéc dinh hdm truyén t&r mé hinh trang thai
Tit mé hinh trang thai (4.42) cta hé SISO khéng lién tuc va sau khi chuyén hai v&
cta phuong trinh thd nhit sang mién phiic nho phép bién ddi Z, ta cé:
2X(z2)=AX(z)+BU(z) < (zI-A)X(2)=BU(z) < )_((z)=(zI—A)_lB U(z)
Thay két qua trén vao phuong trinh thi hai ciing d& duge chuyén sang mién phtic nhd
phép bién d6i Z, ta thu dude ham truyén:
Y(z)=CX(z)+DU(z)= [C(ZI—A)_lB+D] U(z)

Y(2)

=C(zI-A)'B+D (4.49)

va v6i cong thiic tinh dinh thtic ma tran khéi caa Schur cho ma tran:

p= (ZI;A _zﬂ — detP = det(ZI —A _B] = det(zl - A)det(D+C(zI - A) " B)
=  G(z)=CGEI-A'B+D= det(C(zI ~A)'B +D) __ detP (4.50)
det(zl - A)

ta thay ngay duge ring diém cuc ciia hé chinh 13 nghiém cta det(zI-A)=0 va diém
khong cia hé 1a nghiém cta det(P)=0.

Trong truong hdp st dung mé hinh trang thai (4.46) thay vi (4.42) ctia hé khong
lién tuc, tic 14 cho hé lién tuc (4.42) nhung cé thém khau ZOH & dau vao, thi ham
truyén sé la:

C(sI-A)'B+ D}

G(z):C(zI—A)‘IB+D:Z;13{ X
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trong d6 A,B,C,D la cac ma tran hé théng cia mé hinh trang thai (4.45) hé lién tuc
tuong ting sau khi trich mau tin hiéu vao-ra, véi su tham gia cia khau ZOH va hai ma

tran A,E dugc xac dinh tu A,B theo cong thic (4.47).

Vi du 4.17: Xac dinh ham truyén
Heé khong lién tuc thu dugc tit vi du 4.16 c6 ham truyén la:

Y(z)  1,052z-0,117 '
Uz) (2-0,9)(z-0,81)

G(z) =

Xdc dinh hdm trong lugng ti mé hinh trang thai

T cong thic (4.48) moé ta dap Gng cua hé SISO khéng lién tuc c6 mé hinh trang
thai (4.42) va véi gia thiét ring trang thai ddu bing 0 (x,=0), ciing nhu tin hiéu khéng
lién tuc & dau vao la diy xung dirac {J,}=1{1,0,0,...}, ta cé:

D khi k=0
8= {CA“B khi & >1 1

DPuong nhién ring cong thic (4.51) trén cing duge ap dung dé tinh ham trong lugng cho
mb hinh (4.42) 14y ti phuong trinh sai phan (4.25), trong d6 ta chi cAn thay A,B bdi A
va B c6 cac phan tu 14y ti phuong trinh sai phan theo (4.38).

St dung tiép cong thiic Cayley—Hamilton & dinh 1y 3.8 cho viéc thuc hién (4.51) thi:

p(A) =aqyl + a1A + e+ an_IA”_l +A" =© (ma tran c6 cac phin ti 0)

= aOAk*”*1 +a ARy an_lﬁkf2 +A*1 -0, k>n (nhan 2 v& véi AF)

=  qCA¥"'B+a,CA¥ "B+ .- +a, CA¥?B+CA*'B=0, k>n

S Q8hn t MBhpnn1t T 18,1+ 8, =0, k2n

= 8k ="08kn ~UEkn+1~ " — Q181> k2N (4.52)
trong d6ag, @, ... , @, la cac hé s6 cua da thiic dic tinh ctia hé. Do d6 gia tri g;, cta

ham trong lugng {g;} hoan toan dudc xac dinh lap tir n gia tri da biét ctia né trude do.
Hon niia vé6i (4.52) ta con xac dinh duge tham s6aq , @y, ... , @,_; cia md hinh tit ham

trong lugng {g;}. C4c hé s6 d6 con c6 tén goi 1a hé s6' Markov.

4.2.4 Daisd so do khdi hé khdng lién tuc

Vé nguyén téc, viéc bién ddi so @6 khéi ctia mot hé khong lién tuc ciing dude thuc
hién giéng nhu & hé lién tuc da duge trinh bay é muc 2.2.3 ngoai trit mot diéu ludén can
phai dudc chi ¥ 1a cdc khéi khong lién tuc phdi cé cdc tin hiéu vao, ra dang xung (khong

lién tuc, déu) va cing chi & khéi khong lién tuc mdi c6 phép bién doi 3: G(s)—G(z).
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Hai khdi néi ti€p:

Hinh 4.12a) va 4.12b) mo ta hé théng khong lién tuc gém hai khoi méc néi tiép.
Trong khi & hinh 4.12a) ¢6 khéu trich m&u nim gitia hai khéi thi ¢ hinh 4.12b) hai khéi
dugc néi truc tiép véi nhau.

1) Ca hai khéi G1(s), Gy(s) 6 hinh 4.12a) déu 1a nhiing khoi khéng lién tuc nén:
X(z)

Y
Gi(2)= U =31G1(9)}=G1(2) va Gy(2)= % =HG2(s)1=G2(2)
Suy ra ham truyén tuong duong ctia ching la:

Y@ _Y() XG)_
U(z) X(z) U(2)

G(z) = G2(2)G1(2) = G(2) = Z{G2(s)} 3{G1(s)}

2) Ca hai khéi G1(s) va G4(s) 6 hinh 4.12b) khong phai 1a khéong lién tuc, vi x(¢) 1a tin
hiéu ra ctia G,(s) dbéng thdi ciing 1a tin hiéu vao cla G4(s) 1a tin hiéu lién tuc.
Nhung toan bo hé théng véi ham truyén G4(s)G,(s) lai 1a hé khong lién tuc, béi
vay ham truyén tuong duong G(z) cho ca hé sé phai la:

G(2) = 3{G2(s)G1(9)}

a) b)
—/ Gy (s) | Go(s) s VN PO B P AN
G(z) =3{Ga(s)} 31G1(s)} # G(z) =31G2(s)G1(s)}

Hinh 4.12: NGi tiép hai khéi (chd y su khac nhau vé ham truyén tuong duong).

Hai khéi song song:

Hé gdém hai khoi néi song song duge mo

ta trong hinh 4.13 c6 tin hiéu vao ra déu ¢

dang xung (khong lién tuc va déu). Cac tin @ w[1G1() [0 w
N s _/ AN

hiéu nay ctng la tin hiéu vao/ra cua tung i

khéi. Bdi vy mé hinh khéng lién tuc G(z) Ga(s) — *

chung cho ca hé sé la:

G(2) = 321Gy ()i £ FGy(s);
=G, (2)+Gy(2)

Hinh 4.13: Hé c¢6 hai khdi song song.

H& héi tiép:
Hinh 4.14 m6 ta hé héi tiép véi hai trudng hgp khac nhau: Tin hiéu hdi tiép vé 1a
xung (hinh 4.14a) va la lién tuc (hinh 4.14b). O ca hai truong hgp, tin hiéu u(¢) c6 vé
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nhu khéng duge trich mau. Song do trong e () c6 chita u(¢) nén khi trich mau e(t) ta da
trich mau luon c u(¢). Nhu vay hé thong c6 tin hidu vao khéng lién tuc. Cong thém viéc
trich mau y(¢), hé ciing c6 tin hiéu ra khéng lién tuc. Béi vay hé héi tiép da cho chinh la
hé khéng lién tuc va dé mo ta toan bo hé hoi tiép trén ta c6 dnh G(z) duge tinh nhu sau:
1) Trudng hop hdi tiép tin hiéu xung {y,} nhu & hinh 4.14a):
Y(z) = 3{G,(s)}E(z) = G,(2)E(z) v6i E(z) la anhZcua {e;}
= G1()[Uk) £X(2)] = G1(2)[Uz) £ G2(2)Y(2)]

Suy ra

Y(z) _ G, (2)

[17G1(2)G2(2)Y(2)]Y(2)=G1(2)U(z) & G(2) = U 156.(2)G,%)

2) Trudng hgp haéi tiép tin hiéu lién tuc y(¢) nhu & hinh 4.14b):

Y(2) = G1(2E@@)=G1()[U@) 3{X(s)}] = G1(2) [U()E F{G ()Y (5)}]

= G,@)[U) £ 3(G2(5)G1()IE@)] = G1@) [UR)* 3{Go()G 1 (5)} g <2)]
1
. _ Gq(2)
V& 6@ =206, 06, )]
D u@) et) o O oy, 2w e) o, ¥y,
Gy(s) —"—— G (s) |—
R0 R0 J
22 Gy Gals)
_ 3G ()} A O
G(z) = G(z) =— 01N
® L ARG 4 ® "2 506,56, 0)]

Hinh 4.14: Hé héi tiép.

Vi du 4.18: Bién ddi so d6 khéi

u(t) e(t), e t
S P A PR EAG Zad
Hinh 4.15: Minh hoa cho vi du 4.18 - G3(S)

Xét hé c6 mo hinh sé d6 khéi cho trong hinh 4.15. T so d6 khéi d6 ta cé:
Y(2)= 3{G1(s)G2(s)}E(2) = G1(2)G2(2)E(2)
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= G1()G1(2) [U(2) - H{G5(5)G ()X (9)}]

[
= G126 [UR) - §{G3(5)G2()X ()]
= G1(2)G4(2)[Uz) - 3{G5(s)Go(s)}G1(2)E(2)]
= G,(2)Gy(2)[U(2) —3{G3(S)G2(s)}G1(z)%]

Y(z) G1(2)Gy(2) m)

Ve G G T T 36, 5)Ga ()} Gu 2)

Vi du 4.19: Bién ddi so d6 khai khi cai dat Ién thiét bi didu khién s
Khi cai dit mot hé thong véi ham truyén G(s) 1én may tinh (hoic cac bd vi xt 1y, vi
diéu khién), hé sé c6 c&u tric so dé khéi nhu hinh 4.16 mé ta, trong d6 G,op(s) 12 ham
truyén cua khau giti tin hiéu bac 0:
T,

a

1 _ —S
Gzon(s) = =

Toan bo hé théng trong may tinh sé& c6 ham truyén
G(s) = (1—¢ ) &

Nhung do hé théng G(s) trong may tinh c6 tin hidu dau vao {u,}, dau ra {y,} déu la tin

hiéu xung (khong lién tuc va déu) nén né ciing 13 mdt hé khong lién tuc va nhu vay bén

canh ham truyén é(s) dang lién tuc né con ¢6 md hinh khong lién tuc nhu sau:

GG =316} = (1-27H g1 88 = 222 G0, u)
Hinh 4.16: Cai dt hé théng vao may tinh. u(t) /{uk} o) u(t) oo |20 W
Minh hoa cho vi du 4.19 ’

Vi du 4.20: Xac dinh ham truyén tuong duong
Xét hé c6 tin hiéu vao {u,} va ra {y,} khong lién tuc v6i so d6 khéi cho & hinh
4.17a. Nhiém vu d#t ra 14 tim ham truyén tuong duong G(z) cho hé.
Ta c6 hai phuong phap cd ban d8é x4c dinh G(z).
1) Tim G(z) truc tiép t anh Z cia tin hiéu:
Ky hiéu cac anh Z ctia nhiing tin hiéu khong lién tuc {u;},{e,},{vs}, {ys) 1a:
E@z)=Zlert , UR)=Z{up , V(2)=Z{vr} va Y(2)=Z{y;}

ta c6 tir so do khoi:

402



a)

b)

d)

e)

f)

U _ Aupy e j*{ek} G v —(I{Uk} o LY /iﬁ}
G;(s) G,(s)
S
2 ‘ﬁij{uk} Al perm *)gf_/v A G |2 A
Gs(s) G4(s) F— Gas) J
G\ ‘Tv%}”k} G |24
G(s) 1 Gy(s)
Gs(s) G4(s) 1 Gy(s)
u _Aupi_ e tep) G _,\’ v _:"{Uk} o L _‘_),\{yk}
LGQ(S)G4(S)
G(5)G3(5)G4ls)
turp)  Hep’ 7%
HHGi(s)} {\L HGy(5)} —
5{G2(3)G4(3)} <
5{G2(3)G3(3)G4(3)}
{up)  {ep} 1 et
a 3{G1(S)} — 1—3{G2(8)G4(S)} 3{G2(S)} >
HHGo(s)G4(s)G(s)}

Hinh 4.17: Xéac dinh ham truyén tuong duong. Minh hoa cho vi du 4.20

403



Y(z) = 3{Gys)}V(2)

B _ 3{Gi(5)}E(2)
V(z) = 5{G1(3)}E(2)+5{G2(S)G4(3)}V(Z) = V()= m
E(2) = U(2)-3{Gy(s)G3(s)G4(5)} V(2)

Thay phuong trinh thi 3 vao phuong trinh th 2, duge:
3G} U) - 3{Ga(5)Gs ()G ()} V()]
1-3 {Gz (5)G, (s)}
_ F{G(9)}U(2)
1- 321Gy ()G, ()} + 2{G1(3)} 2{G5(5)G5(s)Gy ()}

Thay ti€p vao phuong trinh thi nhat, ta di dén:

V(z) =

5{G1 (s)} U(z)
Y(z)=3G
®=51G:0) 1-3{Gy(5)G4 ()} + F{G1(5)} - 3{Go(5)G5(5)G4 (5)}
_Y(2) _ 3{Gi()}- 3{Gy(s)}

= G(z)= =
U(z) 1- 3{G2(3)G4(3)} + 5{G1 (3)} : 3{G2(3)G3 (3)G4(3)}
2) Tim G(z) nho bién déi so dé khoi:

Chuyén nut chia tin hiéu tit sau tdi trudc khoi Gy(s) ta c6 hinh 4.17b. Chd § ring
viéc chuyén nut tin hiéu tit sau t6i trude mot khéi, chi dude thuc hién véi nhiing khoi
khoéng phai 1a khoi trich mau hoic khoi ZOH va dude thuc hién hoan toan gidng nhu &
truong hop hé lién tuc. Tiép theo, ta chuyén nut chia tin hiéu tit sau khéi G4(s) ti trude
khéi Gy(s) sé c6 hinh 4.17c. Hinh 4.17d dudc suy ra tit hinh 4.17c trén co s6 tinh chat
tuyén tinh cta khau trich mau tin hiéu, tic 14 trich m4u cta tong hai tin hiéu sé chinh
12 téng cta cac két qua trich mAu cia hai tin hiéu do.

Khi tin hiéu vao ra clia mdt khdi Gy(s) ndo d6 déu 1a tin hidu khéng lién tuc thi ta
duge phép thay khdi d6 biang G,(2)=2{G,(s)} va d6 chinh 1a hinh 4.17e. Hinh 4.17f 1a
két qua rit gon ctia hinh 4.17e va tit day ta c6 ngay dudc ham truyén ctia hé. a

4.3 Phan tich hé khong lién tuc
4.31 Phan tich tinh 8n dinh

Qud trinh tu do, diéu kién cdn va di dé hé 8n dinh

Khai niém 6n dinh ctia hé khéng lién tuc dudec mé td bdi ham truyén G(z) hay
phuong trinh trang thai hoan toan tuong tu nhu & hé lién tuc, tic 1a hé s& dude goi 1a 6n
dinh BIBO néu v6i moi tin hidu vao {u}} bi chin (Juy|<e,VE), tin hidu dau ra {u;} cua

hé cting bi chan (Jyg|<e,VEk).
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Giéng nhu ¢ hé lién tuc, tinh én dinh cta hé khong lién tuc ciing dude nhan biét
thong qua qua trinh tu do cla né. Pay 1a qua trinh duge biéu dién bdi dap tng tu do (tin
hiéu vao bing 0) ctia hé khi di tit diém trang thai ddu khéac 0. Néu st dung mé hinh
trang thai (4.36) thi véi (4.43), qua trinh tu do sé 1a (quy dao trang thdi tv do):

x, = Afx, (4.53)

Ngugc lai, néu stt dung mé hinh 14 ham truyén G(z) thi qua trinh tu do sé chinh 14 ham
trong lugng:

gr=2""G@)} (4.54)

Theo dinh nghia, ham trong lugng {g;} 1a dap ting 6 dau ra khi hé dang & trang thai dau
bing 0 va dudge kich thich bing diy xung dirac {J,}={1,0,0,...} 6 ddu vao. Nhu vay, tit
diic diém nay cta day xung dirac, kich thich d6 s& chi ¢6 tac dung danh bat hé ra khoi
trang thai 0, con sau d6 hoan toan dé hé van dong tu do véi dap tng {g5}.

Cha y: Trong muc 4,3 nay, mé hinh trang thai hé khéng lién tuc dudc st dung sé 1a
(4.36) cho hé MIMO hosc (4.42) cho hé SISO. Duong nhién diéu nay hoan toan khéng
lam anh hudng téi viéc ting dung cho hé c¢6 mé hinh (4.46) véi c6 sy tham gia thém cua
khau ZOH & dAu vao, vi khi d6 ta chi cAn thay A, Bbdi A va B.

Dinh 1y 4.1: O hé tuyén tinh khong lién tuc, tham s6 hiing, mé ta bdi ham truyén G(z),
ho#ic mé hinh trang thai (4.36), (4.42), cac phat biéu sau 1a tusng duong.
a) Hé én dinh BIBO.
b) Qua trinh tu do, tic 14 ham trong lugng (4.54), hay quy dao trang thai tu do
(4.53), 1a tit dan (tién vé 0).
¢) Ham truyén G(z) co tt ca cac diém cuc z, ndm bén trong dudng tron don vi,
tic la c6 |z|<1, VEk.
d) Ma tran hé théng A trong mo hinh (4.42) c6 tat ca cac gia tri riéng z;, nadm bén
trong dudng tron don vi (|zp|<1, V).
Chitng minh:
(b=>a): Khéng mét tinh téng ta gia thiét n diém cuc z;, i=1,2,...,n cua G(z) 1a khac
nhau déi mot. Khi d6 nghiém {g,} cta (4.54) phai c6 dang (4.20):

&k
&k = 2 CZ
i=1

va dé co %im gy =0thi |z;|<1, VE. Suy ra:
—>o0
k}l_r}r;’{’/@ < |zmax|lli_r>r°1o k,ln|cmaX = |zmax| <1 véi |zmaX| = mlax|zi| , |cmaX| = mlaxlcil

Vay chudi Y |g;| 1a hoi tu va véi:
k=0
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o

o =[5 | < bl £ ] <l 5

i=0 i=0 i=0

thi khi {,} bi chén ta cling c6 tinh bi chén caa {y,}.

(beced): Xem phan chiing minh trén ciing nhu quan hé (4.50).

(a=d): Khéng m4t tinh téng quat ta gia thiét A c6 dang dudng chéo A=diag(z;). Khi

d6, v6i quan hé (4.44) va trang thai dau x,=0 ta cé:

k-1 . k-1 .
v, =CY A*" "By, +Du, = c( Y diag(zh ! )Bul} +Du,
i=0 i=0

k-1 .
= C( Y. diag(z) )Buk—i—l} +Du,
i=0

Tt gia thiét {y,} bi chin véi moi diy {u,} bi chan, ta suy ra duge tinh héi tu cta chudi

liiy thita Y 2 <eo, /j va diéu nay la tuong duong véi |z,|<1, V. a
=0

Theo ndi dung dinh 1y trén, thi dé kiém tra tinh 6n dinh ctia moét hé khong lién tuc,
ta chi cAn kiém tra xem nghiém ctia da thic dac tinh cta hé, tic 1a da thic det(zI-A)
ctia mo6 hinh trang thai, hodc 1a da thic mau s6 ctia ham truyén G(z), ky hiéu la A(z),
c6 ndm bén trong dudng tron don vi hay khong. Mot da thiec:

A(z) = det(zI-A) = agta z+ - +a, 2" +2"
c6 tat ca cac nghiém z;, i=1,2,...,n ndm bén trong dudng tron don vi (|z;|<1), s& dugc
goi 14 da thitc bén (stable).
Xét da thtic A(z) bac n va gia st z;, i=1,2,...,n 1a nghiém cta n6. Theo dinh 1y
Vieta, cac hé s6 ctia da thiic A(z) s& c6 quan hé véi nghiém z; clia né nhu sau:

A@)=ay+az+ - +a,2" =a,(z-2)(z—2y) -+ (2—2,)

n n
-1
=a,|2"-2"" Y z+ - +(-1)"'[]7
i=1 i=1

n
= a, 1 =-a,2.2; va ay=(-1"a,[]z
i i=1
Suy ra:

Pinh ly 4.2 (Biéu kién can): Né&u da thiic:
A(z) = agta,z + - +a,z"
1a da thic bén thi phai c6 |ag|<|a,]|.
Chitng minh:
Tu gia thiét |z;|<1 v6i moi i ta co ﬁ|zl| <1 do d6 cling co:

=1
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n n

laol =lan [Tz | =lanl [T|zi| <lanl 0
j=1 =1
i= i

Ch y: Dinh 1y trén chi 1a mét tiéu chuén gitup xac dinh nhanh mot da thic A(z) c6
thé 1a da thic bén hay khong chtt chua di dé khing dinh n6 chic chén s& 1a da thtc bén.
Vi du sau minh hoa diéu d6.

Vi du 4.21: Dinh ly 4.2 chi la diéu kién can
Da thic
A(z) = 0,8+42+0,22%+2° = (242))(2-2j) (2+0,2)
¢6 ap =0,8 va @3=1 thoa mén |ay|<|as| nhung lai khong phai 1a da thic bén vi ¢6 hai

nghiém z, 5 = +2j ndm ngoai dudng tron don vi. a

Tiéu chudn Schur-Cohn-Jury
Tiéu chudn Schur—Cohn-Jury dude bit ngudn tit dinh 1y sau:
Dinh ly 4.3 (Schur-Cohn): pé
Ayiz) =ayg+az+ - +a,z"
14 da thtic bén thi can va du la:

<1 va A(2) = Ag2)- 22 Dy (2)
a

n

)
an

ciing 1a da thtc bén, trong d6 D(z) 1a da thiic d6i ngdu véi Ay(2), tic 1a:

Dy(z) = 2"Ag(z"") = agz"+a ;2" '+ - + a,_qz+a,
Chitng minh:
Xét da thiic phu thudc tham so €
C(z,6) = Ag(z) — €Dy(2)
Gia st rang C(z,€) c6 nghiém 2z, nim trén dudng tron don vi (|z;|=1). Vay thi do:
[Do(2)] = [ Ao 22| = [ 40 G| = Ao (2] = |40 z1)
trong d6 z, la gia tri phtc lién hgp cua z, va Ao(z ») la gia tri phtc lién hgp cua
Ay(z,), nén ta ciing c6
0=[Czpre)| = Ao (zp)| |1 -]
ttc 1a khi € #1 thi moi nghiém z, véi |z;|=1 caa C(z,¢) cing la nghiém caa Ay(z).

Ngugc lai, néu z;, véi|z;|=1 la nghiém cta Ay(z) thi do:
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0= A(zy) = 208 _ 4 7 = 21 A0 (23) = Dy ()

23

nén z; ciing 1a nghiém cta C(z,&). Nhu vay véi moi £ #1 nghiém nim trén dudng tron

don vi cia da thtic C(z,€) ciing chinh 14 nghiém cta Ay(z) va ngugc lai. Do nghiém ctaa

Ay(z) khong phu thudc € nén cac nghiém z, véi |z;|=1 caa C(z,€) cang khéng phu

thudc € khi ma e #1. Két luan nay chi 6 s6 cac nghiém nim trén dudng tron don vi cta

C(z,&) 1a mot hing s6 véi moi £#1.

Bay gio ta cho € chay trong khoang [0,1):

Véi €=0 thi do C(z,0)=A,(z) nén tit ca nghiém ctia Ay(z) cling 1a nghiém cua
C(z,0). Goi sb cac nghiém ndm trén dudng tron don vi clia ching laq.

Ting dan £ va gia st trong qué trinh ting dian & nhu vay s6 cac nghiém nim bén
trong dudng trong don vi ctia C(z,€) bi thay ddi, tic 1a c6 mot nghiém tit bén trong
di ra ngoai hoidc c6 thém nghiém tir bén ngoai di vao trong dudng tron don vi. Do
nghiém cia C(z,e) thay ddi lién tuc theo £ nén bét budc trong qua trinh dich
chuyén d6 phai c6 lic ching ndm trén dudng tron don vi. Diéu nay da lam cho s&
cac nghiém ndm trén dudng tron don vi ctia C(z,€) da c6 luc bi thay déi (16n hon
ho#c nhé hon g). Diéu nay trai nguge véi két luan trén. Vay diéu gia st 1a sai. Néi
cach khac @8 A,(z) 1a da thiic bén thi cn va dt 1a C(z,€) cling phai 13 da thic bén

v6i moi 0<e<1.

Chon £ =20 <1 58 ¢6 C(z,6)=A;(2). Do d6 néu Ay(z) la da thiic bén thi A;(z) ciing la
an
da thitc bén. Ngugce lai khi A;(z) 12 bén va £<1 thi Ay(z) ciing phai bén. a

MG rong ra, da thiic A;(z) con viét duge thanh:

A, (z) = Ay(2) —%Do(z) = Ay(2) —%Z”Ao(z’l)

n n

Q Qa Qa
— 0 0 0 n-1
a, a, a,

do d6 A, (z) sé 1a da thiic bén khi va chi khi da thtc cé bac thap hon

a a a, _
pi(z) = pl(z)=[al—a—oan1}+(a2—a—oan2]z+ +[an—a—0a0]z" 1

n n n

ciing 14 da thiic bén. Véi nhan xét nhu vay Jury da xdy dung thuét toan kiém tra xem:

Ay2)=a” +aVz+ - +a02" (4.55)

¢6 phai 1a da thiic bén hay khong gém hai buéce nhu sau:

1) Ha dén bac cia A (2)
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p1(2)= a(l) +a(1)z +

pa@)=ai’ +a{?z +

pn—l(z) =

2) Kiém tra diéu kién can va da 4

" 4 D,

C+ aﬁll_) 2"

-+ a2

Qo |
a®

n-2 & (2) = o _
vll  a; a;) -

-1) _ 2
az(n )= z(fl -

@)

n—i

L véi ai(l)— 1(2

ap

(0)

(0) ;
(0) —ea, g, 0<isn-1
a(() a®

(1) a,”’; o, 0<is<n-2
n 1

(n-2)

D a1 ., 1=0,1
ay

<1, v6i moi i=0,1, ..., n-1.

Hai buéc trén da dugc cai dat thanh thuat toan rat tién lgi cho viée st dung duéi
dang bang, ¢6 tén goi 1a tiéu chuin Schur—Cohn—Jury cho da thtc (4.55), nhu sau:

(0) 0 0)
) a; ) ay
(0)
ho=Ct o o) ),
H_ (0 0 H_ (0 0 H_ (0 0
' =a o a®, | o =al? dg | o =a ol
1)
a,
A 0 1 1 1
! a, a?, i’y s
2)_ (1 1 2)_ (1 1 2)_ (1 1
=t ey | = d el | =4 a,
a(()n—l) a%n—l) 0
(n-1)
a
Ap1=—2— -1 1
n-1 a{™ a" ™V al*™v 0

Véi bang trén, da thic (4.55) sé bén khi va chi khi gia tri tuyét doi ctia tat ca cac s6

hang 4;, i1=0,1,...

,n—1 trong cft ddu nho hon 1 (|4;|<1, Vi).

Vi du 4.22: Minh hoa tiéu chuan Schur-Cohn—Jury

Cho da thtc

A(z) = —1-T2-822+282°+482*

Lap bang Schur—Cohn-Jury:
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-1 -7 -8 28 48
-0,02 48 28 -8 -7 -1
—6,42 -8,17 217,85 47,98
-0,14 47,98 217,85 -8,17 —6,42
—4,45 26,76 47,12
-0,1 47,12 26,76 —4,45
29,28 46,7
0,63 46,7 29,28
Do cot ddu déu c6 tri tuyét d6i nhd hon 1 nén da thiic da cho 14 da thiic bén. a
Vi du 4.23: Minh hoa tiéu chu&n Schur-Cohn-Jury
Xét da thic bac 2:
A(z) = 0;0+alz+z2
Lap bang Schur—-Cohn-Jury:
ag a; 1
Qo 1 aq Qo
2
a1—apa, 1-ag
a; —ayay
l—ag 1‘“3 a1-apaq
Vay dé hé 6n dinh thi cin va du la:
|ag|<1 va |a1—a0a1|<1—ag & |agl|<1 va |aq|<l+a, a

SU dung céc tiéu chudn xét tinh 8n dinh hé lién tuc

Trong chuong 2 va 3 ta da 1am quen kha nhiéu tiéu chuén xét tinh 6n dinh hé lién
tuc trén co sd khao sat ving chita nghiém da thtc dic tinh cia né (viing chia diém cuc
cta hé), trong d6 cic tiéu chudn nhu ctia Routh—-Hurwitz, Lienard—Chipart, Michailov 14
kh4 thong dung. Céc tiéu chuén nay cé nhiém vu x4c dinh xem nghiém da thitc dic tinh
¢6 ndm bén trai truc 4o hay khong ma khéng can phai truc tiép di tim cic nghiém d6.

Khac véi tiu chuén xét 6n dinh hé lién tuc, viéc xét tinh 6n dinh hé khéng lién tuc
théng qua su phan bd nghiém da thiic déc tinh ctia hé lai phai chi rd nghiém cta da thtc
dic tinh c6 ndm trong dudng tron don vi hay khong (dinh 1y 4.1, 4.3). B&i vy mudn st
dung duge nhiing tiéu chuén xét tinh 6n dinh hé lién tuc cho viéc xét tinh 6n dinh hé
khéng lién tuc thi cAn thiét ta phai tim duge mét don anh chuyén cac diém z ndm bén
trong dudng tron don vi thanh mot diém p ndm bén trai truc o trong mit phing phic
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(hinh 4.18a). ChG y rang & day ta ky hiéu d8i s6 14 p chi khong phai 1a s nhu & hé lién
tuc 1a dé nhan manh ring phép bién d6i d6 chi c6 ¥ nghia cho viéc xét tinh on dinh chi
hoan toan khéong phdi la mét dnh xa chuyén déi mé hinh khéng lién tuc thanh mé hinh
lién tuc tuong duong, chdng han nhu khong thé bing phép bién déi nay dé chuyén ham
truyén khéng lién tuc G(z) thanh ham truyén lién tuc G(s).

a) Jj@ Jj@

op

-
N>

Hinh 4.18: Phép bién ddi dé st dung cac tiéu chudn xét &n dinh hé lién
tuc cho viéc xét tinh &n dinh hé khong lién tuc.

Hinh 4.18b) mé t& mot phép bién ddi nhu vay. Néu nhu diém p ndm bén trai truc o
thi vector p+a (a>0) sé c6 d6 dai nhd hon d6 dai cia vector p—a, do dé ty so:
+
z=L72 (4.56)
p-a
sé cho ra mot vector z c6 @6 dai nho hon 1, hay z sé nidm trong dudng tron don vi. Nguge
lai, khi p ndm trén hogc bén phai truc 4o thi do dd dai vector p+a sé bing hoic 1én hon
d6 dai cta vector p—a, dan dén z theo (4.56) ndm trén hoic ngoai dudng tron don vi.
Phép bién d6i (4.56) 14 phép bién d6i mét—mot, tic 1a anh xa ngudc cia no:
_a(z+1)
z-1
ciing sé chuyén ddi mot diém z ndm bén trong dudng tron don vi thanh mot diém p ndm
bén trai truc ao. Ngudi ta thudng goi (4.57) 14 dnh xa ludng tuyén tinh.

(4.57)

V6i anh xa ludng tuyén tinh (4.57) ta dé& dang kiém tra ngay duge tinh dung din
cla phat biéu sau:

Dinh ly 4.4: Cac phat biéu sau la tuong duong:
a) Da thicbiacn
A(z) = agtaqzt -+ +a,z", (a,#0)

la mot da thtc dudng tron (c6 cac nghiém z;, i=1,2, ... ,n nim bén trong

duong tron don vi, |z;|<1).
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b) Véia>0 dé da thic d6i ngiu sau bao toan bac n:

Aan(p)=(p—a)”A[§J_rZ}=ao(p—a)”+al(p—a)"1(p+a)+ o +ay(pra)

o = = n
=ay+a;p+ - +a,p

13 Hurwitz (c6 cac nghiém p;, i=1,2, ... ,n nidm bén trai truc ao, Re(p;)<0).

Vi du 4.24: Minh hoa dinh Iy 4.4
D& xét da thiic bac 3:
A(z) = -0,1-0,52+0,2z°+2°
c6 phai 1a mot da thiic bén hay khoéng, theo dinh 1y 4.4, thi cdn va du, ta xét tinh
Hurwitz cia da thic ciing bac 3 (véia=1):
Agn(p) = -0,1(p-1)°-0,5(p-1)%(p+1)+0,2(p-1)(p+1)*+(p+1)*
= 0,4+3p+4p>+0,6p°

Lap cac ma tran:

3 06 O 3 06
H3: 0,4 4 0 , sz ’ , H1:3
0,4 4
0 3 0,6

det(Hj) = 7,066>0, det(Hy) = 11,76>0, det(H,)=3 > 0
nén A 4,(p) la da thiic Hurwitz. Suy ra A(z) da cho la da thtic bén.

Khéng dinh trén c6 thé dugc kiém ching lai truc tiép tir:

A(2) = (22-0.5)(2+0,2) = (z-iz)(z+i2) (2+0.2) 0

NI

Vi du 4.25: Minh hoa dinh ly 4.4
Xét lai da thiic bac 2 6 vi du 4.23:

A(z) = 0;0+alz+z2
N6 c6 da thiic d6i ngdu tuong tng ciing bac 2 (véia=1):

Aan(p) = ag(p-1)*-a;(p-1)(p+1)+(p+1)*

= (@p*+a,+1)+2(1-ag)p+(ag-a,+1)p*

B6i vay A(z) s& 1a da thtic bén khi va chi khi cac hé s (ag+a,+1), (1-ay), (ag—a;+1)
cua Ag4,(p) cung dau va khéc 0, tic la:

ap<l va —l-ap<a;<l+a, a
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Tiéu chudin Nyquist

Cac phuong phép xét tinh 6n dinh trén diy déu st dung da thic dic tinh cta hé.
Diéu nay doi héi khi 4p dung chiing, bt budc ta phai c6 mé hinh ctia hé dusi dang ham
truyén hodc mé hinh trang thai va d6 1a diém khac biét so véi tiéu chudn Nyquist. Véi
Nyquist ta c6 thé kiém tra dugc tinh 6n dinh méa khéng can dén da thitc dic tinh cia he,
thay vao @6 1a dudng dé thi Nyquist G, (N) ctia hé hd (hinh 4.19a), duge hiéu 13 duong db
thi ctia ham truyén hé hd:

Gr(s) = G1(s)Gy(s) cho hé lién tuc

hay Gu(z) = G1(2)G4(2) cho hé khéng lién tuc
khi bién s6's hoic z chay doc trén bién N ctia mién kin A trong mit phéng phiic chia tit
ca cac diém cuc khéng 6n dinh cta hé hd. Hon thé nita,  mot s6 trudng hdp riéng thi
tham chi ta con c6 thé c6 duge dudng dd thi nay bing thuc nghiém. Ching han nhu véi
hé lién tuc ¢6 ham truyén hé hé G, (s) khéng c6 diém cuc nao ndm trén truc o thi dudng
Nyquist N sé& chi gdm toan bd truc do va nita dudng tron c6 ban kinh v ctng lén véi
chiéu duong (cing chifu kim déng hé) nhu mo ta & hinh 4.19b. N&u c¢é thém gia thiét
ring G,(s) 1a hop thiic chit, thi khi s chay trén nita dudng tron ban kinh vé cling 16n do,
gia tri ham truyén bing 0, nén dudng dé thi Nyquist G (IV) cudi ciing lai chinh 1a dudng
d6 thi dic tinh tdn bién-pha:

G,(N)=G,(jw) , —co<@<eo

va ta hoan toan c6 thé xdy dung dude dudng d6 thi ham dac tinh tdn nay bang thuc
nghiém véi cac buée thuc hién da duge trinh bay chi tiét tai muc 2.2.5 ctia chuong 2.

a) b)

Hinh 4.19: Budng Nyquist N cho a) hé
lién tuc va b) hé khong lién tuc

Tiéu chuéin Nyquist ctia hé lién tuc véi cac wu diém néu trén hoan toan chuyén giao

dude sang cho hé khong lién tuc bang viéc stta d6i lai mién A trong mit phéng phc
chtia tat ca cAc didm cuc khong 6n dinh ctia hé hd. O hé khong lién tuc ¢6 ham truyén hé

hd Gj,(z) khong c6 diém cuc ndm trén duong tron don vi, thi mién A nay sé gém hai
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dudng tron, dudng tron thi nhit 1a dudng tron don vi véi chiéu ngude kim déng ho va
dudng tron thi hai 14 dudng tron c6 ban kinh vé cung 16n véi chiéu ciing kim déng héd dé
tao thanh mién N c¢6 bién N cia né theo chiéu duong la chiéu ma theo d6, mién N luén
nadm phia bén phai (hinh 4.19¢c).

Nhu vay, dudng @b thi Nyquist Gj,(IN) & truong hop khéng lién tuc sé 14 dudng do
thi G5,(2) khi z chay kin hai duong tron trén. Giong nhu 6 hé lién tuc, néu ham truyén
hé hé G, () 1a hop thic chit (theo z7) thi do khi z chay doc trén nia dudng tron bén
ngoai v6i ban kinh v6 cung 16n G, (z) ludn c6 gia tri la:

Gn(z) =0
nén cudi cling toan bd dudng d6 thi Nyquist G,(N) chi con tap trung lai khi z chay trén
duong tron don vi:

G,(N) =G, (') véi 0<¢<27 (4.58)

Ngoai ra, do c¢6 Gy(2) = éh(E), trong d6 @ la s6 phtic lién hgp ctia @, nén dudng db thi
Nyquist (4.58) trén sé c6 dang d6i xting qua truc thuc. BSi vay ta chi cdn xdy dung
G, (N) véi 0<p<r rdi sau d6 14y thém phan déi xiing qua truc thuc 1a duge.

Sau khi da c6 duge dudng db thi Nyquist G,(IN) ctia hé hd cho trudng hgp khong
lién tuc thi tinh 6n dinh cta hé kin khong lién tuc nhu mé ta & hinh 4.19a) sé dude xac
dinh gidng nhu & hé lién tuc (muc 2.3.3), ma cu thé 1a:

Pinh ly 4.5: Xét hé kin, khéng lién tuc, cho 6 hinh 4.19a. N&u ham truyén G, (z) cua hé
hé c¢6 m diém cuc khéng ndm bén trong dudng tron don vi va khéng ¢6 diém cuc nao
ndm trén trudng tron don vi thi hé kin s& 6n dinh khi va chi khi dudng dé thi
Nyquist G, (N) x4y dung theo (4.58) bao diém —1+;j0 diung m 14n theo chiéu ngudgc
kim déng ho.

Puong nhién phat biéu trén ciing ding cho ca trudng hop hé kin & hinh 4.19a) ¢6
G(z) 12 da cho (ham truyén cta déi tugng) va Go(z)=k 1a cin phai x4c dinh dé hé kin
6n dinh (ham truyén caa by diéu khién). Khi d6, néu ta chuyén G,(IN)=kG;(N) thanh
d6 thi Nyquist clia riéng khau G;(N) bing cach giam don vi do ca truc thuc cho khau
G (N) di k 14n, s& dugc:

Pinh ly 4.6: Xét hé kin, khong lién tuc, cho & hinh 4.19a) véi G4(z)=k. Néu ham truyén
G(2) ¢6 m diém cuyc khoéng ndm bén trong dudng tron don vi va khong cé diém cuc
nao nim trén trudng tron don vi thi hé kin sé 6n dinh khi va chi khi dudng d8 thi

Nyquist G;(N) bao diém —%+ jO dtdng m 1an theo chiéu nguge kim dong ho.
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4.3.2 Tinh diéu khién dudc va quan sat dugc

Phan tich tinh diéu khién dugc
Xét hé MIMO khong lién tuc, bac n, md ta béi:

{&kﬂ = Ax;, + By,

4,
¥, =Cx;, +Du, (459

v6i m tin hiéu vao, ghép chung lai thanh vector {u,} va r tin hi¢u ra cling dugc viét
chung thanh vector {Zk} . Hé (4.59) sé dudgc goi 1a:

- Diéu khién duoc néu ting véi moi diém trang thai diu xoe R” cho trude bao gio ta
ciing tim dugc day hitu han gém N cac vector {ug, u1, ... , uy_1} dé dua duge hé
di tir x v& t6i goc toa do 0.

- Dat tdi duge néu ting véi moi diém trang thai cudi xye R” cho trudc bao gis ta
cling tim duge day hiu han gém N cac vector {ug, u;, ... , Uy—1} dé dua dugc hé
tl gbc toa do 0 téi dudce xy.

- Diéu khién dugc hoan toan néu tng véi moi diém trang thai dau xoe R” va moi
diém trang thai cudi cho trude xye R” bao gis ta ciing tim duge diy hitu han gom
N cac vector {ug, Uy, ... , Un—1} dé dua duge hé di tit xo Ve t6i dugc x .

Theo dinh nghia vita néu thi rd rang hé sé diéu khién duge hoan toan khi va chi khi
16 dong thoi didu khién duge va dat t6i duge. Véi cong thic (4.43) thi tit mé hinh (4.59)
ta cé:
5
x, = Ak + izo AF1By, (4.60)
Béi vay, dé kiém tra tinh diéu khién dudc, ta chi cAn xac dinh xem ting véi xy=0 va
xoe R" tuy ¥, phuong trinh:

%)

N-1 . -
0=ANx, + zo AMTBu, o -ANx,=(ANT'B,ANZB, . B)| i (4.61)
P
UN-1
c6 nghiém {ug, U1, ... , y—1} v6i mot s6 N hitu han hay khéng.
Xem AV va (B ,AB | - ,AN’lB) 12 hai 4nh xa tuyén tinh thi rd rang (4.61) ¢6
nghiém {u, U1, ... , Uy—1} v6i mot s6 hitu han N va véi moi x,e R” khi va chi khi:
Im(AN) ¢ Im(AN 1B,AN2B | ... ,B), v6i Im(e) 12 khong gian anh (4.62)

St dung dinh Iy Cayley—Hamilton d& cho & dinh 1y 3.8 thi khi N>n, ma tran AV s8 phu
thuéc tuyén tinh theo A, A%, ..., A" ' néi cach khac mot s6 hitu han N thda man
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(4.62) 1a ludn ton tai va viéc c¢6 nhiéu hon n gia tri tin hiéu diéu khién 14 khéng cin
thiét. Vi vay (4.62) sé tuong duong véi:

dimIm(A™) < dimIm(AV"'B ,ANB , .. | B
Ta di dén:
Pinh ly 4.7: Can va du dé hé (4.59) diéu khién dugc la:
Rank(A") < Rank(B ,AB, - ,A"-lB) ,vi dimIm(+) = Rank(s) (4.63)

Tuong tu, dé kiém tra tinh dat tdi duge ciia hé (4.59) ta phai kiém tra xem phuong
trinh (4.60) {ing v6i xye R™ tily ¥ nhung cho trude va x,=0

u
N-1 . =0
ay=> AVBy, o xy=(AYTB,AV?B, .. B
=0
' UNn-1
c6 nghiém hay khong. Diéu nay ciing dan dén:
Pinh ly 4.8: Can va du dé hé (4.59) dat t6i duge 1a:
Rank(B ,AB , - ,A"-lB) =n (4.64)

So sanh (4.63) va (4.64) ta con nhan thay:

—  Diéu kién (4.63) dé hé diéu khién dugc va (4.64) dé hé dat t6i duge chi tuong
duong véi nhau khi Rank(A™)=n, ttic 12 khi ma tran A" khéng suy bién. Néi cach
khéc, chi khi A" khéng suy bién thi giéng nhu & hé lién tuc, hé sé didu khién dugc
hoan toan néu né diéu khién dudc.

—  Néu A" suy bién thi Rank(A™)<n. Do d6 khi hé dat téi dugc thi né ciing sé diéu
khién duge, nhung ngudc lai néu hé chi diéu khién dugc thi khéng c6 nghia 1a né
ciing dat t6i duge va do d6 cting khong diéu khién duge hoan toan. Pay chinh 1a
diéu khac biét so véi hé lién tuc.

Vi du 4.26: Biéu khién dugc, nhung khéng diéu khién dudc hoan toan

Xét hé c6 mot ddu vao md ta béi:

1o2) (2
X = X u
Skl 705 1)k 1)k

Hé nay c6
AB= 1 2)(2 _ 4 ’ A2= 1 2\(1 2 _ 2 4
05 1)1 2 05 1)(05 1 1 2
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2 4
=  Rank(B,AB) = Rank(4?) = Rank [1 2] =1
nén né diéu khién duge. Nhung vi
Rank(B,AB)=1#2
nén né khong dat t6i duge, do d6 né khong diéu khién duge hoan toan. Chéng han nhu

2
vol xn = [OJ thi do phuong trinh:

2 2 4 2
B,AB)| " |= - ol =
Uy 0 1 2)\y 0
v0 nghiém nén khong ton tai {u, , u,} dé dua hé tit géc toa d6 0 téi dudc x . a

Pinh ly 4.9: Cac phat biéu sau cho hé (4.59) 14 tuong duong:

a) Diéu khién duge hoan toan.

b) Dat t6i duge.

c) (Kalman) Rank(B ,AB , --- ,A”_IB) =n

d) (Hautus) Rank(zI-A,B)=n véimoizeC (4.65)
Chitng minh:

Tinh tuong ducng ctia a), b) va ¢) da duge khdng dinh trong dinh ly 4.7 va dinh 1y
4.8, cling nhu cac nhan xét vé hai céng thic (4.63) va (4.64) clia ching. Chi con lai két
luan d) 1a phai chiing minh. Song ta c6 thé thdy ngay phat biu ¢) va d) 1a hoan toan
giéng nhu tiéu chuéin Kalman va tiéu chudn Hautus vé tinh diéu khién dude (hoan toan)
cta hé lién tuc (muc 3.3.3), nén ching 1a tuong duong. a

Vi du 4.27: Vira diéu khién dudc, vira diéu khién dugc hoan toan

Xét hé v6i mot dau vao mé ta bdi:

1 2 2
£k+1:0 1£k+1uk

Heé nay c6

AB=(1 2] (2}(4} = Rank(B,AB)=Rank[2 4J=2
0 1)l1) |1 11

nén né vita diéu khién duge, vita dat t6i duge, tic 1a diéu khién duge hoan toan. a

Phan tich tinh quan sat duge

Tiép theo ta phan tich tinh quan sat dugc ctia hé tham s6 hang c6 mé hinh trang
thai (4.59). Y nghia ctia viéc phan tich d6 nhu sau: Gia st ring tai thoi diém k=0 hé
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dang & trang thai x,e R” nao d6 va ta phai xac dinh x, d6 thong qua viéc do cac tin hiéu
vao ra {u,}, { Xk}' Néu ta c6 thé lam duge viée d6 théng qua quan sat (do) céc tin hiéu
vao va ra trong mot khoang thdi gian hitu han, ttic 1 ti hitu han céc gia tri do dugc ctia
tin hiéu vao-ra {ug, uq, ... , Uy-15 va {20’21’ ’ZN—I}’ thi hé sé dugc goi la quan sat
dugce.

Thay quan hé (4.60) vao phuong trinh thi hai cta (4.59) dudc:

_CAtx +CS AMBy 4D CA*x =y —'S CAFiBy _ D
¥, =CA"x,+ ZO u;+Du, < =Y, 2 u; —Du,

i=0
Alk
Cho % chay tit 0 d&n N-1 sé cé:
C AZO
CA Ayl
: Xo = N
N-1
CA AZN—I
Nhung vi v6i k2n ma tran A® s& phu thude tuyén tinh theo A, A%, ..., A" !, nén thuc

chat phuong trinh trén chi con la:

C AZO
CA Ay
L lm=| (4.66)
cA™! Ay

Tit day ta thiy diém trang thai x, sé xac dinh dugde chinh xac néu anh xa (4.66) c6 mién
anh 1a toan b khéng gian trang thai va khi két hop véi tinh tuong duong gitia tiéu
chudn Kalman va tiéu chuidn Hautus phat biéu cho m6 hinh hé lién tuc, s& dén dugc:

Pinh ly 4.10: Cac phat biéu sau cho hé (4.59) 14 tuong duong:

a) Hé quan sat dudc.

C
CA
b) (Kalman) Rank . =n 4.67)
CAn—l
¢) (Hautus) Rank [215 A] =n véimoizeC (4.68)

Vi du 4.28: Xac dinh tinh quan sat dugc
Cho hé SISO bac 2, mb ta bdi:
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10 1
X4 = X+ lup va oy, =(2, Dx, +u,
- 2 1)/ |0 -

Hé nay cé:

Rank ¢ = Rank 21 =2
CA 4 1

nén né quan sat duge, tic 1a moi diém trang thai x,e R” clia n6 sé dugc xac dinh tu hiiu

han cac gia tri tin hiéu {u, , u;} va {y, , y1} nho cong thic (4.66):

C (&) [ Yo—uo 21 [ yo-u
Xo = = < o =
CA Ay, y1— 2y —uy 4 1 Y1 —2uy—uy

-1 1 _
o ol ot ~
= 204 2)(y1—2uy-u
Tiép tuc, ta con thay, do tit (4.67) con co:
c c Y

CA CA

Rank| . |=Rank| . | =Rank(C",ATC", .. (A")"'CT)
cA™? cA™!

nén ciing ¢6 duge khing dinh sau (tuong tu nhu & hé lién tuc):

Binh ly 4.11: D& hé (4.59) quan sat dugc thi cin va da 14 hé d6i nglu:
4, =A g, +Cly,
{zk =B"x,+D"y,
dat t61 duge, tic 1a diéu khién duge hoan toan.
Xét riéng hé SISO khéng lién tuc v61i mo hinh:

{zkﬂ = Ax, +Bu, (4.69)
Y = Cxy + Dy,
Véi cong thiic (4.49) thi hé trén c6 ham truyén:
G(z)=C(zI-A)'B+D
Nhung vi G(z) 1a ham v6 hudng (ma tran 1x1) nén cé G(z)=GT(z). Suy ra:
G(z) = (C(zz ~A)'B+ D) =BT (zI-ATY T + DT =BT (21 -AT)'cT +D
va do d6 bén canh mo hinh (4.69), n6 con c¢6 mo hinh trang thai d6i ngau tuong duong:
2 = AT, +CTy

(4.70)
Y = BTEk +Duy,
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Piéu nay dan ta dén két luan ring moi hé SISO khéng lién tuc véi ham truyén dang
thuyc-hitu ty:

n n-1
byz" +b,2" "+ -+,
2"t a2 i+ o +a

G(z) =

n

thi bén canh mo hinh trang thai (xem lai muc 4.3.2):

0 1 0 -0
0
0 0 1 -0 .
Xy =| : A LT 7S
0
0 0 0 1 X 4.71)
—a, Q1 —Q o9 - O
yk(bn_anbo s bl—albo)Ekerouk

dude goi 14 mé hinh chuén diéu khién, né con c6 mé hinh trang théi tuong duong khéc

theo cdu tric (4.70), dude goi 1a mé hinh chuén quan sdt, nhu sau:

00 -0 -q
0 0 -a b, —a,b,
Xy =l L Do |a,+ : uy,
00 0 -a,, b, —a,b, (4.72)
00 - 1 —-a,,
y=(0,-,0,1)x, +byy,

Vi du 4.29: Minh hoa dinh Iy 4.11

Xét hé c¢6 mo hinh trang thdi dang chudn quan sdt (4.72). Khi d6 véi:

00 - 0 -q
10 -0 -q
A= 1 - : |,C=(0,--,0,1)
00 0 -a,,
00 1 -a,,
ta c6
0 0 0 -q
10 0 -aq
CA=(0,-+,0,1): 2 =(0,,0,1,-a,,)
0 0 -+ 0 -a,,
0 0 1 -a,,
CAZ—(O, ,0,1,—an_1)A=(O, ,0,1,—an_1,—an_2+a3_1)
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nén
C 0o - 01
CA 0 -~ 1 x s o ., .
Rank . = Rank . ... .|7n (vi ¢6 dinh thic khac 0)
CcA™ 1 1 -+ x x

va do d6 né quan sat dugc (cac d&u X 1a chi nhiing gi tri duge x4c dinh tit bd tham s6 a,
A1y eee s Apey)-

Hé d6i nglu véi né c6 méd hinh trang thai chudn diéu khién (4.71) c6 ciing ham
truyén G(z). Kiém tra tuong tu ta cling thay hé (4.71) 1a diéu khién dugc hoan toan. [

4.3.3 Chu ky trich mau va chat lugng hé théng

Hién tugng triing phd
Xét tin hiéu lién tuc x(¢). Bén canh thong tin trong mién thdi gian ma tin hiéu
truyén tai ngudi ta con quan tAm dic biét t6i théng tin trong mién tin sé ctia tin hiéu
dudc phan anh qua anh Fourier X(jw) ctia n6é dinh nghia béi céng thiic (2.13) da cho 6
chuong 2. Van dé dat ra trong qua trinh khong lién tuc héa tin hiéu lién tuc x(¢) thanh
tin hiéu khong lién tuc {x,}, theo nghia x,=x(kT,), k=...,—1,0,1..., 1& cAn phai chon
chu ky trich mAu T, nhu thé nio &8 sai léch théng tin tin s& giita X(j @) cta tin hidu gdc
x(t) va X,(j®) cua tin hiéu khéng lién tuc {x,} 12 nhé nhat. Cau tra 16i cho van dé nay
da duge dua ra & muc 2.1.2 véi cong thic trung phd, con goi 1a dinh 1y Shannon—
Katelnikov (hinh 4.20):
. d . 2r
X,(jo)= ¥ X(j(o-n_-)
n=—oo Ta

va tit céng thic tring phd nay ta dén ngay dudc chu ky trich miu cia Nyquist nhu sau:

Pinh ly 4.12: Néu tin hiéu lién tuc x(¢) c¢6 anh Fourier X(jw) théa méan |X(j®)|=0 khi
oz [-Q,Q] thi véi chu ky trich mau T, <% s€ ¢6 X, w)=X(j w) khi we [-Q,Q].

A X(jao) b) Xl
2 j
T_ |
AT AN
o Q0 Q Q

Hinh 4.20: Minh hoa chu ky trich mau Nyquist
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Chon chu ky trich méu dé déng nhéit diém cuc

Xét hé lién tuc 6n dinh, c6 thé 1a MIMO, mé ta béi:

dx _ Ax+Bu
dt -~ (4.73)
y=Cx+Du

Khi d6, hé khong lién tuc tuong ting véi chu ky trich mau T, cia tin hiéu vao-ra thanh
{u,}, {yk} c6 su tham gia cia khau ZOH & dau vao (hinh 4.10a) sé& dudc mo ta bdi (4.46),

tac la:
x,., =Ax, + Bu ~ SR
Thil TSR TR trong do A=e?Te va B= [ eMBdt (4.74)
¥, =Cx;, +Du, 0

Ky hidu sy, ... , s, la gia tri riéng ctia A, tic 1a diém cuc ciia hé lién tuc (4.73) va goi M

14 ma tran modal ctia A. Vay thi:
M7AM = M7'e*Te M = diag(e®"*) <  diag(4) = diag(e®™*)

trong d6 A4, ... , 4, la gia tri riéng cua A . Tu day ta suy ra dugc chu ky trich mau:

Quan hé gitia chu ky trich mau va finh diéu khién dugc, quan sét dugc

Tiép theo, 6 muc nay, ching ta sé khao sat su anh hudng ctia thdi gian trich mau
T, t6i tinh diéu khién dugc va quan sat duge ctia hé.
Dinh ly 4.13: Xét hé lién tuc SISO ¢6 m6 hinh trang thai (4.73) v6i B 1a vector cot, C la
vector hang va D la hang s6 thuc. Khi d6 mé hinh khong lién tuc tuong tng (4.74)
véi su tham gia ctia khau ZOH & ddu vao ciing ¢6 B 1a vector cot. Néu ma tran A
cta md hinh lién tuc (4.73) c¢6 cip gia tri riéng 1a s8 phtc lién hgp sg, 5, véi

Sg— 8o = 2jay , thi khi sti dung thdi gian trich mAu:
T = rr , kez

tinh diéu khién dugc (hoan toan), cing nhu quan sdt duge cia mé hinh lién tuc
(4.73) sé bi mdt 6 moé hinh khong lién tuc (4.74), ttc 14 md hinh (4.74) khi d6 sé&
kEhong diéu khién duoc hoan toan, hay sé khong quan sdt duoc.

Chitng minh:
Trude tién ta c6 thé thay duge ring khi s, 1a mot gia tri riéng cia A thi 2z, = e’

cling s& 12 mot gia tri riéng cua A=eTo, Nhung do c6:
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ST, _ g

2kt _ 1 oy S0Te — pSTa

nén A sécb mot gia tri riéng 2z, =z, boi hai. Mat khac, do A c6 hai vector riéng tng véi
S0, 5o khac nhau doc 1ap tuyén tinh, nén A ciing s6 ¢6 hai vector riéng doc lap tuyén
tinh Gng v6i mot gia tri riéng z, =z, boi hai. Suy ra:

Rank(z,] ~A)<n-2 < Rank(zy)I-A,B)<n-1

vi B la vector cot (hé SISO). Vay, theo tiéu chuéin Hautus, hé khong lién tuc (4.74) 1a
khoéng diéu khién duge hoan toan. Tuong tu, ta ciing ¢6 duge khing dinh vé tinh khéng
quan sat dugc cua (4.74). a

Quan hé gitia chu ky frich méu va tinh 8n dinh
Xét hé kin c6 s¢ dd khéi ¢ hinh 4.21a) véi su tham gia ctia khau ZOH § dau vao
khau lién tuc G(s). Hé kin nay c6 ham truyén hé hd la:

G, (s)=(1—e T )@ (4.75)

Nhu vay hé hd c6 chiia mét khau tré véi thoi gian tré T,.

Q) b) -
t) _e(t) e} t e .
u(t) ?__;a Grou(s) | G(s) y(@) o ReGi,
o\ -7 H

Hinh 4.21: Nghién cttu &nh hudng cta chu ky Gljo) I
trich mau t6i tinh 8n dinh hé théng. jo

G(s)

Gia st G(s) 1a 6n dinh. Vay thi thanh phan trong (4.75) chi c¢6 mét diém cuc
s=0 duy nh4t khéng nim bén trai truc do. Do @6 theo ndi dung tiéu chuén Nyquist (dinh

Iy 2.23 va 2.27), hé kin véi ham truyén hé hd chi chiia riéng thanh phan @, ttc 1a khi
s

¢6 chu ky trich mau T,=0, s& én dinh khi va chi khi dudng d6 thi ham dic tinh tan

M , 0<@<eo cdt duong tron don vi tai diém cét 0, = arcm
Jo Ja,

16n hon -7, ttc 14 ¢6 géc dy trit 6n dinh ¢ =7+ ¢, >0 nhu minh hoa 6 hinh 4.21b.

bién—pha c6 gbc cét
Bay gid ta xét anh hudng ctia chu ky trich mau 7T,>0 t6i géc du trit 6n dinh ¢. T

G(jo)
jo

+arc(l—e /o) = arc

arcGy (jo) = arcm
Jjo

T
+arctan (ctan %]
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cling nhu:

‘1 —e/Ta| < /2 1a bi chin véi moi wva T,

L ~ N T o ..
ta sé thay néu tiang chu ky trich mau 7', dé c6 ctan(%) <0, gbéc du tri 6n dinh sé

giam va néu géc du trit 6n dinh gidm t6i gia tri ¢<0, hé kin sé mat on dinh. Vay:

Dinh Iy 4.14: Xét hé kin én dinh cho & hinh 4.21a) véi khau G(s) ciing 8n dinh. Ky hiéu:

GUL) g |G('ja)c)|:1
.]a)c .]wc

@ =r+arc

1a géc du trit 6n dinh. Né&u chu ky trich mau 7', &t 16n lam cho:

T
arctan(ctan wCZ « J <-@

thi hé kin sé m4t 6n dinh.

4.4 Thiét k& bd diéu khién
441 Chon tham sé cho b diéu khién PID s&

Céu tric bé diéu khién PID s&

Hinh 4.22 biéu dién mét hé théng diéu khién cé st dung bo diéu khién PID s6, tiic
12 b6 diéu khién PID c6 tin hiéu vao ra dang s6 (khéng lién tuc va rdi rac). Tin hiéu dau
ra cia bd PID s6 1a day {u)} duge dua dén didu khién déi tugng c6 ham truyén lién tuc
S(s). Do {uy} 1a tin hiéu khong lién tuc—rdi rac nén dé c6 thé lam tin hiéu diéu khién
cho d6i tugng lién tuc ta cAn phai lién tuc héa né (trong mién thoi gian) bing bd chuyén
d6i s6—tuong tu ZOH véi ham truyén Gop(s).

{u}
w(t) e(tg/\‘{ek} PID 56 |~ JG,on(s) u(t) SG) y(t)
Hinh 4.22: Diéu khién v6i bo - T T,

diéu khién PID s6.

Pé x4c dinh mo hinh khéng lién tuc ctia bé PID s6 ta sé di tit mé hinh lién tuc cta
né trong mién thdi gian:

18 de(t k, ¢ de(t
u(t)=k, (e(t) T g e(n)dr+ T, Z(t )j = ke(?) +Ff ({ e(r)dr +k,T, Z(t )
up(t) u[(t) uD(t)
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Khi dau vao e(t) ctia PID s6 duge thay bing day {e;} c¢6 chu ky trich miu T, thi:

—  Khau khuéch dai up(t)=kpe(t) duge thay bang u,f = kpek = Up(2)=k,E(2)

k¢ N
— Khau tich phan u;(¢t) = ij'e(r)dr dugc thay bang (hinh 4.23):
10

kT, k-1 kT, kT,
a) Xdpxiloail: uf =—2%% e =u}l +L %, = Ujz)=—L2—_E(2)

7 i Ty Ti(z-1)
kT *k kT kT z
b) Xapxiloai2: u) =—2%Ye =ul +L2 %, = Ujz)=—2""_E(2)
T; = T; Ti(z-1)
kT ke . kT
0 Xépxiloaid: uf =leylnte _ gy felaztlp.,
TI i=1 2 2TI z—1
N kT
3) Khau vi phan up(t) = k,Tp dz(tt) dugc thay bing uf = ;, D (er—ep1)
a

Thay céc cong thic x4p x1 trén vao u, = u,ﬁD + u,ﬁ + ukD ta sé dudc ham truyén cta bo diéu

khién PID khéng lién tuc:

- Xipxiloaili  Gup(a)=ky|1+— (Za S TDT(,ZZ‘D} (4.76)
L AN a

T,z Tp(z-1)

— Xap xi loai 2: Gpip(2) =k, 1+T(z 1)+ T2 }
L AN a

T,(z+1) N Tp(z-1)
2TI(Z —1) Taz

— Xd4p xiloai 3: Gpp(2) =k, |1+

I X&p xiloai 1 I X&p xiloai 2 u,{ X&p xi loai 3

Up,

Up,

kT,

Hinh 4.23: X&p xi khau tich phan trong PID

Xéc dinh tham s6 cho PID s8 bdng thyc nghiém

Tuong ty nhu & phuong phap thuc nghiém cta Ziegler—Nichols, Takahashi ciing
dua ra mot phuong phéap xac dinh ba tham s6' k,,, T; va Tp ctia PID s6 hogc tit duong db
thi ham qua dd A(¢) ctia d6i tugng S(s) hodc ti gia tri téi han &, va T,y.
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1) Xde dinh ti ham qud dé cua déi tuong:

Diéu kién dé ap dung duge phucng phap Takahashi 14 déi tugng phai én dinh, c6
ham qua dé A(¢) diti 0 va c6 dang hinh chii S (khong c6 dd qua diéu chinh).

Hinh 4.24 biéu dién dang A(¢) chung cho nhiing d6i tugng c6 thé ap dung duge
phuong phap Takahashi. Tw duong A (#) d6 ta 14y duge cac gia tri:

—  klahé s6 khuéch dai cta d6i tugng, dudc xac dinh tit A(¢) theo k= lim A()
P

L 12 gi4 tri x4p xi thoi gian tré. N6 1 giao diém dudng tiép tuyén véi i (¢) tai diém
udn véi truc thoi gian.

—  Tlagia tri dic trung cho qua trinh qua d6. N6 1a thoi gian cin thiét dé dudng tiép
tuyén véi h () tai diém uén di duge tit 0 t6i k.

—  Tos, 12 diém thoi gian ma A(z) dat duge gia tri 0,95k.

h(t)

10,95k

I
U
Y

t
Hinh 4.24: Xac dinh tham s6 cta PID s&

theo phudng phap Takahashi. :‘Z’. T To50,

Thoi gian trich mau T, c6 thé duge chon tit cac thong s6 ctia A(¢) cho d6i tugng lién
tuc ¢6 A(t) 6 hinh 4.24 nhu sau:

- XécdinhtﬁL:Né'u%< 12 thi %STaS%.

— XacdinhtuT:T, S%

T, T,
—  Xéc dinh tit Tgsy, : —2% < T, <=95%
20 10

Néi chung, néu thdi gian trich mau T, duge chon da théa mén 7T,<2L thi ba tham

s0 k,,, Ty va Ty cua PID s6 sé duge xac dinh tit k£, L va T theo phuong phap Takahashi
nhu sau:

— Néu Chi Sﬁ dLl. ng riéng b6 I SA:/: p k(L—T')
+1,
0,97

~  Néu stt dung bd PI s6: » = W(L+0,5T,)
+ 0, a

va Ty :%(L+0,5Ta)

2
—  Néu st dung bd PID sé: k,= k(}:ﬂ; x T, = 2(LZ 0,;Ta) , Tp :%
+1, +1,
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2) Xdc dinh tw gid tri tdi han:

Bén canh phuong phap xac dinh tham s6 nhu trén, va néu khong cé duge d6 thi
ham qua d6 A(¢) cta d6i tuong thi ta c6 thé xac dinh k,, Ty va Ty cta PID s nhu sau:

—  Thay b6 diéu khién PID s6 trong hé kin (hinh 4.22) bang b6 khuéch dai k. Sau d6
tang k t6i gia tri t6i han k,;, d& hé kin c6 dao dong didu hoa, tic 13 y(£)=h(¢) cb
dang ham tuan hoan. Xac dinh chu ky T, ctia dao déng.

- Xacdinhk,, Ty va Tp caa PID sé:

a) Neéu chi st dung riéng bo P s8: k), = 0,5 &y,
b) Néu st dung bo PI1s6: &, = 0,45k, va T;=0,83Ty,
¢) Néu st dung by PID s6: k, = 0,6 kyy,, T =0,83T,, vaTp =0,125Ty,

4.4.2 Cac phuong phap thiét ké trong mién tan sé

S0 dung énh xa ludng tuyén tinh dé thiét k& bo diéu khién

Trong chuong 2 ta da 1am quen véi nhiéu phuong phép thiét k& bo diéu khién lién
tuc rat héu hiéu nhu phuong phap t6i vu d6 16n (con goi 1a t6i uu modul), t6i vu doi
xting, cdn bing moé hinh .... Céc phuong phap nay déu c6 mot diém chung 1a st dung
cong cu phtic (ham truyén) nén ching van thudng dudc x&€p vao 16p cac phuong phap
thiét ké trong mién tan so.

Mong muén st dung nhiing phuong phéap thiét k& trong mién tin s6 nay dé téng
hop b6 didu khién khéng lién tuc, ngudi ta da nghi ra 4nh xa ludng tuyén tinh nhim
chuyén ham S(z) cta d6i tugng sang mién tin s6 p=5+jv gin gidng nhu mién s=o+j w
ctia hé lién tuc, sau d6 thiét k& bo diéu khién gia lién tuc R(p) cho d6i tugng S(p) bing
cac phuong phap thiét k& hé lién tuc da biét rdi cudi ciing lai thong qua 4nh xa ludng
tuyén tinh d6 dé chuyén ngude R(p) sang mién Z thanh R(z) — hinh 4.25.

5| R ()7 Gron(s) 5[ S () = i)gfemm—)soa) )
R(p) S() _

Hinh 4.25: Chuyén hé khong lién tuc dang dang gia "lién tuc" dé thiét k& bo diéu khién.

9.

O muc trudc, khi xét tinh 6n dinh hé khéng lién tuc, ta da dudc biét mét anh xa
luéng tuyén tinh (véia=1), dé la:

_p+1 _z+1
z = = p =
p-1 z-1
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Anh xa nay duge st dung nhim kiém tra tinh 6n dinh hé khéng lién tuc bing cac cong
cu xét tinh 6n dinh hé lién tuc.

Tuy nhién, d61 véi cong viée thist k& b diéu khién thi anh xa trén té ra khéng phu
hgp vi né da khéng dé y téi tinh tudn hoan caa:

2z = o = @O (y4i chu ky Q =;—” chia ) 4.77)

a

Bdi vay ta can c6 mot anh xa ludng tuyén tinh khac phu hgp hon sao cho anh xa nay gié

dudc ban chit cta cong thice (4.77) 12 chuyén nhiing diém z ndm trong dudng tron don vi
chi vao mot "dai bang" ndm bén trai truc 4o (hinh 4.26). Anh xa d6 1a cong thic Tustin:

Z:2+Tap o p:lz+1

2-T,p T, z-1

(4.78)

ja Im(z) Ju

_____________ Sz - o
------------- s=otjw \\_/ - p=dbHju

Hinh 4.26: Minh hoa anh xa luging tuyén tinh dugdc st dung dé thiét k& bo diéu khién khong lién tuc

Miic du anh xa (4.78) da tao ra dugc mot dai bang trong mit phdng phic p=&+jv ¢6
dang "gan gi6ng" nhu trong mat phing s=o+j @, song su gin giéng d6 ciing c6 nghia 1a
hoan toan chua gidng nhau. Piéu nay ta c6 thé thdy thong qua viéc thay p=jv va

z=e’Te vio cong thiic (4.78) va dugc:
R 2412 e @l
T, 2-1 T, ool 1 T, 2
2 T
= v =T—tan% (479)

Coéng thiic hiéu chinh @ thanh v theo (4.79) can phai dudc luu tam khi st dung cac
phuong phap thiét k& bo didu khién lién tuc ¢6 cac gia tri tAn s6 cit @, hay cac tin s6
gly w,, @y cho trudc dé thiét k& bo diéu khién gia lién tuc R(p), chdng han nhu khi st
dung phuong phap thiét k& véi bidu dé Bode.

Téng két lai, thuat toan thiét k& bo diéu khién khéng lién tuc R(z) c6 st dung anh
xa ludng tuyén tinh (4.78) va cac phuong phap thiét ké& hé lién tuc sé gdm cac bude:
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—  Tuham truyén S(s) caa d6i tugng, xac dinh S(z) = 3{ S(s) }.

—  Chuyén S(z) thanh ham "lién tuc" S(p) nhd 4nh xa hidng tuyén tinh (4.78).

—  Thiét k& bd diéu khién R(p) "lién tuc" cho d6i tugng ciing "lién tuc" S(p) bing céc
phuong phéap da bigt nhu t6i wu d6 16n, t6i wu d6i xting, cdn bing mé hinh, biéu db
Bode. Néu trong phuong phap thiét k& d6 cé st dung tan s6 cit @, hay cac tan s6
gly @, , @, cho trudc thi ciing phai chuyén nhiing gia tri cho trudc d6 sang mién p
thanh tan s6 cit v, , tdn s6 gly vy, vy tudng Gng nhd cong thiic (4.79).

- Chuyén ngudc R(p) tim dugc sang mién Z nhd anh xa ludng tuyén tinh (4.78).

Vi du 4.30: Minh hoa thuét toan thiét k& nhé anh xa ludng tuyén tinh (4.78)
Cho d6i tugng lién tuc c6 ham truyén:

S(s) =

s(1+s)
Déi tugng duge diéu khién bing bo diéu khién khong lién tuc theo so dd ciu tric mo ta &
hinh 4.25. Nhu vay déi tuong thuc su ctia bd didu khién khong lién tuc R(z) sé gdm d6i
tugng da cho va bo chuyén d6i s6—tuong tu Gop(s).

Néu T, =0,2 gidy thi ham truyén trong mién Z ctia déi tugng nay la
S(s) | 2 002:+094)
(z-1)(z+0,82)
St dung anh xa ludng tuyé’n tinh (4.78) ta ¢6 mo6 hinh S(p) "gia lién tuc" tuong duong
cua S(z):

S@) =251

(1+0,0033p)(1 - 0,1p)
p(1+1,003p)

Sp) =

Biéu d6 Bode cta S(p) 1a Lg(v) dudec vé& minh hoa trong hinh 4.27. T dudng L, (v)
mong mudn cta ham truyén hé hé L, (v) ta suy ra duge dudng Lz (v) cta b diéu khién
R(p) bang cach cong trit do thi.

R(p) |>|S(p)

Hinh 4.27: Minh hoa vi du 4.30 vé sit dung
anh xa ludng tuyén tinh (4.78) dé thiét
ké& bo diéu khién khong lién tuc.
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Vé6i Lg(v) tim dudc (cho truong hop v =2 , v,=0,997 va v,=3,27 ta suy ra

2(1+1,003p)

R =
) 1+0,31p

Chuyén ngudc R(p) lai mién Z ciing v6i anh xa ludng tuyén tinh (4.78) thi bd diéu khién
khéng lién tuc cin tim sé la
5,44(z - 0,82)

R =
@ z-0,51

m

Thiét k& bd diéu khién khéng lién tuc theo mé hinh méu

Giong nhu da thuc hién cho ddi tugng lién tuc (chuong 2, muc 2.4.3), 6 day ta ciing
xét bai toan diéu khién d6i tugng khéng lién tuc, mé ta bdi:
B(z) by+bz+ - +b,2"

S(z) = =
A(z) ay+az+ - +a,2"

v6i hai by diéu khién ma ta phai thiét k& la

T(2)=2 R-22
E(z) E(z)
sao cho hé kin (hinh 4.28) ¢6 dugc mo6 hinh m&u mong muén
G,y (2) = 2n2)
A, (2)
{wr} {er} et
AN [ O Ay s=B | ey
T i ;

Hinh 4.28: N6i dung bai toan thiét ké bd
diéu khién theo md hinh mau.

SIS BN

Trudc hét ta c6 thé nhan thay ngay ring vé cé ban, khi so sanh véi bai toan cia hé
lién tuc (muc 2.4.3), thi 6 day khéng cé sy phan biét 16n nao, ngoai trii:
—  Céc da thiic ctia bién s duge thay bing ctia bién z.

— Khai niém da thtic Hurwitz dude thay bang da thic bén, tic 1a da thic c6 tit ca
cac nghiém z ndm bén trong dudng tron don vi.

— Khai niém da thtic phan Hurwitz dugc thay bing da thtic phdn bén (antistable),
ttc 1 da thtc tdt ca cac nghiém z ndm bén ngoai dudng tron don vi.

Do 6, thuat toan d& c6 6 muc 2.4.3 cho hé lién tuc nay sé dude stia déi lai thanh:
1) Kiém tra diéu kién vé bac cla cac da thic:

deg A,,— degB,, > degA—-degB > 0
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2) Phan tich da thic B(z) thanh B=B B”, trong d6 B (z) 1a da thic bén va B¥(z) la
da thitc phdn bén.
3) Kiém tra diéu kién B,,=B* B,
4) St dung thuat toan Euclid md rong dé xac dinh da thtc thita s§ chung nhé nh4t 1a
H(z) ctaA(z) vaB*(z) cling nhu cac da thic X(z), Y(z), U(z), V(z) thoa man:
AX+B'Y=H
{A U+B'V=0
5) Xac dinh cac nghiém:
E=E,+UQ va D=D,+QV
trong d6:
E,=XA, , Dy=YA,,
va @ 1a mot da thiic tiy y. D D(z) 1a da thiic c6 bac th&p nhit ta ¢ thé chon:
Q= -D, divV = D= Dy modV
6) Xac dinh E=B” E va C=HB,,

m

Thiét k& bd diéu khién dead-beat

Xét hé kin khéng lién tuc véi so db c&u tric ¢ hinh 4.29 gém bd diéu khién c6 ham
truyén R(z) va d6i tuong S(z). Do S(z) 1a hop thic theo z ' (diéu kién causal) nén

khong mét tinh téng quat néu ta cho ring né cé bac n va:

-1 -2 .. -n
S(z) =2& - _biE tbz 4 v bz (4.80)
U@) 1+az7 +az™+ -+ +a,z "
tic 1a co:
Yo = lim U(2)S(z)= 0 néu u,=1, hay U(z) = Z (4.81)
Z—>o0 z-1
w(t) {ek} {uk} y w(t) y(t)
~LIR(2) L A | Se) 0000000000 -~ --=-=-=-=-- ;a)ooooooo—
- ’ o
[o) 1
o |
Hinh 4.29: Hé thdng diéu khién dead-beat. t o ' t

Hé dugc goi 1a dead-beat néu né théa man:
—  Khi tin hiéu dau vao w(¢) thay d8i tit hing s6 nay sang hing s6 khac thi sau ding
n bude diéu khién tin hiéu d4u ra ciing dat t6i dude hing s6 bang tin hiéu dau vao
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(khong c6 sai léch tinh), trong dé n 1 bac cia mo6 hinh hé thong. Néi cach khac, hé
¢6 qua trinh qua dé6 la n budc.

— O ché& d6 x4c 1ap, tin hiéu dau ra khong thay d6i ngay ca trong khoang thoi gian
gitia cic 1an trich mau, ttc 1a khi d6 y(¢) phai 1a hing s6 cht khéng riéng gi day
cac gia tri trich mau {y;,} ctia né.

Bo diéu khién lam cho hé théng trd thanh dead-beat duge goi 1a bs diéu khién
dead-beat hay bd diéu khién c6 thoi gian hiéu chinh hitu han. Nhiém vu dat ra cta bai
toan 1a phai x4c dinh R(z) sao cho hé kin (hinh 4.29):
_Y() _ R()SE)

W(z) 1+R(2)S(2)

G(2) (4.82)

dat duge nhiing yéu ciu ctia mot hé dead-beat. Néu nhu ring tit yéu cau hé dead-beat
ta di c6 dugc ham truyén mong muén G(z) ctia hé kin thi véi (4.80) ta cling sé suy ra
dudce bd diéu khién R (z) theo nguyén tic can bing mé hinh nhu sau:
1 G
S(z) 1-G(2)
Bay gio ta sé di vao phin thiét k& by diéu khién dead-beat R(z). Xét véi w(¢)=1(¢)
va yéu cAu rang sau ding n budc diéu khién tin hiéu diu ra y(¢) t6i dudc hdng sd bing

R(z)= (4.83)

tin hiéu d4u vao, ttc 1a y,=1 khi k>n va (4.81), tiic 1a y,=0 nén day {y,} phai c6 dang

{yk} = {07 Y15 Y25 vov 5 Yn=25 Yn—1» 1’ 1a } (484)
Suy ra
Y(2) = y12 '+ ypz e Ay I Y 2
k=n
Y(2) z-1 -1
S G(z) = =Y(z =Y(z)(1-z
(2) W) (2) (2)( )
= [ylz‘1 + Y2 2 ey, 2 Y z‘kj(l -z
k=n
=32 (= y)Z e g~ V)2 T (-, )2
=pz 4 ppz i 4 - +p 2z =Pz (4.85)
vii1

n
2P =0+ =y + o AW~ Ypg) + (L=, ) =1
k=1
Néu {y;} c6 dang nhu (4.84) m6 ta thi tuong ting {u;} ciing phai c6 dang:

{uy ={ug, Uy, Ugy v, Up—g, Uy, Uy, Uy, . )
Do d6

_ -1 -2 -n+1 < _—k
UR) = ugtuz +ugz "+ - +u, 2z tu,y z
k=n
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U(z) _UG) z-1
W(z)

=U(z)1-2z"Y

= (uo vzt o w2 v, Y zkj(l -zt

+1

=uy+ (1w, —uo).z_1 + o Uy Uy )2 T+ (U, — U, )2

=qo+ @z + g2+ - +q,2 " = Q) (4.86)
Tu (4.85) va (4.86) ta dugc:

_ Y _Yk@ WeE _Pe
U} W) U Q¢

sau d6 so sanh v6i (4.80) sé ¢o

S(z)

bzl bz 4 o +b 2" Pzt pez it o 4pz”
T+az  +agz?+ 0 4,2 " Qo @zt 4gez i+ o 4z "
&2714-&272-# e +&z’n
__% do0 90
14t B2y
9o 0} q9
va day chinh 1a cong thic x4c dinh cac hé s6 py, ... , p, caa Pz ) va qo, q1s - » qn
cta Q(z Y tuby, ..., b, vaay, ... , a, cia S(z) nhu sau:
1) Xac dinh g theo:
-1
n n n n
D 1 1
Bo-foli, Lo o2
k=1 k=190 90 k=1 L) k=1

2) Can bing hé s6 cac da thiic ti va mau véi nhau:
Pr=qobr va qr=qoa; , k=1,2, ... ,n

3) Thay céc da thic G(z)= P(z"}) va S(z)= ?DEZ
z

-1
_1; tim dudc vao cong thic (4.83) cua

R(2) ta c6 ham truyén ctia by diéu khién dead-beat:

1 Gk Q=YY P Qiz™")
_ , =22 ) R L (4.87)
S(z) 1-G(z) P 1-Pi1) 1-PiE™

R(2)

Chl y: Bb diéu khién dead-beat da dugc thiét k& cho trudng hop w () ¢6 dang bac
thang trén day s& mat tac dung dead—beat néu w(#) 1a cac tin hiéu khac, chdng han nhu
v6i tin hiéu ting déu w(¢)=¢t1(¢). Ngoai ra, dé hé c6 cac tin hiéu bén trong 14 bi chin &
qua trinh qua d6 thi:

—  Céc diém cuc khong 6n dinh (khéng ndm trong dudng tron don vi) cta déi tugng
S(2z) khong thé can bing (bi) dudc bdi mot diém khong ctia R(z), vi néu nhu vay,
hé vAn c6 ban chit khéong 6n dinh giita nhiing 14n trich miu.
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Ciing nhu vay, khéong thé can bang cac diém khéng ndm ngoai dudng tron don vi
ctia S(z) bing diém cuc ctia R(z).

Dinh ly 4.15: Goi G(z) 1a ham truyén cta hé dead—beat gém b6 didu khién R(z) va d6i

tugng S(z) . Néu c6 diém cuc 2z, cta S(z) khong nidm bén trong dudng tron don vi
titc 12 ¢6 |z;|>1, thi né phai 1a diém khong ctia 1-G(2). Ngugc lai tdt ca cic diém
khéng z; ctia S(z) khong ndm bén trong dudng tron don vi ciing phai 1a diém khéng
cua G(2).

Chitng minh:

Goi z;, 1a diém cuc cia S(z) khéng ndim trong dudng tron don vi va ky hiéu:
S(z) =02

Z2—2p

Vay thi diéu khang dinh tha nh4t duge suy ra ngay tit quan hé:

-Gy-1-_RE@S@ _ 1
1+R(2)S(z)

Z—Zk
1+ R(z ) So(Z) z—2z, + R(2)Sy(2)

vi R(2) khong dudc phép cin bing z,, tic 1a R(z) khéng nhén z;, 1am diém khéng
Tuong tu, diéu kh&ng dinh thi hai cing dude suy ra tit quan hé (4.82).

m)
Vi du 4.31: Thiét ké bo diéu khién dead-beat
Xét hé kin co:
S(s) =
&) s(1+s)
Khi d6 v6i T, = 1s thi:
z-1 S(s) 0,372 +0,26272
S(z = b b
5{ b= 1-1,372"1 40,3722
Vay
P =piz "+ pyz? va Q@) =qotqiz '+ g2’
co
n 5 -1 1
= =— =158
% ,El k 0,37+0,26
pP1= 0558 » P2= 0542 » 41= _2516 » @2= 0558
Suy ra bd diéu khién R(z) theo (4.87) la:
-1 -1 -2
RG) = Q(z _)1 _ 1,58 2,1621 + 0,5822 1
1-PzY  1-058271-0,422"
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4.4.3 Cac phuong phap thiét ké trong mién théi gian

Piéu khién phdn héi trang théi gén diém cuc

Gidng nhu 6 hé lién tuc, kha nhiéu chat lugng hé théng duge quyét dinh béi vi tri
diém cuc, ttc 12 gia tri riéng ciia ma tran A trong hé khong lién tuc, mé ta béi:

X = Axy + By,

ching han khi t4t ca cac diém cuc ndm trong dudng tron don vi thi hé 6n dinh, cic diém
cic ndm cang gan goc toa do thi qua trinh qua d6 ctia hé cang ngin .... Bdi vay & bai
toan diéu khién sao cho hé c6 duge chit lugng mong mudn, ma nhiing chét lugng d6 lién
quan truc tiép t6i vi tri diém cuc, ngudi ta thudng chuyén né vé viée xac dinh bd diéu
khién phan héi (trang thai) R nhu mé ta trong hinh 4.30a, d& hé kin v6i mé hinh:

X = (A-BR)x, + Bw,
nhan nhiing gi4 tri cho trude zq, ... , 2, Gng véi chit lugng mong muén dé, lam diém
cuc, tic la tim R tu phuong trinh:

det(zI —~(A-BR))=(z-2)(z2—2y)--(2—2,) , Vz (4.88)

Phuong trinh (4.88) trén hoan toan dong nhit véi phuong trinh 3.63 ctia chuong 3.
Do d6 d8 tim R tit (4.88) ta lai 4p dung dugc cac phuong phap da biét tit muc 3.4.1 nhu
Ackermann, Roppennecker, modal ....

q) b) c)
Wi % [haknong] Hé khong | 2k Y “t [he khong| 2
lién tuc > lién tuc lién tuc
B quan :k Bd quan ;
‘ sat sat
Hinh 4.30: Minh hoa cac phuong phap
diéu khién trong mién thdi gian
Bd quan sdt trang thdi tiém can va ky thudt gidm béc bé quan sat
Bai toan thiét k& bo quan sat cho hé MIMO khéng lién tuc, bac n:
x, . =Ax, +Bu, , x,eR" , u,eR?
L1 X TDU, > Xy Uy (4.89)

y,=Cx,+Duy, , y erR™

dugc dat ra khi vector trang thai x, trong hé 1a khong do dugc truc tiép bang cam bién.

Giéng nhu & hé lién tuc, ta lai st dung bd quan sat c6 ciu tric (hinh 4.30b):

Xy = A%y, + By, + L(y, -Cx;, - Du,) (4.90)
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rdi tim L dé c6 e, =x, —x, — 0, trong d6 sai léch quan sat e;, c6 m6 hinh:
ern =(A-LCO)g,,
Bai toAn tim L nay ddng nhat véi bai toan thist k& bo didu khién phan héi trang thai LT
gan céc diém cuc cho trudc z;, ... , z, ndm bén trong dudng tron don vi, cho hé déi ngiu:
%, =ATz, +CMy,
tic la:
det (21 -(A-LC)) = det (21 - (AT —CTLT)) = (- 2,)(z -2 (2-2,) , V2 (4.91)
Bdi vay ta lai 4p dung dudgc cac phuong phap quen biét nhu Ackermann, Roppennecker,
modal ... dé xéc dinh L.

B6 quan sat (4.90) ciing c6 bac n ging nhu hé da cho. Tuy nhién, néu hé (4.89) 1a
hgp thiic chit (D=0), c6 Rank(C)=m v6i m<n la s6 tin hiéu ra thi do m trang thai
trong s6 n phan tl cta x, da c6 thé x4c dinh truc tiép tit phuong trinh thi hai trong
(4.89) nén ta c6 thé ha bac ctia bd quan sat (4.90) xudng con n—m . Khéng mét tinh téng

quat néu ta gia st m vector cot ddu tién trong C 14 doc lap tuyén tinh. Khi dé, véi:

X1k

X

] =Cix,, +Coxyy, , CLeR™™ | x, e R™
Zok

=Cx;, =(Cy Cz)[

thi C; 14 ma tran khong suy bién va m phén tit dau tién cta x, ndm trong x, , duge xac
dinh truc tiép béi:
El,k = C;I(Zk — C2£2,k) (492)

Do d6 chi con n—m phén ti con lai cia x, nim trong x,, la phai quan sat . Viét lai

(4.89) sang bién trang thai méi:

[&,k}z[q‘l —C{ICQ][%@]:@[%J - [Z] éq[&k]
Xo S I Xok Xok Xok
- [Z’MJ Cl(_lk“J ClA[_l’kJ+C’1ng 1AC[ ]+ClBuk
X9 k+1 X2, k+1 Xok
:(Al Azj[zk}_(Blju _{Alyk+A2_2k+Bluk]
Ay A xy, ) \By)F | Ayy, + A, +Bouy,

trong d6 A, Ag, Ag, A4, B, By 12 nhiing ma tran con caa C™'AC va C'B c6 s& chiéu
tuong ing, ta cé:

Uy L~
Xg o = Agy, +(By ’As)(y va y, =Yk MY, -Bju, =Ayx,y,
Zk
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Do @6, thay vi phai st dung bo quan sat (4.90) bac n, ta st dung bd quan sat bac n-m
cho vector trang théi con x, , :

Uy _
4,., =444, +(Bs ’AS)[yk]‘L(Zk‘AZQk) (4.93)

v6i L trong (4.93) 12 ma tran cin phai tim sao cho tat ca gia tri riéng cia A, — LA, nim
bén trong dudng tron don vi, 1a didu kién cin va du dé c6 q, = %y, Cuoi ciing, khi da c6

x,, tacingséco x,, theo (4.92).

Chay: Do Qk trong (4.93) c6 st dung Y,,, nén cac bién trang thai q, > Xy, chi xac

dinh dudc sau mot nhip chu ky trich mau. Néi cach khac, khi st dung bd quan sat giam

Xy po

bac (4.93) va (4.92), du ra ctia bd quan sat 6 hinh 4.30b) sé 1a x, | = [_l’k 1] —x, -
q
2pa

Thiét ké bd loc Kalman (quan sat trang thdi Kalman)
B6 quan sat tiém can (4.90) c¢6 L dudge xac dinh theo (4.91) khong ap dung duge cho

hé tham s6 hing tac dong bdi nhiéu ny, v:

{Ekﬂ =Ax;, +Bu, +n, (4.94)

¥, =Cx, +Duy, +v,

trong d6 n;, v, dudc gia thiét 1a hai tin hiéu nhidu egodic, c6 ky vong bang 0, khéng
tuong quan véi nhau, v, khong tuong quan véi trang thai x; cua hé, cling nhu x;, khong
tuong quan véi tat ca cac gia tri trang thai trude dé x;, i=1,2, ... ,k—1, ttc la cé:

M{n}=M{o}=0 . M{npl}=0. M{x]]=0
M{gkgiT} =0 v6ii=1,2, ... k-1, M{ri_ziT} =No,_; va M{ykglr} =Vé,_;
v6i N va V14 hai ma tran tu tuong clia ny, v, va © 13 ma tran cé cac phéan ti 0.
Dé chinh stia lai, Kalman dé xust st dung bd quan séat X, = x, v6icdu truc:

/ - PR
x, = Ax,_, +Bu,_, véix, tuy chon

R / (4.95)
X, =X, ""Lk(zk -Cx, —Du,)
cho tiing thoi diém £=1,2, .... Vector E;e trong (4.95) dugc xem nhu gia tri can trai caua

x,, tai thoi diém trich mAu %. So véi bd quan sat tiém can (4.90) thi trong (4.95) ta cé
mot stta d6i nho 1a L(qu -Cx,_, _DZk&) duge thay béi L, (zk ~Cx, —ng) dé tan
dung luén duge cac gia tri Yo U vita do & thoi diém cubi £ vao viée xac dinh x, . Ma

tran L, 6 day sé dugc tim sao cho ky vong sai léch quan sat 1a nhd nhat:
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QzM{gzgk}%min voi e, =x,-x, (4.96)
Dé tim nghiém L, ctia bai toan t6i uu (4.96) trén, ta cAn dén nguyén ly truc giao:
M{xX®)-aY@®))*} —- min o M{(X()-aY@®)V(t)}=0

trong d6 X(¢),Y(¢) 14 hai qué trinh nglu nhién. N6 duge suy ra tit diéu hién nhién ring
ham kha vi xac dinh duong c6 gia tri nhé nhét tai diém ma dao ham ctia né tai d6 c6 gia
tri bing 0. Ap dung nguyén ly truc giao d6 cho bai toan t6i uu (4.96), lic nay dudc viét
lai thanh:

-5 (o -5

M

T
M{zk 2, — L (3, —Cxy)) (x_k—zﬁe—Lk(zk—Czﬁe))} véi yj =y, — Du,
{ kak q —Lsze)}emin, véi g, =x, - (I - L,C)x),
ta dugc:
e—M( -L ’)(/T i=1,2 k
- gk ka Z;) ) l 9Ly see

K&t hop thém véi gia thiét rang ny, v, c6 ky vong bang 0, khong tuong quan véi nhau va
v;, khong tuong quan véi trang thai x;, ctia hé, do d6 cling khong tuong quan véi gﬁe ,
ciing nhu n; khong tudng quan véi y, va x; khong tuong quan véi tat cd cac gia tri

trang thai trude d6 1a x;, i=1,2, ... ,k—1, bao gdm ca x, , ta con c6 thém:

G:M{( - Ly ) (% ka)}

Diéu nay dan dén:

0= M{( kak)( ka)T}

T
M{ Ek_(I_LkC)xk kak)( ka) }
g
:M{ (I-L, _Lkgk:|[cg;e+9k:|T} voi €} =1, —

(I-LC)M{E)E)"}CT - L,V vi M{ev)}=0

(
[zk—z’k—LkC(zk—&2)—Lk2k}(0(zk—z}e>+yk)T} Vi y, =Cx, +u,
[(T-140)

(I-LC)RCT -LV véi B = M{(e,)(e)" ]

Suy ra:
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-1
(I-LC)RCT-LV=0 & L,=BC"(CRCT+V)
Tiép tuc, ta xac dinh P,
B, = M{(e)(e)"} = M{(x, - 2,)(x, - x|
= M{(Agk—l +1y, 1 )(Ae, +Qk—1)T}
T T T
=AM {E/HE}H} AT+ M{Ek—lﬂk—l} +2AM {gk—lﬂk—l}
= AKAT+N i M{e,ny}=0
trong do6
T
Kp=M {gk—lgk—l}
Ngoai ra, tu:
e, =%, — %,
=, —x, ~L4(Cx; -Cx), +v,)
= ¢, ~ L,C(x, —x) - Ly,
=(I-L,O)e, - Ly,
ta con c6:
T T
K = M{gkgk } = M{[(I‘LkC)E; _LkEkJ[(I_LkC)E; _LkEkJ }
T N
= (I-L,0)M{(e)e)" J(I-LC) + LM {v,of | Lf . viM{e,vy} =0
=(I-L,C)P,(I -L,C)" + L, VL,
= (P, - LyCR,)(I-C" L )+ L,VL}
=P,-L,CP,-PCTL} +L,CP,CTLY +L, VLY
=(I-L,C)P, - BC L} + L, (CRCT + V) I

= (I-L,C) P, - BCTLE + BCT (CRCT + V) (CRCT +V) L]

Vay b loc Kalman véi nhiém vu xac dinh x,, £=1,2, ... dugc xem nhu la gia tri
trang thai x4p xi cho x; , £=1,2, ... ctia hé (4.94), sé& c6 cdu triic bao gbm céc cong thiic

tinh 14p trén, dugc viét chung lai nhu sau:
1) Chon K, va x, tuy .

2) Thuc hién 1an lugt v6i £=1,2, ... cac buéc sau:
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a) Tinh P, = AKk_lAT+N ¢6 st dung K,_; tit vong ldp trude
b) TinhL, = P,CT(CP,cT+V)™!
¢) Tinh K, = (I-L,C)P}, cho vong lip sau

d) Tinh glk = Ax, , +Bu,_; c6stdung x, , tit vong lap trude

¢) Tinh &, =, +I;(y, -Cx, - Dy,

Piéu khién phdén héi ddu ra theo nguyén ly tdch

Hé kin & hinh 4.30c) gébm bd diéu khién phan héi trang thai gan diém cuc R thoa
méan (4.88) va bo quan sat trang thai (4.90), c6 phuong trinh trang thai khi w,=0 la:

e | Ax, +BRq, [ A -BR Xy,
4,,,) |LCx,+(A-LC-BR)q, | \LC A-LC-BR)|g,
Suy ra, né c6 da thic déc tinh:
det z[-A BR zI-A+BR BR
e =de
-LC z2I-A+LC+BR zZ-A+BR z2I-A+LC+BR
zI-A+BR BR
=det
(C) zI-A+LC

=det(z] - A+ BR)det(zl - A+ LC)

va dén dugc:

Binh ly 4.16: Hé kin phan héi ddu ra & hinh 4.30c gdm bd diéu khién phan héi trang thai
R va bd quan sat trang thai (4.90) sé c6 cac diém cuc 14 diém cuc cta bd diéu khién
phan héi trang thai (4.88) va ctia bd quan sat trang thai.

Dinh ly trén khing dinh ring bai toan thiét k& bo diéu khién phan héi diu ra luén
tach duge thanh hai bai toan con 12 bai toan thiét k& bo diéu khién phan héi trang thai
va bai toan thiét k& bo quan sat trang thai.

M6 rong ra, tuong tu nhu da ban & hé lién tuc (dinh 1y 3.41), néu hé kin phan héi
dau ra nhu mé ta trong hinh 3.40¢ 13 SISO, véi md hinh déi tugng diéu khién:

X, =Ax, +bu,
Yp = £T£k +duy,

va ¢6 bd quan sat tiém can (4.90) ciing nhu bd phan héi trang thai gan diém cuc R, thi né
s& c6 ham truyén la:

4 t[zl -A —QJ

e
T
d
Giz)=—— = %)
det(zI -A+bR)
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Thiét k& bd diéu khién dead-beat

Khai niém hé dead-beat da dugc giai thich tai ngay muc trude trong phan trinh bay
céac budc thist k& by difu khién dead-beat mién tan s6. Tuy nhién & d6 ta chua xét dén
diéu kién ton tai bo diéu khién. PE cong viéc thist k& bo diéu khién dead—bead néi
chung, k€& ca trong mién tin s6 vA mién thdi gian c6 thé c6 két qua thi truée khi thue
hién cong viée tong hgp bd diéu khién ta cAn phai kiém tra xem khi nao sé ton tai mot bd
diéu khién nhu vay.

Hinh 4.31 mé ta hé thong phan héi trang thai gém d6i tugng SISO c¢6 m6 hinh:
x,,,=Ax, +bu, , Blavector cot
Xr+1 ; X _Tk 4.97)
Y, =¢ X, , ¢ lavector hang

va hai b diéu khién khuéch dai tinh R,V.

Gia st hé 1a dead-beat. Khi d6 hé sé& di dugc

tl trang thai du x, bat ky vé goc toa do sau

Hé khéng
lién tuc

ding n bude didu khién (tng véi w=0), néi
cach khac x,=0. Theo cong thic (4.43) thi

trang thai x, tu do cua hé khi d6 sé la:

Hinh 4.31: Biéu khién dead-beat

x, =(A-bR)x, , =(A-bR)"x,

n-1
Nhu vay, dé c6 x,,=0 thi phai c6:

(A-bR)" =© , Ola ma tran cb tat ca cac phan t bang 0 (4.98)
R6 rang phuong trinh trén chi ¢6 nghiém R néu déi tugng (4.97) diéu khién duge hoan
toan. Hon niia, do (A-bR)"=0, dugc goi 12 ma tran nilpotent bac n, nén tit dinh ly
Cayley—Hamilton, hé kin phai c6 phuong trinh dac tinh:

det(zI-(A-bR)) = 2" (4.99)

Tit day ta di dén duge khéng dinh:

Pinh ly 4.17: Néu déi tugng SISO bac n (c6 n bién trang thai) mo ta béi (4.97) 1a diéu

khién dugc hoan toan thi luén ton tai bd difu khién dead-bead R,V va hé kin
dead—bead & hinh 4.31 s& c6 diém cuc z=0 bdin.

Ch( ¥: Theo noi dung dinh 1y 4.17 thi hé kin c6 diém cuc boi n tai z=0. Viéc ¢6 diém
cuc boi z=0 sé 1am cho hé kha nhay cAm véi sy thay déi nhé trong d6i tugng diéu khién.
N6i cach khac hé dead-beat khéng c6 tinh bén viing cao.

Bay gi6 ta chuyén sang viéc thist k& bo diéu khién dead-beat R, V. Diéu kién (4.99)
néi ring bo diéu khién R phai c6 chiic nang gan dudc cac diém cuc:

Zl:...:zn:O
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Do d6, theo cong thiic (3.68) ctia phudng phap Ackermann, né sé la:

R =sTA" (4.100)
trong d6 s 14 vector hang cudi cing ctia (b, Ab, ... , A" 'b)71, tic 1a:

s7=(0,... ,0,1)(b, Ab, ... , A" 'p)7"

Bo diéu khién V con lai ¢6 nhiém vu phai tao ra dudc y,=w; & ché do xac lap. T
phuong trinh trang thai cia hé kin (hinh 4.31):

Xpyy = (A=DR)x), +bVuy,
Y = ETEk
ta c6 vdi cong thiic (4.44) va tinh chat (4.98), dap ting 6 ddu ra khik>n:

k-1 . n-1 .
yp=c" Y (A-bR) bV, ="' (A-bR)" bV,
i=0

i=0
Gia thiét tiép gia tri tin higu kich thich w,, 14 hing s8, tic 12 wo=w,=++-=w, ta s& dudgc:
Tn—l i 1
y=e!"S A-BRY Vw0 = V=
=0 ET Z (A _QR)nflflé
i=0

Ngoai ra, v6i (4.98) ta con co:

(I-(A-bR)) N (AR =S (A—bR-S (A—bR)

1=0 i=0 =0
n-1 . n-1 .
— z (A—éR)n_l_l _ Z (A—éR)n_L

=0 i=1

— nil (A _QR)n—i—l _ 7122 (A —QR)n_i_l

=0 1=0
=(A-bR)' =1
1

Vay: V= ~ (4.101)
¢ (I-A-bR)) '

Téng két lai, ta di dén:

Pinh ly 4.18: Hai bd diéu khién R,V cho béi (4.100) va (4.101) sé& lam cho hé kin & hinh
4.31 c¢6 duge dap ting y,=w, k=n khi hé dugc kich thich bing tin hiéu hing w,=w 6
dau vao.

Puong nhién rang bo diéu khién dead-beat phan héi trang thai trén ciing c6 thé
chuyén dugc sang thanh b6 diéu khién dead-beat phan héi ddu ra bang cach ghép them
bd quan sat trang thai tiém can (4.90) ho#c bd loc Kalman vao trudc khau phan héi
trang thai R.
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4.44 Nhap mén diéu khién du bao
Nguyén tdc chung cua diéu khién du bdo (MPC-model predictive control)

Hinh 4.32a mé t& hé théng diéu khién kin. Nguyén 1y lam viéc ciia bo diéu khién du
béo trong hinh dugc hiéu nhu sau. Tai thdi diém % hién tai va trén co s6 cuc tiéu héa mét
ham muc tiéu @ nao dé cho trude duge xay dung ti chat lugng mong mudn dinh truéc,

trong khoang thdi gian tuong lai &, k+1, ... , 2+N (hinh 4.32b) chéng han nhu:
k+N
Q=2 [(wi -y;)? +uﬂ — min (4.102)
i=k
ta sé x4c dinh duge day gia tri tin hiéu diéu khién tuong lai u;, i=k,k+1, ... ,k+N.

Trong s6 cac gia tri tin hiéu diéu khién tuong lai tim dugc @6 ta chi st dung u;, lam tin
hiéu diéu khién & thoi diém hién tai k. O thoi diém k+1 tiép theo, ta lai lip lai chu trinh
trén dé ¢6 up.; va ct nhu vay bo diéu khién du béo sé phai thuc hién lidp bai toan téi uu
(4.102) tai tiing chu ky trich m&u. Hién nhién ring trong bo diéu khién du bao phai cé:

— DAy gi4 tri tin hidu dit trudc wj, va cdAm bién do tin hiéu ra y,

—  MBb hinh toan hoc ctia 461 tugng.

—  Moét phi€m ham muc tiéu, chdng han nhu phiém ham (4.102) va thuat toan giai

bai toan t61 vu véi phi€m ham muc tiéu dé.

Gi4 tri N trong (4.102) dudc goi 14 ctia s6 du bao. C6 thé thay ngay ring khi N=eo thi véi
(4.102) cling phai cé:

lim(w; —y;)=0 va limy; =0
100 1—oo

Suy ra hé kin 14 6n dinh va c6 sai léch tinh bing 0.

Piéu khién du bdo hé SISO trong mién phic

Piéu khién du bao

! 1
! 1
1
a) ! Mb hinh | | b)
: déi tugng | | N+1
Wp : er T8i vu : uli Poi tugng yZe : 1 1 : ¢
i i diéu khién B R+l BN
! 1
! [
: 1

Hinh 4.32: M6 ta nguyén ly diéu khién du bao trén co sd tdi uu tiing doan véi clia sé trugt

P& minh hoa viéc xay dung bd diéu khién du béo, ta xét hé kin mé ta & hinh 4.32a
véi 16p doi tugng c6 ham truyén:
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-1 -2 -m
bz +byz "+ - +b,2

S(z) = (4.103)

-1 -n
l+az "+ - +a,z

trong d6 b,#0, b;, a; la nhiing tham s§ hang da biét. T md hinh déi tugng 1a ham
truyén (4.103) thi:

m n n
Zlbjuk*j =y, + .Zlajykfj = (wk —ek)+ Zlaj (wk,j _ek—j)
J= J= J=

n m n
=S ek=—Zajek_j—2bjuk_j+{wk+Zajwk_j]
j=1 Jj=1 J=1

n
== ae j~Uy W,

j=1
trong d6
~ m . - n
Uy = 2, )ty VA Wpoy =W+ 2, ajl0y (4.104)
Jj=1 j=1
Suy ra
€r-n+1 0 1 .. 0 0
T B o U PP I [ 4.105
= €,_1 0 0 e 1 |17 ( k-1 k_1) ( )
€k A TOp - 1
F ¢

=Fay  +c(Wpy ~tyq)
Bdi vay, néu viét lai cong thiic trén dudi dang truy hoi, s& dugc:
Lpon = Fxpng + CW@pin g —Upin1)

=F [F Lppnoo T Wi N g~ lzk+1v—z)] +C(Wp N1 ~Upin-1)

Wy o —Up, N
:F2£k+N72+(FE ,2)[ Ak+N 2 Ak+N ZJ
WryN-1 ~Up+N-1

Wy —uy,

- - Wpy —U
=FNgk+(Fng,FN2g,...,g) k+1 T Y41

WriN-1 ~UpsN-1

va diéu nay tuong duong véi:

£ FY FY¥7'¢ .. Fc ¢
X N-1 N-2
a=| TN g e & D (oa) = Dy +C(@-a)  (4.106)
£k+1 F c Q Q
D ¢
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trong do

Wy, Up,
w=| _ vau=|_ (4.107)
WriN-1 UpiN-1
WriN Ur+N

Bay gi¢ ta chuyén sang viéc xay dung bo diéu khién du bao theo quy tic t6i vu ting
doan cta s6 N nhu sau. Cit sau mdi chu ky trich m&u véiy, & dau ra, cong thém véi day
gi4 tri tin hiéu dat {w,} da cé, ta cAn phai xac dinh dudc gia tri tin hiéu didu khién u, tai

ding thoi diém d6, sao cho véi né c¢6 dude:
Q=2z"Sz+u" Ru — min (4.108)

trong d6 S, R 14 hai ma tran d6i x@ing xac dinh duong cho truéc (@ 1a ham 16i). Thay z
tl (4.106) vao ham muc tiéu (4.108) ta dudgc:

Q=(Dx, +Cw-Ca)' 8(Dx,+Cw-Ca)+a’Ra
Vi @ c6 dang toan phuong nén dé c6 Q—min thi cin va du 1a:

o7 =29 _ 3(Dx, +Cio-Ca)" SC+2aTR = 2a" (cTSC+R)-2(Dx, +Ca) SC

_BQ

e  a=(C"sc+ R)A C"S(Dx, +Cw)

~ % =(1.0,-,0)&=(1,0, - ,0)(C’SC+R) C"S(Dx,+Ca)
=y, =bi (1,0, -, 0)(CTSC+R)_1 CTS (D, +C) - 3 by, (4.109)
1 Jj=2

v6i C, D, x,, w xac dinh béi (4.105), (4.106) va (4.107). Cong thiic (4.109) cudi cung nay
ciing chinh 14 mé hinh toan ctia bd diéu khién du bao & hinh 4.32a.

Tém lai, bo diéu khién du béo tng v6i phi€m ham muc tiéu (4.108) &€ diéu khién
do1 tuong (4.103) c6 nhiém vu thuc hién thuat toan sau:

1) XAy dung cac ma tran va vector F, ¢, D, C theo (4.105), (4.106)
2) Thuc hién 1an lugt véi k=1,2, ... cac buéc sau:
a) Do tin hiéuray,

b) Xay dung cic vector x,, w ti wy, , y;, theo (4.104), (4.105), (4.107)
¢) Xac dinh tin hiéu diéu khién u,, theo (4.109)

Cha y: Mac du thuat toan trén chi dung cho 16p d6i tugng (4.103), song né ciing da

thé hién nguyén 1y lam viéc chung ctia bo didu khién du bao. Ung véi mbi 16p d6i tugng
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khac nhau, sé c6 cac cong thiic (4.104), (4.105), (4.106), (4.107) khac nhau, do d6 ciing sé
6 cong thic tinh gia tri tin hiéu diéu khién u, khac nhau.

Piéu khién du béo hé MIMO trong khéng gian trang théi

Véi su hd trg cia nguyén tic chung ctia diéu khién du bao da trinh bay & trén, ta sé
hoan toan khéng khé khan gi khi phai thuc hién bai toan diéu khién du bao cho 16p d6i
tugng tuyén tinh MIMO c6 mé hinh trang thai:

Xy = Ay + Bu,
’ . (4.110)
¥, = Cx,+Du, , u,eR
sao cho hé c6 dugc tin hiéu ra y, bam theo tin hiéu mAu mong mudn dit truée w;, theo

nghia (4.102). Trudc tién, tt m6 hinh (4.110) ta ¢6 ngay dudc:

Zk+N

=Cuxp,ny +Duy,y = C(A£k+N-1 + BEk+N—1) +Du,,,
u u
=CAx) N+ (CB ’ D)[_}HN_IJ = CA<A£k+N—2 + BEk+N-2) + (CB ’ D)[_k+N_1J
UpiN

UpiN
, UpiN-2
=CA%x;, x5 +(CAB ,CB D)\ u,, 4
Uren
Uy
=CAVx, +(CANT'B, - CB, D)
= u
Zk+N-1
UpiN
Béi vay, khi viét lai cho toan b khodng thoi gian du bao k,k+1, ... ,k+N sé cé:
LN Wy N Zk*'N
7= €reN-1 _ WreN-1 _ 2k+N_1
€ Wy, Y,
Wy N CAN CAN'B ... CB D| uy,
w N-1 N-2 ~ ~
LreN-1 | CA’ o — CA. B . D @ —w-Ax, —Ba (4.111)
: : U D] ¥k N-1
Wy, C D o O O\ Unn
Ny S/ S/ N
w A n

B u
trong d6 © la ky hiéu ctia ma tran cé tat ca phan ti déu bang 0.

Thay vector £ cua (4.111) vao ham muc tiéu (4.108) c6 hai ma tran d61 xiing va xac
dinh duong S, R:
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~ "N =~ T ~ " 2~ ~T —~
Q=(w-Ax,-Bu) S(w-Ax,-Bu)+a"Ra
ta thay, do @ 1a dang toan phuong 16i, nén dé c6 @—min, cin va da phai la:

o7 = 3—2 =-2(w-Ax, - BL_Z)T SB+2u"R = 24" (B"SB+R)-2(Ax, + @)T SB

& u=(B"SB+ R)_l B"S(Ax, +w)

= u,=1,,0,,0)u=(I,,

0, . ,e)(BTS§+R)_1 B"S(Ax, +w) (4.112)

trong d6 A, B, x,, w xéc dinh bdi (4.111) va I,, 1a ma tran don vi m chiéu, bang s6

chiéu tin hiéu dau vao cta ddi tugng (4.110). Cong thic (4.112) cudi ciing nay ciing chinh
12 m6 hinh toan ctia bo diéu khién du bao phan héi trang thai mé ta & hinh 4.33.

Bb diéu khién "
du bao phan | =& =7
héi trang théi —»{ diéu khién ——

We -
— boi tugng Y
Hinh 4.33: Diéu khién dy béo bing "' 4.112) (4.110)

phan héi trang thai
Xp

Cau hdi 6n tap va bai tap

1. Tim dap tGng cho hé 4y, —6y,_; +3y;,_s =1, khi ddu vao l1a day gia tri trich miu caa
tin higu 1(¢) va cac gia tri ddu la y,=1, y;=-1.

2. Hay x4c dinh anh X(z) caa {x;} véi

a) x, =27 b) x =2_kcos[k—”+1j
2 3
3. Hay tim tin hiéu {x;} c6 anh X(z) sau day
4 b) 822 +4z Q) = 22% - 322 +112
22(3z-1) 4z% -5z +1 (z-1)%*(z+2)

4. Cho tin hiéu xung {x;} c6 anh Z la X(z) . Chiing minh ring néu c¢é lim z"X(z)= M
Z—>00
thi ciing c6 x,, = M.
5. Cho tin hiéu tuén hoan {x,} véi chu ky N, tic 14 x,=x;, 5. Chiing minh ring:
N N-1

Z -k
X(z) = X2
AR | kgo k

6. Cho hai tin hiéu {x;} va {y,} . Goi X(z), Y(2) 1a anh cta ching. Gifia {x;} va {y,}
phai c6 méi lién hé gi dé ¢c6 X(z) = Y(z1).

7. Nguoi ta da cai dit cac hé thong SISO c6 ham truyén G(s) cho sau day vao may
tinh. Hay x4c dinh ham truyén khong lién tuc tuong tng cta hé.
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1 1+2s s+1

a) ———————— by —M ¢y —2>2-
0,2s(1+s)(1+3s) (1+3s)(1+5s) 9232 +3s+4
2 3 2
d) 282 25+ 3 e) 1 . £ 3; +3s2 45+ 8
s(2s” —4s+1) s(1+2s) (s +4)(s” +25+2)
8. Chiing minh rang:
Gron () ea 1 1 d! z
a —ZOH "2 L =G yopla b = .
) 5{ s—a } ZOH( )Z—eaTa ) 5{ (s—a)k } (k—].)' dak,l Z—eaTa
9. Hay x4ac dinh ham truyén khong lién tuc cho cac hé c6 so d6 khéi sau:
a) b)
—>G1—T/—)G2 —> —>G1TG2—.-/—>
Gy Gy
Hinh 4.34: Cho bai tap 9
G5 < G4 < G5 <— G4
. 2241 . . .
10. Cho hé SISO c6 ham truyén G(z) :W. Hay xac dinh day gia tri ham trong
z-0.

lugng {g.}, £=0,1,2,... va t d6 tim dap dng {y,}, £=0,1,2,... khiu,=1, Vk.

11. Chting minh réing ham truyén dang thuc-hiiu ty (4.35) clia hé nhan qua (causal)
ludn c6 bac da thic ti s6 (theo z hodc z %) khong 16n hon béac da thtic mau s6. T d6
chi ra rAng mé hinh trang thai (4.42) chi moé ta duge hé nhan qua.

12. Xét hé khong lién tuc v6i mo hinh trang thai (4.42), Ching minh ring moi phép bién
ddi tuong duong (d8i truc toa do) x, = Mx, , M khong suy bién, khéng lam thay doi
ham truyén (4.49) cia hé.

13. Hay xét tinh 6n dinh, diéu khién duge, dat t6i dude va quan sat duge ctia hé ¢6 mod
hinh trang thai sau:

05 1 1 0
a) Xpe1=[ 0 1 20x+| 0 |y, va y,=(1,0,0)x,
0O 0 O 0,5
1/3 1 0 0
b) u=| 0 0 1|xgtla|y va y,=(1,0, 0)x,
0 01 1

14. Cho hé tuyén tinh SISO lién tuc mo6 ta boi:

de (-1 1 0
== x+|  |u
(5 el

y=(2,x
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15.
16.

17.

18.

Tin héu vao u(¢) cua hé duge trich mau thanh day {u;}, £=0,1,2,... véi chu ky trich
mau T,=0,1, sau d6 lai dugc lién tuc héa bing khau ZOH thanh u(¢) . Tin hiéu dau
ra y(¢) clia hé ciing dugc trich mau thanh day {y,}, £#=0,1,2,... véi cing chu ky
trich mau. Hay xay dung m6 hinh trang thai khéong lién tuc tuong duong va tir d6 la
ham truyén G(z) ctua hé.
Chiing minh rang néu c6 (4.98) thi cling sé c6 (4.99).
Cho hé khong lién tuc mé ta béi:

Xy, = Ax, +Bu,
Goi R 14 bo diéu khién phan hdi trang thai lam hé én dinh t8i wu theo nghia:

Q=Y x; Ex, +u, Fu;, - min

k=0

trong d6 E 1a ma tran déi xting (ET=E), ban xac dinh duong (£>0) va F 1a ma tran
d6i xting (FT=F), xac dinh duong (F>0). Chiing minh ring bé didu khién R sé 1a:

R=(F+B"PB'B"PA
trong d6 P 12 nghiém déi xting, xac dinh duong ctia phuong trinh:

P=E+ATPA- ATPB(F + B"PB)"'BTPA
Gi6ng nhu & hé lién tuc, bd diéu khién t6i wu R trén cho hé khéng lién tuc ciing c6
tén goi 14 bo didu khién LQR.
Cho d61 tugng khong lién tuc mo ta bai:

X = Ax), +Buy,

Y =Cxy + Dy,
Chiing minh ring bé diéu khién t6i uu phan héi ddu ra xay dung theo nguyén ly
tach nhu mé ta & hinh 4.30c, bao gém b6 diéu khién phan héi trang thai t&i wu tim
theo bai tap 16 tng v6i ham muc tiéu:

Q=Y x, Ex, +u;, Fu;, - min

k=0

va bd quan sat trang thai tiém can (4.90), sé khong lam thay d6i dude tinh pha cuc
tiu ctia déi tugng
Chting minh ring bd loc Kalman ciing 4p dung dugc cho hé tuyén tinh khong diing
mo ta boi

{Ekﬂ = Apxy, + By +n,

Y, = Cpxp + Dy +uy,

V6i ny, vs, 12 hai tin hiéu nhidu egodic, c6 ky vong bing 0, khéng tuong quan véi

nhau, v;, khong tudng quan véi trang thai x;, caua hé, cling nhu x;, khéng tudng quan
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v6i tat ca cac gia tri trang thai trudc d6 x;, i=1,2, ... ,k—1. Khi d6 bd loc Kalman sé&
la:
P, =A, K, Al | + N, , v6i K, tuy chon
-1
T T
Ky =(I-L,C,) B,

/ ~ e~
X, = Apx, | + By, | v6i x, ty chon

~ / /
X, =%+ Ly (zk - Cpy, —Dkzk)

VoL k=1,2, ... va M{mn }=N,8, ;. M{yol | = Vi, ,
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Anh Laplace va anh Z cia mét sé tin hiéu co ban

x(t), t20 X(s)= L{x(t)} x,= x(RT,), k=0 X(2) = Z{xp} = F1X(s)}
() 1 {1, 0,0, 0, ---} 1
1 z
1 — 1
@) 5 -1
1 2T,
t S2 kT, (z—17
2 2(z+1)T?
2 2 a
E— T —_—
t 83 (k a) (Z _ 1)3
6 222 +4z+1)T?
3 3 a
E— T —_—
¢ o4 (RT,) (z—1)
t" 1 (RT)" 2T, d ( n—l)
L a —-—a. | ZI(kT
! Sn+1 n! n! dz {( a}
1 z
at akT,
¢ s—a € PP
1 ze"TeT,
at _— akT, 7 a0
te 5-a) kT, e (z—e"Ta)?
n! d" z
t" at —aT n akT, ( J
e (s—a)""! (BT,)" e da" \ z - eTa
Y 1 bET, z
s—blna z—a’le
1 2T, a%%e
bt - - bkT, Rl
ta (s—blna)? (kTq) a (z—a®Te)?
2abt 2 BT 2 o 2(z+a"" )T la""e
(s—blna)2 (kT.)"a (z—abTa )
21z —cos(BT,)]
cos(ft) 2152 cos(BkT,) 22 —2zcos(BT,) +1
. . zsin(BT,)
sin(ft) 21 B2 sin(BkT,) 22— 2zcos(BT,) +1
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